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1 Introduction

Nilpotent orbits play an important role for supersymmetric gauge theories and appear
whenever an embedding of SU(2) into some group is involved. In particular, nilpotent orbit
closures have become the prototypical example of non-trivial hyper-Kahler singularities
which can be realised as Coulomb and Higgs branches of 3-dimensional AN/ = 4 gauge
theories. This prominent role of nilpotent orbit closure is due to a theorem by Namikawa [1].

The realisation that Coulomb M and Higgs My branches can capture diverse fea-
tures of the geometry of nilpotent orbits and Slodowy slices was due to the consideration of
boundary conditions in N = 4 supersymmetric gauge theories [2]. The Higgs and Coulomb
branch realisations of nilpotent orbits have been systematically developed in [3, 4]. Re-
cently [5, 6], another geometrical phenomenon has been realised in the Type IIB superstring
set-up of 3-dimensional N = 4 theories: the classification of transverse slices and their sin-
gularities can be engineered by the Kraft-Procesi transition, which is nothing else than a



Higgs mechanism. Here, the partial ordering of nilpotent orbit closures and the notion
of transverse slice allow to study the singularity structures of M¢ and Mpy. Ubplifting
this procedure to generic 3-dimensional ' = 4 quiver gauge theories has turned out to be
fruitful and is called quiver subtraction [7].

We take the recent advances as motivation to investigate the resolutions of the Coulomb
branches which correspond to height two nilpotent orbit closures of classical and exceptional
Lie algebras. The Coulomb branch geometry is affected by two types of deformations:
complex and real mass deformations. Complex mass deformations are known to lead to
deformations of M and, interestingly, exhibit another part of the geometry of nilpotent
orbits: they are geometrical incarnations of induced nilpotent orbits [8]. Moreover, complex
mass deformations are accommodated for in the abelianisation approach to M¢ of [9].
However, this approach is insensitive to real mass deformations. In contrast, the Hilbert
series of the Coulomb branch [10] is sensitive to real mass deformations, but not to complex
masses. It is expected that real mass deformations (at least partially) resolve the Coulomb
branch singularities.

As pioneered by [10-12], M and My can be studied as algebraic varieties via the
Hilbert series, which counts gauge invariant chiral operators on the associated chiral ring.!
The corresponding Hilbert series is called monopole formula [10] because the relevant op-
erators to consider on the chiral ring are monopole operators. The prescription of the
monopole formula is capable to accommodate discrete real mass parameters via back-
ground charges (fluxes) for the flavour symmetry [13]; hence, one can utilise the Coulomb
branch Hilbert series to study resolutions of the conical singularities.

The idea of introducing background charges into the monopole formula is not new,
as it found applications in gluing techniques [13, 14] or have been shown to be exchanged
with baryonic background charges in the Hilbert series [15, 16] of Mg upon mirror sym-
metry in [17]. However, to the best of our knowledge, it has not been used to study
resolutions of Coulomb branches systematically. Explicit examples include 3-dimensional
N =4 SQED in [18, section 2.5.2] and the study [19] of cotangent bundles T*(G/H) of
Kahler cosets, which are known to appear in the Springer resolution of nilpotent orbit
closures. The latter approached the Hilbert series of 7*(G/H ) neither from the monopole
formula nor with background charges present. Moreover, resolutions of classical nilpo-
tent orbit closures, realised by the so called T (G) theories, have been discussed in [13]
and the information has been employed to derive the general Hilbert series in terms of
Hall-Littlewood polynomials.

The outline of the remainder is as follows: in section 2 we recall the relevant concepts
such as nilpotent orbits and their symplectic resolutions as well as 3-dimensional N = 4
gauge theories, and the monopole formula. Thereafter, we systematically consider all
(characteristic) height two orbits of classical algebras in sections 3-6 and for exceptional
algebras in section 7. We conclude and summarise in section 8. The conventions for the
calculations are provided in appendix A.

We would like to emphasise that there is no need to (being able to) pick an entire sub algebra of the
supersymmetry algebra; it is enough to pick a complex linear combination of supercharges to define the
notion of chirality. This is crucial for 5 and 6 dimensional theories with 8 supercharges.



2 Preliminaries

2.1 Nilpotent orbits

As we are concerned with quiver gauge theories whose Coulomb branches are closures of
nilpotent orbits, we review the necessary ingredients. A general reference for nilpotent
orbits is [20].

Let g be a semi-simple complex Lie algebra and G its adjoint group. We recall that
nilpotent orbits O C g, as complex adjoint orbits of GG, are equipped with a canonical
holomorphic symplectic from, the Kirillov-Kostant-Souriau form. The fact that the adjoint
orbits are hyper-Kéhler varieties has been proven by Kronheimer [21, 22] in important
special cases and by Biquard [23] and Kovalev [24] in full generality.

The set of nilpotent orbits of g is finite and the set of orbit closures admits a partial
ordering via inclusion. Besides the trivial orbit, there exists a unique minimal orbit Oy,
whose closure is contained in the closure of any other non-trivial nilpotent orbit. In ad-
dition, there exists a unique maximal orbit Onax, whose closure contains any other orbit
closure. The closure Op,ay is called the nilpotent cone. Due to the nilpotency condition,
any nilpotent orbit O is invariant under the dilation action of C* on g.

Classical algebras. Nilpotent orbits for the classical Lie algebras sl(n), sp(n), and so(n),
can be labelled by partitions p = (dy,...,d;) of some N € N, with d; > dy > ... > d;
and Zle d; = N. Let N(g) be the finite set of nilpotent orbits of g, then the following
holds [25, Proposition 2.1]:

(Ay) If g = su(n+1), then there exists a bijection between A (g) and the set of partitions
pofn+1.

(Brn) If g = s0(2n+1), then there exists a bijection between N (g) and the set of partitions
p of 2n + 1 such that even parts have even multiplicity.

(Cr) If g = sp(2n), then there exists a bijection between N (g) and the set of partitions p
of 2n such that odd parts have even multiplicity.

(Dn) If g = s0(2n), then there exists a surjection f from N (g) to the set of partitions
p of 2n such that even parts have even multiplicity. A partition of even parts only
is called very even. For p not a very even partition, f~!(p) consists of exactly one
orbit. For p very even, f~!(p) consists of exactly two different orbits.

Alternatively, nilpotent orbits may be labelled by weighted Dynkin diagrams, which are
briefly discussed in appendix B. Next, we recall the height ht(O,) of O, from [26]:

(i) g =sl(n) or sp(n) then ht(O,) = 2(dy — 1)

di+dy—2, dy>dy—1

ii) g = so0(n) then ht(Q,) =
(i) (n) (Op) 2d; 4 b < di 2



In this work, we restrict to nilpotent orbits of ht(O) = 2 for the following two reasons:
(i) the closure of a nilpotent orbit of height ht(O) < 2 always admits a unitary Coulomb
branch quiver realisation? and (ii) the observation from [3, 4] that height two orbit closures
have a simple Hilbert series or Highest Weight Generating function. The details will become
clear in the subsequent sections.

Exceptional algebras. The classification of nilpotent orbits for exceptional algebras is
more involved. One obvious obstacle to overcome is that exceptional groups do not act
as matrices on their fundamental vector space. Several labelling methods for nilpotent
orbits have been developed by Dynkin [27], Bala-Carter [28, 29], and Hesselink [30], to
name a few. Here, with the aim to study Coulomb branches, we follow the labelling by
Characteristics and refer for details to [4]. The height of exceptional nilpotent orbits can
be calculated following [26, section 2]; the definition agrees for classical algebras with the
partition data given above.

2.2 Resolutions

It is well-known that the closure of nilpotent orbit O is a singular (in general non-normal)
variety. By Hironaka’s work [31, 32], any complex variety admits a resolution, but there may
exist many different resolutions. One would like to restrict to certain “good” resolutions.
For a symplectic variety, such a preferred resolution has been introduced by Beauville [33],
denoted as symplectic resolution. Roughly, for a symplectic variety X and 7 : Z — X a
resolution, then 7 is a symplectic resolution if for any symplectic form w on the regular
part of X, the pull-back 7*(w) extends to a symplectic form on Z.

For nilpotent orbits, it was proven by Panyushev [34] that the natural symplectic 2-form
on O extends to any resolution of O, i.e. O is a variety with a symplectic singularity. Subse-
quently, Fu [35] determined all nilpotent orbit closures which admit a symplectic resolution.

One finds that every nilpotent orbit closure in sl(n + 1) admits a symplectic resolu-
tion [36, Proposition 5.1]. However, if one hopes that every nilpotent orbit closure admits
a resolution, one finds the following disillusioning result [36, Proposition 5.2]: for a simple
Lie algebra g, the closure O, admits a symplectic resolution if and only if g is of A-type.
The general statement [35] is that a symplectic variety O admits a symplectic resolution if
and only if O is a Richardson orbit, see [20] for a definition. For the orbits which do admit
a symplectic resolution, it is of the form [35]

n:72—0 with Z=T"(G/P) (2.1)

where P C G is some parabolic subgroup — called polarisation of O, see [30].

Even when restricting the attention to symplectic resolutions T*(G/P) — O, there
can exist several polarisations which yield different symplectic resolutions T*(G/P;) — O.
The rational map ¢ : T*(G/Py) --» T*(G/P,) between any two resolutions is called a
locally trivial family of Mukai flops. Following [25, 37], there are three basic types of
Mukai flops: A, D, and Eg 1/ Eg 7. For a generic O, the birational map ¢ decomposes

2See a comment in [7, Footnote 11].
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Table 1. List of dual marked Dynkin diagrams for the dual parabolic subgroups leading to the
Mukai flops of type A, D, Eg 1, and Es ;.

O
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O

Es,11

into a finite number of diagrams YV, — X; <+ Y11, [ =1,...,m, with Y1 = T*(G/P;) and
Y., = T*(G/P,) such that each diagram is a basic Mukai flop. For closures of height two
nilpotent orbits the basic Mukai flops suffice.

Mukai flop of type A. Let x € su(n+1) be a nilpotent element of partition (2%, 17+1-2k)
and € O. Then there exist two polarisations P and P’ of x such that P = S(U(k) x
U(n+1—k))and P' =S(U(n+1—k) x U(k)). Hence, O admits two Springer resolutions

T* (SU(n +1)/P) =5 O <= T* (SU(n + 1)/P') . (2.2)

Note that the dual parabolic subgroups P, P’ can be read off from the marked Dynkin
diagrams in table 1. If 2k < n + 1 then (2.2) is a flop [25, Lemma 3.1]; and if 2k =n + 1
then the two resolutions are isomorphic [25, Remark 3.2].

Mukai flops of type D. Suppose n = odd and n > 3. Let z € s0(2n) be a nilpotent
element of type (2"71,12) and € O. Then there exist two choices of flags P, and P_;
hence, O admits two Springer resolutions

T*(SO(2n)/Py) — O +— T*(SO(2n)/P_). (2.3)

From the marked Dynkin diagrams in table 1, we read off the dual parabolic subgroups to
be Py = SU(n) x U(1). The + subscript refers to the choice of the spinor node.

Mukai flops of type Eg. The Eg 1 corresponds to the orbit with Bala-Carter label 24,
or the Characteristic {1,0,0,0,1,0}. The two dual parabolic subgroup = SO(10) x SO(2)
can be read off from the marked Dynkin diagrams in table 1.

The basic flop Eg 1 corresponds to the orbit with Bala-Carter label Ay + 2A; or
Characteristic {0,1,0,1,0,0}. From the marked Dynkin diagrams in table 1, we can read
off the two dual parabolic subgroups = SU(5) x SU(2) x U(1).

Hermitian symmetric spaces. Since (characteristic) height two nilpotent orbit clo-
sures are discussed below, it is useful to recall the Hermitian symmetric spaces (HSS). The
HSS were first classified by Cartan [38] and can be realised as homogeneous spaces G/H,
see table 2. In terms of Cartan’s classification of compact Riemannian symmetric spaces,



name G H dimc(G/H)
Arrr | SU(+m) | S(U(n) x U(m)) n-m
Drrr SO(2n) U(n) sn(n—1)
¢ S Uln) in(n+1)
B;/Dyr | SO(n+2) SO(n) x U(1) n
Ern o8 SO(10) x U(1) 16
Evir E; Eg x U(1) 27

Table 2. The four infinite series and the two exceptional cases of the Hermitian symmetric spaces.

the Hermitian symmetric spaces are the four infinite series Ajsy, Dyrr, Cr, Br/Dy, and the
two exceptional spaces Errr, Evrr.

As a remark, since a HSS of the form G/H is Hermitian as well as a symmetric ho-
mogeneous space, it follows that G/H is also Kéhler. Consequently, T*(G/H) is naturally
hyper-Kéhler and we will encounter the cotangent bundles of the HSS spaces below.

2.3 3-dimensional N = 4 gauge theories

We consider a generic 3-dimensional ' = 4 gauge theory with gauge group G and matter,
in the form of hypermultiplets, transforming in some (quaternionic) representation @nyRy
of G. Depending on the multiplicities n; there exists a non-trivial flavour symmetry G,
sometimes called “Higgs branch” global symmetry. In addition, if G contains abelian
factors, there exists another global “Coulomb branch” symmetry G; which in the ultra-
violet is given by GYV = U(l)#(U(l) in g), and may be enhanced in the infrared to a non-
abelian group GBR whose maximal torus is at least? G}]W. In addition, there is a non-trivial
R-symmetry group SU(2)¢ x SU(2)y, such that the three vector multiplet scalars are a
triplet under SU(2)¢ and the hypermultiplets transform as doublets under SU(2)y.

In the absence of mass deformations, the vacuum moduli space has a rich structure as
a union of several branches of the form U,C, X H,. Cq is a hyper-Kahler space parametrised
by vacuum expectation values (VEVs) of gauge-invariant combinations of vector multiplet
scalars; whereas H, is a hyper-Kéhler space parametrised by VEVs of gauge invariant
combinations of the hypermultiplet scalars. The Coulomb branch Mc and Higgs branch
My arise as maximal branches with one factor being trivial. The global symmetries Gg
and Gy act on My and M, respectively. Moreover, these actions are associated to triplets
of moment maps. Geometrically, Mo and My are hyper-Kéhler singularities with SU(2)¢
or SU(2)y isometry, respectively.

The 3-dimensional gauge theories with eight supercharges allow for two classes of de-
formation parameters: masses and FI parameters, which take values in a Cartan subalgebra
of Gr and G, respectively. Under the R-symmetry, the masses transform as triplet under
SU(2)¢ and the FI parameters form a triplet under SU(2)5. It is a known feature that

3In the class of examples considered here, the ranks of UV and IR Coulomb branch global symmetry co-
incide.



masses can deform and/or resolve the geometry of the Coulomb parts C,; while FI param-
eters deform / resolve the Higgs parts #H,. Restricting attention to the Coulomb branch,

C

the triplet {m;}?_; of masses decomposes into a compler mass m® = my + ims and a real

mass m® = ms. The two have different implications on the geometry: while the real mass
leads to a (partial) resolution of the singularities of M, the complex mass will deform the
geometry of M.

Starting from [2], it has been realised that nilpotent orbit closures appear as Coulomb
and Higgs branches of 3-dimensional N' = 4 gauge theories. The relation between quiver
graphs and nilpotent orbit closures has been established in the mathematics literature by
at least [39, 40]. These mathematical construction are all on the Higgs branch. Recently,
Namikawa [1] proved the following: if all generators of a hyper-Kéhler singularity with
an SU(2)r symmetry have spin = 1 under SU(2)p, then the corresponding variety is a
nilpotent orbit closure of the Lie algebra of its isometry group. Consequently, nilpotent
orbit closures are to be considered as the simplest non-trivial singular hyper-Kahler spaces.

In the following, we will consider quiver gauge theories with unitary gauge groups,
which have enhanced non-abelian global symmetry GBR of ABC D E-type, in order to realise
nilpotent orbit closures of Lie(GBR). For quiver theories, one reads off the Dynkin diagram
of the non-abelian part of G{,R from the set of balanced nodes. Recall, a gauge node is
balanced if the number of flavours is equal to twice its rank.

2.4 Coulomb branch realisations of nilpotent orbit closures

In [2] a class of 3-dimensional superconformal field theories, denoted as Ty (G), has been
introduced. These theories arise as infrared limits of linear quiver gauge theories with uni-
tary or alternating orthogonal-symplectic gauge groups. Here, G is considered as classical
group with GNO dual G [41]; p is a partition of G and o is a partition of é, as defined
above. By construction, the mirror of T¢(G) is T7 (G). For classical G, all these theories
can be seen as originating from Type IIB brane constructions.

In this work, we restrict ourself to the Coulomb branch of 7%(G) theories, which are
obtained from T4 (G) via o = (1,...,1). It has been established that the Coulomb branch

of TP(G), which is equivalent to the Higgs branch of T,(G) as an algebraic variety, is a
nilpotent orbit closure

Mo (TP(G)) = Mpu(Ty(G)) = O . (2.4)

Here, we need a map V : p — p" that takes partitions of G to partitions of the GNO
dual G. Such a map is known [8, 42-44] and is named Barbasch-Vogan map, see also [6,
sections 4.3-4.4]. For G = SU(n), one simply has p¥ = p’; whereas the other classical
groups have slightly more involved prescriptions. Since we will be dealing with unitary
quiver realisations of the BC'D-type T?(G), the details of the Barbasch-Vogan map are
not utterly important and we refer to [8, 17] for explicit expositions.

A-type. For A-type nilpotent orbits, the Coulomb branch quivers (as well as the Higgs
branch quivers) are well-behaved and exhaust all possible nilpotent orbits of type A as
their moduli space. In particular on the Coulomb branch side, the quiver for A, orbits



have exactly n unitary gauge nodes, which allows to compare not only the dimension of
the Coulomb branch, but also the full refinement of the Hilbert series, which enables for
the decomposition into irreducible representations of SU(n + 1).

BCD-type. The Higgs branch quivers for BC D-type nilpotent orbit closures are built
from alternating orthogonal-symplectic gauge nodes and their constructions exhausts all
possible nilpotent orbits. However, the Coulomb branch constructions are problematic for
a number of reasons. Many of the theories with orthogonal and symplectic gauge nodes are
bad in the sense of [2]. In other words, the monopole formula defined by Lagrangian data
is ill-defined and divergent. Computations of Coulomb branches with non-unitary gauge
groups yield the correct unrefined Hilbert series of the claimed orbit closure, but fail to
reproduce the fully refined Hilbert series. Fortunately, a unitary quiver construction for
near to minimal BC D-type nilpotent orbit closures (of characteristic height two) has been
presented in [3] by means of flavoured finite-type Dynkin diagrams. We will focus on these
unitary realisations for BC' D-type nilpotent orbits.

The quiver gauge theories for D,, have first been computed in [45]; the same quivers
appear in [46] in the study of Slodowy slices of B and D-type in the vicinity of the maximal
(regular) nilpotent orbit of the respective algebra.

Exceptional types. It is notoriously difficult to obtain exceptional nilpotent orbit clo-
sures from standard gauge or string theory constructions. Higgs branch constructions are
not available simply because exceptional groups do not act via matrices on a fundamental
vector space. While Coulomb branch constructions for minimal orbits are known [10, 47, 48]
for some time, constructions for near to minimal nilpotent orbit closures have only been
proposed very recently in [4]. This unitary quiver construction again employs flavoured
Dynkin diagrams and is limited to the lower dimensional orbits.

Hilbert series. The Hilbert series for the 7),(G) theories have been presented in [13, 14];
while the Hilbert series of the general class Ty (G) has been studied in [17]. Tt is worthwhile
noting that the closures of minimal nilpotent orbits correspond to reduced single instanton
moduli spaces. The Hilbert series of these have first been computed in [49] and many
other constructions are known [10, 48, 50]. The Hilbert series and HWG for nilpotent
orbit closures of classical and exceptional groups have been systematically studied in [3, 4].
Special attention to the distinction between SO(N) and O(N) gauge groups in Coulomb
branch realisations of so(n) nilpotent orbit has been given in [51].

In view of the form of the resolutions (2.1), the HWG for T*(G/ P) have been evaluated
in [19] and found to agree with the Coulomb branch nilpotent orbit results.

2.5 Monopole formula with background charges

To study the resolutions of Coulomb branches, one turns on non-trivial real mass param-
eters. As these transform in the adjoint of the flavour symmetry, the inclusion of real
mass parameters can be realised via background charges (fluxes) in the monopole for-
mula [13, 18, 52]. Suppose we are given a 3-dimensional N' = 4 gauge theory with gauge
group G. The GNO dual group is denoted by G, the Weyl group for G (and Q) is W, and



®* denotes the set of positive roots a of Lie(G). Moreover, the matter content transforms
in a representation @&n;R; of G and a representation Rg of the flavour symmetry Gp.
The weight vectors of R are denoted by p, and the weights of Rp by p.

Associated to the gauge group G are (dynamical) bare monopole operators, which
are uniquely labelled by lattice points in the GNO weight lattice I‘gA up to gauge equiva-
lence [53]. Similarly, there exist (background) monopole operators associated to the flavour
symmetry group Gp, which are uniquely labelled by the GNO lattice of G (again, up
to equivalence).

The monopole charge q € Fg breaks the gauge symmetry via adjoint Higgs mechanism
to H; = Stabg(q) C G. The resulting residual gauge theory may admit further gauge
invariant chiral operators that can take non-trivial vacuum expectation values, which are
accounted for by the Hilbert series Pg(t2,m) of the residual gauge symmetry [10]. The
combination of non-trivial monopole background and VEVs in the residual gauge symmetry
leads to dressed monopole operators.

Thus, we are ready to recall the Coulomb branch Hilbert series? in the presence of
background charges:

HS,(t%,2) = Y Pg(t? q)-t*20p) . 2@ (2.5)
qEFg/W

where

Mo =53 S Y o)+ i)~ Y lafa) (26)

I pr€ER1 pERFE acdt

is the conformal dimension of a monopole operator with charges (q,p), see [2, 53-55].
The dressing factors are given by Pg(t?,q) = Hfigl 1/(1 — t2%) with d; are degrees of the
Casimir invariants of Hy, see [10]. Note that we can restrict the background charge to
p € F@F /Wr. In addition, we have chosen to account for the topological symmetries
GYV = U(1)# UMD 09 by fugacities z = (z;) and their charge J(z). The map J is a
linear projection map from the GNO weight lattice to the Cartan subalgebra of the flavour
symmetry. Similarly to the discussion of [13, equation (3.8)], one can remove an extra
overall topological U(1). For a set of flavour nodes labelled by N;, the physical flavour
symmetry is (][], U(V;))/U(1) rather than (][, U(N;)).

Hilbert series generating function. The monopole formula, with or without back-
ground charges, presents a computational challenge due to the step-wise linear behaviour
of A(g,p). In earlier works [56, 57|, we have introduced a method to systematise and
partly overcome these complications by restricting to the domains of linearity of A. In the
absence of background charges, this procedure naturally leads to affine monoids organised
by a fan.

The inclusion of background charges p leads to non-central hyperplanes

Hp5(p) = {g € t| p(a) + p(p) = 0} (2.7)

“In order to work with an integer grading, we choose the R-charge of the bare BPS monopole operators

to be counted by t? instead of t.



and corresponding closed half-spaces H;fﬁ(p). Here, t denotes a Cartan subalgebra of g.
To resolve (2.6), one would intersect all possible half-spaces. Contrary to the p = 0
case, the intersection is not necessarily a polyhedral cone, but generically a polyhedron.
Although there exists a mathematical notion for the Hilbert series for the intersection of a
polyhedron with a lattice [58], we choose to circumvent the resulting problem by computing
the generating function for (2.5). Considering

F(t?, zy) = Z yP - HS, (1%, 2), (2.8)

pEF@F /WF

we realise that all the techniques of [56, 57| are straightforwardly applicable. Hence, we
use this approach to compute HS,(#2, 2) from F(t2, 2;y).

Highest weight generating function. Having computed HSp(tZ, z), the result might
not be too illuminating. Fortunately, we can project the Hilbert series onto the Highest
Weight Generating function (HWG) [59]. To summarise the essentials, the considered uni-
tary quiver theories all have an enhanced infrared global symmetry GBR of type ABCDE,
which is counted in the refined HS by fugacities z;, i = 1,...,r with r = rk(GBR). One
transforms the HS into a character expansion of g; = Lie(G'}'), via mapping the z; to new
fugacities z; using the Cartan matrix of g;, see appendix A. Hence,

n Cartan s n
HSy(t,2) = %fn(zi;p)t ——  HSp(t, ) = Z;]fn(mi;p)t (2.9)
ne ne

and each fn(xi;p) can be decomposed into a finite sum of GfJR—Characters X[n1,...n] (Ti)-

Next, one replaces each character by a monomial in highest weight fugacities p;, ¢ =1,...,r
T
n; .
X[ny,ni] (i) H 7y with n; €N (2.10)
i=1

such that the HS is transformed into a HWG

k ;
HWG, (1) = ) Ghakon(p) 13 - iy t™ (2.11)
k1,....kr,neEN

For a detailed introduction and the necessary computational tools, we refer to [59]. It is
an empirical observation from [3, 4] that the Hilbert series for nilpotent orbit closures of
(characteristic) height two have a simple HWG. As we will see below, this is also true for
the Coulomb branches in the presence of background charges.

3 A-type

We start by considering the nilpotent orbits of A-type of height two realised as a Coulomb
branch. To be specific, consider orbits O, of A, with partitions p = (Qk, 1"+1_2k) for
2 <2k <n+1, such that ht(O,) = 2. The relevant Coulomb branch quiver gauge theories

~10 -



have been known for some time [2] and the HWG for the singular case have been computed
in [3] to read

k
HWGE" (12) = PR [Z Niﬂn+1—it2i] ~ (3.1)

i=1
We computed the Hilbert series and HWG in the presence of background charges to study
the resolutions of the (closures) of the A,, nilpotent orbits for n < 5. Moreover, due to [35,
Corollary 3.16] we know that all height two nilpotent orbits admit a symplectic resolution
(with a suitable polarisation). Now, we need to compare this fact to the Coulomb branch
computations, for which we summarise the results in table 3.

Minimal nilpotent orbit. Before considering the generic case, we elaborate on Coulomb
branch quivers for the A-type minimal nilpotent closure for two reasons: firstly, to exemplify
the calculations and explain the conclusions drawn from it. Secondly, to highlight the
special geometry of these abelian theories, which have dimyg = n Coulomb branches with
a (C*)"-action.

From the quiver representation with n U(1) gauge nodes we read off the conformal
dimension

USSR

with magnetic charges ¢; € Z, for i = 1,...,n, and fluxes p1,p, € Z. Without loss of

l\')M—t

(Z’(h QZ+1‘+‘Ql_p1|+|Qn pn‘)a (3'2)

generality, we consider the case p; > py. In the spirit of [56, 57], we understand the
absolute values in A(q,p) as defining hyperplanes in R™. Their intersection gives rise to
bounded regions, i.e. polytopes, as well as unbounded regions, i.e. polyhedra. Since any
polyhedron can be decomposed as Minkowski sum of a polytope and a polyhedral cone, we
only consider the polytopes because we elaborated on how to deal with polyhedral cones
in [56, 57]. Let us focus on the maximal dimensional polytope appearing in the summation
range ¢; € Z,t=1,...,n
Considering for a moment ¢ = (¢;) € R”, then the polytope P, is defined by the
intersection of the following half-spaces
n—1
P.={7e€R"|q1 —p1 <O} N{FER[gn —pn =0} N ({7 ER" | — giy1 > 0} CR"
i=1
(3.3)

and can equivalently be characterised by its vertices as follows:

(Pr>Pns-- -+ Dn>Pn)

(p17pna o 7pn)pn)
P, = Conv C R"™. (3.4)

(pbpla cee 7plapn)
(plaplv s 7p17p1)
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p dim¢ quiver HWG with flux
2
(2) 92 g p1+p2 (uat)Pr—P2 PE[u 2t2]
1
11 b1 .p2 P1—DP2 2
(2,1) 4 g@ 7 2" (p2t) PE[p1p2t®] , p1 > po
7 a2 (pat)P2 Pt PE[pypat®] , p1 < po
11
1 ]‘ p1,.P3 P1—DP3 2
(2 12) 6 Ly Ty (ust) PE[u1pst?] , p1 > p3
o' B (pat)Ps P PE[pypst®] , p1 < ps
1 11
2
(2% | 8 g w52 (gt P2 PRy prgt? + i3t )
1 21
L 1 b1 .P4 P1—p4 2
(2,13) | 8 oy 2yt (pat) PE[p1pat®] , p1 > pa
ol (pit)P P PE[pypat®]  p1 < ps
1 111
11 P2 2P3 2\pa—p 2 4
(22,1) | 12 g g 50 (1st*)P2~P3 PE[pq prat” + popst®] , p2 > p3
7 32 §3(M2t2)p3 P2 PE[u1pat® + popst'] , p2 < ps
1 2 21
1 1 2Pt P P1—P5 2
(2 14) 10 1 5 (,[,L5t) PE[HlHE)t } , P1 2 D5
g O-0-0 g ot b (pat)?> P PE[upst?] , p1 < ps
1 1111
Lo D2l (puat®)P2 P4 PE[p pugt? ¢t >
(22 12) 16 g wy?wyt (Hat?) (1t + popst®] , p2 > pa
ah2 a2 (uat?)Pr=P2 PE[ppuat?® + popst] , p2 < pa
1 22 21
2
(2%) | 18 g 2B P2 (gt )P P2 PE [ pist? + popuat* + p3to]
1 2 3 21

Table 3. Coulomb branch quiver gauge theories for A-type algebras: gauge theories T°" [SU(n+1)]

as Coulomb branch realisations of the (closures of the) nilpotent orbits 5,, of A,, forn =1,2,3,4,5.
The unphysical U(1) in Gp can be eliminated in the HWG by imposing that the sum of fluxes

vanishes.
impose z

117,

In more detail the U(1) could be counted by an auxiliary fugacity zo and one can

PhtPrt1—k I = 1, where r; are the ranks of the n gauge groups. Setting zp = 1 and

converting root space to weight space fugacities, one obtains the condition zgx,+1-r = 1.
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From the refined monopole formula (2.5), we see that P, is a polytope in the root lattice,
spanned by z1,...,2,. Next, we utilise the Cartan matrix of A4, to map P, via (A.1)
into a polytope P, in the weight lattice, spanned by x1,...,x,. This is exactly the same
transformation as in (2.9). The polytope P, is again defined by its vertices:

(Pn,0,...,0,pn)
(2p1 = PnsPn — P15+ -+, 0,n)
P, = Conv CR™. (3.5)
(p1,0,...,p1 — P, 2P0 — p1)
(pl,O, e ,0,p1)

Splitting off an off-set vector (p1,0,...,0,p,) and realising a dilation factor p; — p, > 0,
we rewrite the polytope P, as

Pz = (p1,0,...,0,pn) + (p1 —pn) x Conv(S) (3.6a)
(=1,0,...,0,0)
(1,-1,...,0,0)

S = . (3.6b)
(0,0,...,1,—1)
(0,0,...,0,1)

Taking the intersection with the GNO weight lattice Z", we observe that P, N Z" agrees
with the weight vectors of the SU(n 4 1) representation [0,0,...,0,p; — py] shifted by an
off-set (p1,0,...,0,p,). This follows because the set S N Z" agrees with the weights of
[0,0,...,0,1], and p; — p, yields the dilation to [0,0,...,0,p1 — py]. Consequently, the
contribution of P, N Z" to the HWG is

HWG ,, p)(Pe NZ") = 2t abr (punt)? P (3.7)

P1,Pn

Comparing to the full HWG for (2,17~ 1), as shown in table 3 or below in (3.10), we see
that (3.7) describes the ratio of the HWG with and without background fluxes. The case
pn > p1 produces the representation [p, — p1,0,...,0] instead, such that the HWG is
changed appropriately.

More geometrically, we recognise S N Z™ as standard simplex in R™. Since abelian 3-
dimensional N' = 4 theories are known to have hyper-toric Higgs and Coulomb branches, we
might be tempted to take the standard simplex as indicator for a CP". In fact, we would
understand the (p;—p,)-dilated simplex as giving the T*CP"™, where the flux (p1 — pn)
determines the size of the CP". Similarly to SQED with N flavours [13, 18], we can
define operators on the vertices of P, N Z"™ which realise the correct transition functions
between the affine patches of CP™. Let us illustrate this for CP? as follows: for n = 2
the polyhedron P, is defined by the three edges (p1,p1), (p1,p2), and (p2,p2). Define the
following operators/coordinates, see also figure 1:

U : V(Pz-l—a—&-b,m-l-b) = V(P27p2)XaZb (3.8a)
Us : V(P1*07p2+d) = V(PLPQ)UCVd (3'8b)
Us : V(p1—€7p1—€—f) = V(pl,m)Yve (3.8c)
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(p1,p1)

™
=

% v
X

U

-

(P2, p2) (p1,p2)

Figure 1. The polytope P, arising in the monopole formula for the minimal nilpotent orbit closure
of A2 .

On the overlap of, say, U; NUs we find

‘/(p2+a+b,p2+b) = V(p1*(p1*pzfafb),p2+b) Va,b

< V(szm)XaZb = V(p1,p2)Up1_p2_a_be Va,b
< V(pz,pz)(XU)a(ZU)b = V(pl,pg)Uprme Ya,b
< XU=1, ZU=V, (3.9)

which are precisely the transition functions of CP?.

In view of the known resolutions 7 : T*(CP") — Opn, it is suggestive to interpret
the contribution of the bounded summation region as giving T*CP", where CP" is of size
(p1 — pn). The size can also be seen from the factor tP*=P~ in (3.7). This follows, because
for all p; — p, > 0 the geometry of the resolved space is T*(CP"™), but the size of the CP"
is not fixed yet. The entire argument becomes even more compelling by recalling that the
two resolutions for p; > p, and p; < p, are manifestations of the Mukai flop of type A,
see (2.2).

General height two case. To begin with, we observe that all Coulomb branch quiver
gauge theories allow for non-trivial resolution parameters, as the flavour symmetry groups
are either (U(1)xU(1))/U(1) or SU(2). From the examples computed, we can even con-
jecture the Coulomb branch Hilbert series in the presence of background charges for all
Ok ynt1-20) of 5l(n + 1). We propose

k

Zumnﬂ—it%] s Pk 2 Pntl—k
=1

Pk .Pnt+1—k k\Pk—Pn+1—k
apt g 5 (pnga-at®) PE

Qk’1n+1—2k) _

( 2
HWG(PA:,pn+1—k) ( ) — k )
alr by (uet)™ PE Zumnﬂqtm , Pk < Pn+1—k
=1
(3.10)

To remove the overall U(1) shift symmetry in G, one simply has to impose py + pp+1-k =
0. This reduces the problem to one effective resolution parameter ~ +(px — pPpi+1—k)-
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Inspecting the expression (3.10), we observe two prominent features: firstly, the HWG
of the resolved space factors into the HWG (3.1) of the singular space times a prefactor.
Secondly, depending on the ordering of pi and p, 1 the HWG becomes case dependent.
Now, we aim to explain these observations.

As elaborated earlier, O, is resolved via m, : T*(G/P,) — O, with 7rp_1(0) = G/

2k 1n+1—2k’)

P,. For the height two partitions p = ( , the relevant coset spaces are the

Grassmann manifolds
SU(m + k)
S(U(m) x U(k))’

= (3.11)

which enjoy the isomorphism G, = G . Moreover, for k = 1 one obtains G,,,1 = CP™.
Consequently, the height two orbits of A-type are resolved by cotangent bundles of the
Hermitian symmetric spaces G, .

It is known that these spaces also appear as (semi-simple) coadjoint orbits of the
fundamental weights ug, £ = 1,...,n of A,. To see this, note that the stabilisers are
given by

Stabsy (i) (1) = S(U(k) x Un +1 - k), (3.12)

and observe that Stabgy(ni1)(pk) = Stabgu41)(#n+1-k). Thus, we obtain the semi-
simple orbits

Ozsk = Gk,n—i—l—k & Gn"!‘l—k’,k: — OSS . (313)

Hn4+1—k

Hence, we identify the prefactor uy or p,1+1—k in (3.10) as accounting for the holomorphic
sections on the cotangent bundle T*Gy, 41— over the exceptional fibre = O} = Gg ni1--
Next, the existence of two resolutions for 2k < n + 1 is the manifestation of the Mukai
flop of type A. In other words, each of the height two nilpotent orbits has two symplectic
resolutions, which are related by a Mukai flop (2.2). The observation that the HWG
changes depending on the relative sign of py — pp41_k is consistent with this statement,
as the prefactor change from uj to p,41— indicates the Mukai flop from Gy pi1-1 to
Gp+1-kk- Consistently, we observe for 2k = n + 1, i.e. for the examples p = (2) of Ay,
p = (2%) of A3, and p = (23) of A5, etc. that only one resolution exists, because the two
potential resolutions are isomorphic as discussed below (2.2). (In this case, it is implicitly
understood that the fluxes in (3.10) are relabelled to p1, po satisfying p; > pa.)

Higgs branch. To complete the aforementioned reasoning, consider the mirror quiver of
partition p” = (n 4+ 1 — k,k): i.e. SQCD with U(k) gauge group and n + 1 flavours

n+1

(3.14)

k

such that the Higgs branch becomes 6(2k71n+1—2k). To see the cotangent bundle of Grass-
mann manifolds, start with ¥ = 1 and recall the /' = 2 field content of SQED: the (n + 1)
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N = 4 hypermultiplets split into A" = 2 hypermultiplets X; and Y;, with i =1,...,n+1
such that the U(1) charges for (X;,Y;) are (1,—1). The F and D-term equations are
understood as complex and real moment maps

n+1 n+1 n+1

pe=>Y XY, pr=)_ |Xi =) Wi (3.15)
i=1 i=1 i=1
such that the Higgs branch is the hyper-Kahler quotient

Mp = (pr =0, pc = 0)/U(1). (3.16)

Turing on a non-trivial real FI parameter g leads to ur = &g, which enforces either
X;=0orY;,=0foralli=1,...,n+ 1, depending on the sign of £&r. To recognise the
CP™ base, recall that the complexified U(1) gauge group action identifies (X1, ..., X,41) ~
(AX1,...,AXpp1) for A € C* = U(1)€ and & > 0. Moreover, the two different resolutions
for &{r ; 0 are a manifestation of the basic A-type Mukai flop. Hence, (ur = &g, uc = 0)/
U(1) 2 T*CP" describes the resolved Higgs branch as a complex manifold.

Generalising to k > 2, one repeats the same reasoning for F and D terms and observes
that the complexified U(k)® = GL(k, C) gauge transformations identify the Higgs branch
coordinates to a Grassmann manifold Gy, ;1% or Gy41— k., depending on the sign of the
real FI parameter. Note that the FI-term measures the size of the Grassmann manifold,
see also [15].

4 B-type

The Coulomb branch realisation of B-type nilpotent orbit closures via unitary quiver gauge
theories have been constructed in [3]. In terms of partitions, there are the following two
families for B,, which are of height two: firstly, p = (22, 12"F1=4%) for 4 < 4k < 2n + 1
and, secondly, p = (3,12"~2). We provide the computational results for Coulomb branches
corresponding to height two orbits of B, with n = 2,3,4 in table 4. The remarkable
observation is that the HWG with fluxes factors neatly into a prefactor times the HWG of
the singular case, computed in [3].

We recall that [30] provides information on the existence and form of the resolution
of the nilpotent orbits for B, with n = 2,3,4. For larger ranks, one can consult [35,
Proposition 3.19]: let p be a B-type partition of 2n + 1, then there exist a symplectic
resolution of O, (and suitable polarisation) if and only if there exist an odd number g > 0
such that the first ¢ parts of p are odd and the other parts are even. Applying this criterion
to the two height two families, we find:

(i) p = (2%,127+1=4k). there does not exist a resolution, since k > 0.
(i) p = (3,12"72): there exists a resolution for any n, since we can choose ¢ = 2n — 1.

Let us compare this to the monopole formula computations.
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p dimg quiver HWG with flux

P () 7P PE [it?]

(22,1) 4 no resolution

no resolution

2
1
1
11
2
(3,1%) | 6 g 2l P2 ()P PE [pdt? + pdtt)
2 1
1

2
(3’ 14) 10 x§)1+P2 (Mth)pl—pz .PE [Mth + M%tél]

(22,15) | 12 g no resolution
(3,1%) | 14 g P ()" PE [iat? + it
(24,1) 16 g no resolution

1 2 3 2

Table 4. Coulomb branch quiver gauge theories for B-type algebras: realisations of the (clo-
sures of the) nilpotent orbits of height 2 for B, with n = 1,2,3,4. The unphysical U(1) in Gg
can be eliminated as before: introducing an auxiliary fugacity zo for U(1) C Gp, and imposing
zozj PTI0, 27 = 1, with r; the ranks of the gauge nodes, leads to z; = 1 for (3,12*~2) (and
zo = 1). This is morally equivalent to setting the sum of fluxes to zero in the HWG.
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Partition p = (2%*,127+1—=4k)_ For the minimal nilpotent orbit of B, with partition
(22,12773), the Coulomb branch does not allow for a resolution parameter as there is
only a single U(1) flavour charge. In terms of the monopole formula, a non-trivial U(1)
background flux can be absorbed by a simple redefinition of all charges. The non-existence
of a resolution for O (g2 120-3) is consistent with [30, 35].

We computed only one other member of the family, namely (2%,1), for which the
monopole formula does not give rise to any resolution parameter. Hence, the constructions
are consistent with the mathematical results.

Partition p = (3,12"~2). The Coulomb branch quivers for the next-to-minimal orbit
@(3’12%2) have a U(2) flavour node, thus admit for a non-trivial resolution parameter.
Based on the examples computed, we expect that the HWG for the entire family with n > 3

2
(4.1)
—O==0
2 2 2 1
is given by
HWG ™ (12) = 2472 (g t2)" 7 - PE [t + it | (4.2)

To eliminate the overall U(1) factor in G, one imposes p; + p2 = 0, which reduces the
effective flux to p;1 — p2 > 0, i.e. an SU(2) background charge corresponding to a sin-
gle resolution parameter. Again, we can compare the result to the known properties of
the resolution

. * SO(2n+1 A
7'('(3’127»—2) . T (WM) — 0(3’12n—2) . (43)

The symplectic resolution is given by the cotangent bundle of a Hermitian symmetric space.

-1 ~ SO(2n+1
(3,12"—2)(0) = SO(2n£1)><S%)(2)

o 1, as the (semi-simple) coadjoint orbit O of the first fundamental weight 1y of B,

Moreover, the exceptional fibre m is reflected in the prefactor
is precisely this Hermitian symmetric space. To see this, note that the stabiliser of u; in
SO(2n + 1) is SO(2n — 1) x SO(2).

5 C-type

In this section, we investigate the resolutions of nilpotent orbits of C-type via background
charges in the monopole formula for the Coulomb branch quivers. The construction via
unitary quivers as well as the Hilbert series and HWG have been provided in [3]. Restricting
to height two, there is exactly one family of partitions for C,, to consider: p = (2, 12(*=k))
for 1 < k < n. We considered all height two cased for C),, with n = 2,3,4 and summarise
the computational results in table 5.

As in the previous case, existence and form of the resolution have been tabulated in [30]
for low rank cases. The general criterion has been formulated in [35, Proposition 3.19]: let
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p dimc¢ quiver HWG with flux
2
2 | 2 7 AP ()PP PE[eY
1
1
(2,1?) 4 g no resolution
11
2
(22) 6 x12)1+p2 (u2t2>P1*P2 .PE [,u%tQ + ,u%tﬂ
1 2
1
(2,1%) 6 g no resolution
111
1
(22,12) | 10 no resolution
1 2 2
2
(23) 12 xgﬁrpz (M3t3)p1_p2 .PE [,u%tQ 4 N§t4 4 M%tG]
1 2 3
1
(2,19) 8 g no resolution
1111
1
(22,14 | 14 (DB no resolution
1 2 2 2
1
(23,12) | 18 g no resolution
1 2 3 3
2
(24 20 E P2 (ugtt)? P PE [pH? + pdtt + pdt + pt®)
1 2 3 4

Table 5. Coulomb branch quiver gauge theories for C-type algebras: realisations of the (closures
of the) nilpotent orbits of height 2 for C,,, for n = 1,2,3,4. To eliminate the unphysical U(1) in
Gr in the HWG, one proceeds as before: introducing an auxiliary fugacity zo for U(1) C G, and

imposing zozj YT = 1, with r; the ranks of the gauge nodes, leads to z,, = 1 for (2") (and

=171

z0 = 1). This is effectively the same as setting the sum of fluxes to zero in the HWG.
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p be a C-type partition of 2n, then there exist a symplectic resolution of @p (and suitable
polarisation) if and only if there exists an even number ¢ > 0 such that the first ¢ parts of
p are odd and the other parts are even. Inspecting the height two family p = (2%, 12(7—5))
we find: there exists a resolution only for n = k, as we then choose ¢ = 0. Hence, p = (2")
admits a resolution and p = (2¥,12("=%)) with n > k > 1 does not.

Partition p = (2¥,12("=%)), n > k > 1. For the minimal nilpotent orbit @(271%_2)
of C,, the Coulomb branch quivers do not allow for a resolution parameter, as there is
only a single U(1) flavour node present. Next, the orbits of partition (22,12"7%), n > 3
do not admit a resolution. The Coulomb branch quiver construction are consistent with
this. In addition, the quivers corresponding to the partition (22,12"7%) do not give rise to
any resolution, because the only available flavour is a U(1) node. Hence, the considered
examples do agree with [30, 35].

Partition p = (2"). Lastly, the orbits of partition (2") for C), exhibit a U(2) flavour;
thus, a non-trivial resolution parameter exists. From the examples computed, we expect
that the HWG for the entire family

is given by

HWGE") (12) = o477 (1, ") 7 . PE

Zn:;ﬁt?i] : (5.2)

=1

In order to eliminate the overall U(1) in G, one imposes p; + p2 = 0. This reduces the
fluxes to a single p; — pa > 0 background charge of SU(2), which corresponds to exactly
one resolution parameter. Comparing the result to the known resolution

* [ Sp(n -
T(gn) T (IE)((n))) — 0(277,) N (5.3)

we observe again the cotangent bundle of a Hermitian symmetric space, see table 2. In

addition, the exceptional fibre 77(72}1)(0) &~ S[?((g)) is reflected in the HWG by the prefactor

X fn. To see this, recall that the stabiliser of the n-th fundamental weight u, of C, is
given by U(n) = SU(n) x U(1). Hence, the (semi-simple) coadjoint orbit OF through A,

Sp(n)
U(n) *

is isomorphic to the Hermitian symmetric space

Remarks. As a consistency check, one observes that the accidental isomorphism By 22 Cy
is respected by the Coulomb branch computations. For instance, the B-type (3,1%) of
table 4 agrees with C-type (22) of table 5 upon identification of fugacity and weight labels.
Similarly, the isomorphism A; & By = (] is manifest in the results.
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6 D-type

The last classical case to consider is the nilpotent orbits of D-type. The Coulomb branch
construction of the unitary quiver as well as the Hilbert series and HWG has been given
in [3]. Here, we analyse the resolutions via background charges in the monopole formula.
Restricting ourselves to height two, there are only two families of partitions for D,, to
consider: firstly, p = (22, 12"=4) for 2 < 2k < n and, secondly, p = (3,12"73) for n > 2.
The details of the height two cases considered for D,, with n = 3,4, 5 are provided in table 6.

The existence and form of polarisations for low rank D-type nilpotent orbits is tabu-
lated in [30]. For the general statement, we refer to [35, Proposition 3.20]: let p be a D-type
partition of 2n, then there exist a symplectic resolution of @p (and suitable polarisation)
if and only if either there exists an even number ¢ # 2 such that the first ¢ parts of p are
odd and the other parts are even, or there exist exactly 2 odd parts which are at position
2k —1 and 2k in p for some k. Inspecting the two height two families, we find the following:

(i) p = (2%,127=%): there exists a resolution either for 2k = n — 1, i.e. for (271, 12) of
D,, with n = odd, or for 2k = n, i.e. for (2") of D,, with n = even, which is a very
even partition. For all other choices of k£ there does not exist a symplectic resolution.

(ii) p = (3,12"73): there exists a resolution for any n.
Let us compare this to the monopole formula computations.

Partition p = (22¢,12"=4%), n — 1 > 2k > 2. To begin with, consider the minimal
nilpotent orbit Oz 120-4) of Dy. The Coulomb branch quiver

i% < o

does not allow for any non-trivial resolution parameter. The monopole formula is consistent
with the results of [30, 35].

Partition p = (3,12"73). Next, we consider @(3,12%3) of Dy, n > 4, for which the
Coulomb branch quiver is the following:

1
—O— - (6.2)
2 2 2 2 1

Based on the examples computed, we expect that the HWG for the entire family is given by

HWGE;%M) )(t2) _ x€1+p2 (Mltz)pl_m .PE [M2t2 + M%tﬂ . (6.3)

One can eliminate the overall shift symmetry in the fluxes via the condition p; + p2 = 0
such that one obtains a single SU(2) background charge p; — p2 > 0, which corresponds to
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p dim¢ quiver HWG with flux

11
22,12)| 6 ab?ak? (ust)P? 7P - PE [popst®]  p2 > ps
1 a8 x® (uat)?* P2 - PE [popst?]  p2 < p3
11
1 _
(3’ 13) 8 D—(@ leoﬁ-m (M1t2)pl P2 PE [N%LA 4 MZMStz]
2 201

2
(22,14 ] 10 1%1 no resolution
1 1
1 _
@ 2| ood” S ()PP PE 1364 + ot
2 2 201

2 2

@eH! | 12 2§ P2 (ugt?)” P PE [pdtt + pot?]
1 201
1

(24)11 12 ?_éé_m xi1+p2 (M4t2)P1—p2 .PE [MZ# 4 ,u2t2]
2 2

1
(22,15 | 14 g i: 1 no resolution
1 2201
1 _
(3’ 17) 16 D—Q—Q—ﬁ x1171+p2 (Mth)Pl P2 PE [M%t4 4 /LQtQ]
2 22 201

@.12)| 20 {l‘i“fﬁ‘”’ (ust?)" " PE [15t? + papst’]  pa > ps
123 htal’ (pat®)” " - PE [13t* + papst']  pa < ps

Table 6. Coulomb branch quiver gauge theories for D-type algebras: realisations of the (closures
of the) nilpotent orbits of height 2 for D,, with n = 3,4,5. To eliminate the unphysical U(1) in
G one repeats the earlier arguments. Introducing an auxiliary fugacity zo for U(1l) C G, and

imposing ZOZ ibi H?=1 ;* =1, with r; the ranks of the gauge nodes, leads to the following cases:
xq = 1for (3,1?"73), 2, 12, = 1 for (2"71,12) and n = odd, and z,, 1 = 1 or x,, = 1 for (2") and

n = even (and zp = 1).
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one effective resolution parameter. The structure of the results suggest to compare it to
the known resolution

* SO(2n A
7T(3712n73) T <—SO(2TL7§)X)SO(2)> — 0(371271—3) (64)

for which the exceptional fibre is 7r_112n,3)(0) & SO(2n) The prefactor o< pq indi-

(3 ~ SO(2n—2)xS0(2)*
cates this, because the stabiliser of the first fundamental weight p; of Dy, is SO(2n — 2) x

U(1). Hence, the (semi-simple) coadjoint orbit O5 through py is isomorphic to the HSS
SO(2n)

SO(@n—2)xS0(2) "

Partition p = (2"71,12), n = odd. Consider the orbit closure O(gn-142) of Dy, =

Dy 44 via its Coulomb branch realisation

O—0O— - (6.5)
1 2 20-2 21—

l 1

As apparent from the quiver, the Coulomb branch allows for a resolution parameter and
based on the examples computed, we anticipate the HWG to be
-1

E M2¢t2i+uzzu2z+1tn1]7 D21 = P21+1
=1
-1

Zﬂzit% +porpor 1"

i=1

P21 P2l+1 2\ P21 —P2i+1
wor v (Hariat?) -PE

HWGE 1) (1) =

(p21,p2141

P21 ,.P21+1 2\ P2t —P2i+1
ab? i (pait®) ‘PE ) P2t < P21

(6.6)

As before, one can eliminate the overall U(1) in Gr by imposing po; + pai+1 = 0, which
reduces the system to a single (positive) resolution parameter ~ =+ (pg; —por41). Comparing
this to the literature [30], the resolution is of the form

o [ SO(2n) —
71'(27171’12) T <7SU(TL)><U(1)> — O(2n71712) 5 (67)
with exceptional fibre Wé}b,ljlg)(O) = %ﬁ@(l). As apparent from the HWG, there are

again two cases for the resolution, depending on the relative sign of po; — po41. This is a
manifestation of the Mukai flop of D-type, see (2.3).

Partition p = (2"), n = even. Consider the orbit closure Oan of D,, = Doy with the
corresponding Coulomb branch quiver

2M7: O—O— - (6.8a)
12
-1
(211)[1: (yY— )r—--- (68b)
12 21-3 21—
I 2
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Note that one obtains two quiver gauge theories, because the very even partition (2")
corresponds to two nilpotent orbits. The monopole formula admits non-trivial resolution
parameters as there is a U(2) flavour node present. Based on the examples computed, we
expect the HWG to be

-1
n pP1—p2 .
2M1 HWGgl}pQ)(t?) = gP1tp2 (pn,ltl) -PE [Z poit? + ,u,%_ltm] ., (6.9a)
i=1
-1
271 1T . ng(2n) 2\ __ ,.p1+Dp2 l p1=p2 -PE 421 2421 6 9b
()" 262 = b (gt St 2| (6.90)
i=1
Comparing this to the known results of [30], the symplectic resolution is of the form
e [ SO(2n) —~
T(on) * T <7SU(n)><%(1)> — O(zn) (6.10)

The HWG indicates this resolution behaviour due to the prefactors p,—1 or p, such that
the corresponding HSS are the semi-simple orbits through p,_1 or u,, respectively.

Remarks. Two remarks are in order: firstly, the accidental isomorphism D3 = Ag is
manifest in the Hilbert series results. To see this, compare A-type (22) of table 3 with
D-type (3,13) of table 6, or compare A-type (2,12) with D-type (22,12). In both cases,
the results agree upon identification of fugacity and weight labels.

Secondly, for SO(8) there is a triality relating the Coulomb branch quivers (3,1°) and
(2H! /T Via outer automorphism on Dy, see for instance table 6. The triality rotates the
fugacity and weight label of the node the flavour is attached to.

7 Exceptional algebras

Lastly, we consider the nilpotent orbits of the exceptional algebras, in particularly focusing
on the characteristic height two examples of [4]. The Hilbert series and HWG for the
singular Coulomb branch have been presented in [4] and, here, we compute the monopole
formula in the presence of background charges. We summarise the results in tables 7 and 8.

G2 and Fy. The quiver gauge theories of table 7 exhibit only a single U(1) flavour
nodes such that there is no resolution parameter available on the Coulomb branch. This
is consistent with the literature, see for instance [35, Proposition 3.21].

As a remark, there exists a Coulomb branch realisation

1

(7.1)

2 3

for the 10-dimensional nilpotent orbit Oy, gy of G2 although it has height larger than two.
Although the U(1) flavour symmetry naively suggests that no symplectic resolution exists,
it is known that the symplectic resolution is of the form T* (G2/U(2)) = Oys,0}, see also
[35]. This indicates that the Coulomb branch construction of nilpotent orbit closures O
with ht(O) > 2 is still an open issue for exceptional Lie algebras [4].
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characteristic | dim¢ quiver HWG with flux
1
{1,0} 6 éi no resolution
O
21
1
{1,0,0,0} 16 g no resolution
2 3 21
1
{0,0,0,1} 22 g no resolution
2 4 3 2

Table 7. Coulomb branch quiver gauge theories for the exceptional algebras G5 and Fy: realisations
of the (closures of the) nilpotent orbits of characteristic height 2.

E-type. Inspecting the E-series of table 8, we observe that only {1,0,0,0,1,0} of Fs and
{0,0,0,0,0,2,0} of E7 admit non-trivial background charges on the Coulomb branch. All
other Coulomb branches do not admit a resolution parameter, which is consistent with [35,
Proposition 3.21].

Let us study {1,0,0,0, 1,0} of Eg in more detail: again, we find two different behaviours
of the HWG

HWG{ 1,0,0,0,1,0}

oy _ JaRal (ust?)” " PE [ut? + ppst'] . p1 > ps
(p1,p5) (#) = i

o' el (ut?)” " - PE [pet® + ppst'], p1 < ps

depending on the relative sign between the two U(1) flavour charges. As before, one can
eliminate the overall unphysical U(1) in G via p1+ps = 0 and reduce to a single (positive)
resolution parameter o< £(p; — p5). The two different cases in (7.2) are a manifestation of
the Mukai flop of E-type, see table 1. Moreover, the corresponding resolution is given by

e at ] E V)
T(1,0,0,0,1,0} © L' (730(10)(;“1)) — 0(1,0,0,0,1,0} - (7.3)

—1 ~

We interpret the prefactor o< u1,ps as indicating the exceptional fibre 7r{170,0,07170}(0) =

W, i.e. the resolution is given by the cotangent bundle of the HSS FEj;; of table 2.
Next, we consider {0,0,0,0,0,2,0} of E7: here, the Coulomb branch computation
yields

0,0,0,0,0,2,0 _
HWGO 020 (12) = af 72 (uat?)" ™ - PE [t + st + i3], (7.4)

where one can eliminate the unphysical U(1) via p; + p2 = 0. Hence, one can reduce to a
single p; — p2 background charge of SU(2), which gives the effective resolution parameter.
The HWG (7.4) is consistent with the expected resolution

70000020} : T* (5 5k) = Ot00.00020) - (7.5)
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characteristic  |dim¢ quiver HWG with flux

{0,0,0,0,0,1} 22 E 9 no resolution
L2l e @y (ust®)P P PE[puet® + i pst']  p1>p
{1,0,0,0,1,0} | 32 g g g L o e
oyt wg® (uat?)P P PE[uet* +uapst’]  p1<ps

{1,0,0,0,0,0,0} | 34 g i no resolution

234321

3 1

{0,0,0,0,1,0,0} | 52 i g no resolution

246 5 4 2
3 2

{0,0,0,0,0,2,0} | 54 g g 2B P2 (at3 )P P2 . PE [y 2+ st 4 1i315)

246 543

3 1

{0,0,0,0,0,0,1,0}| 58 i g no resolution

246 5432
1 5

{1,0,0,0,0,0,0,0}| 92 g i no resolution

4 7108 6 4 2

Table 8. Coulomb branch quiver gauge theories for the exceptional algebras Eg, E7, Ey: realisations
of the (closures of the) nilpotent orbits of characteristic height two. The unphysical U(1) in Gp

can be eliminated as before: introducing an auxiliary fugacity zo for U(1) C Gp, and imposing
zozj ba [T, 2/ = 1, with r; the ranks of the gauge nodes, leads to z;z5 = 1 for {1,0,0,0, 1,0} and

xzg = 1 for {0,0,0,0,0,2,0} (and zo = 1).

We note in particular that there exists only one resolution and that the prefactor o ug sug-
gests to be interpreted as manifestation of the exceptional fibre 773)1’0’0’0’072’0} (0) = &3576(1)
This follows from the observation that the sixth fundamental weight of E; has stabiliser
E(; X U(l) in E7.

Therefore, all nilpotent orbits of characteristic height two that allow for a symplectic
resolution are resolved by cotangent bundles of the Hermitian symmetric spaces Er; and
Eyrr. The Coulomb branch construction via unitary quivers and its resolution via the

monopole formula with background charges reproduce these features consistently.
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Remark. So far, the resolutions of height two orbit closures have exhausted all Hermitian
symmetric spaces, but has not produced all possible basic Mukai flops of table 1. The
missing piece would be the 50-dimensional Fg orbit of characteristic {0,1,0,1,0,0}, but it
is not of characteristic height two such that no unitary quiver realisation is known [4].

8 Conclusions

In this paper we have examined to what extent the prescription of the monopole formula
with background charges is suitable to study the resolutions of certain Coulomb branches,
which are nilpotent orbit closures of (characteristic) height two. For the examples consid-
ered with 7*(G/P) — O such that G/P = O3, the HWG takes a remarkably simple form

HWGqu = (M tA)ﬂuX : HWGsingular ) (81)

which allows us to show that the monopole formula is consistent with the following known
facts about resolutions of O:

(i) Number of resolution parameters: if the flavour symmetry is a single U(1) then
the flux associated can simply be absorbed by a redefinition of the GNO magnetic
weights. Hence, the monopole formula does not admit any resolution parameter. If
the flavour symmetry group is larger, there exists a non-trivial resolution. We note
in particular, that an overall U(1) in G is unphysical; for instance, the resolution
parameter for Gp=(U(1)xU(1))/U(1) is either p; — p2 > 0 or pa — p; > 0, while for
Gr=U(2)/U(1) the resolution parameter is p; — p2 > 0.

(ii) Form of resolution: the monopole formula results indicate that the exceptional fibre
of the resolution can be read off from the prefactor in (8.1). In more detail, if O
is resolved by the cotangent bundle T*(G/P) of a HSS G/P, then the prefactor is
proportional to a single fundamental weight p, such that the HSS is realised as semi-
simple orbit O} through x in Lie(G). Moreover, the size of the coset G/ P, as base
manifold of the resolved space, is determined by the exponent of 2,

(iii) Existence of multiple resolutions, i.e. Mukai flops: the cases with two U(1) flavour
nodes allow for two distinct cases, depending on which U(1) flux is larger. The HWG
becomes case dependent and we interpret this as the manifestation of the basic Mukai
flops. The examples considered reproduce all but one of the possible basic flops, see
table 1. The exception Fg rr does not correspond to a height two nilpotent orbit.

As a remark, existence of symplectic resolutions and, in case of multiple resolutions, their
relation via (sequences of) Mukai flops can equivalently be discussed via weighted Dynkin
diagrams. A brief summary is provided in appendix B.

Additionally, it is interesting to note that all Hermitian symmetric spaces of table 2
are realised as base spaces for the resolutions of the (characteristic) height two nilpotent
orbits. We summarise the orbits considered and their resolutions in tables 9-10.
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type partition resolution
An | p=(2F,17F1-2%) 9 <ok <n41|T* (S(U(nﬂ(f,j)lgw))) -0,
Bn p= (22k’ 12n+174k)’ k>0 o
n— E SO 2n+1 7Y
p= (3,122 T (m)—ﬂ%
C, p= (28120 >k >1 —
n + [ Sp(n A
p=(2) ™ (%) >0,
D, | p= (2% 1274k n — 1> 2k > 2 —
p= (271—1’ 12)7 n = odd T (SO(Qn)) 0
p=(2"), n = even Un) r
— n— * SO(2n) -
p=(3,1*"7%) T (m)%op

Table 9. Summary of resolutions of height two nilpotent orbits for classical algebras.

type characteristic resolution

Go {1,0} —

Fy {1,0,0,0} —

{0,0,0,1} —

Eg {0,0,0,0,0,1} —

{1,0,0,0,1,0} | T* (W) — 0100010}

Er {1,0,0,0,0,0,0} —

{0,0,0,0,1,0,0} —
{0,0,0,0,0,2,0y | T*(55m) = Ooooo020)

Es | {0,0,0,0,0,0,1,0} —

{1,0,0,0,0,0,0,0} —

Table 10. Summary of resolutions of characteristic height two nilpotent orbits for exceptional al-
gebras.

In summary, the monopole formula, in combination with the unitary Coulomb branch
quiver realisations for the BC' D-type and exceptional nilpotent orbit closures of (charac-
teristic) height two, exhibits all features of the symplectic resolutions correctly. Thus, the
monopole formula with background charges is not only suitable for gluing techniques as
indicated in [17], but is in fact a tool to study the geometry of the resolved spaces. On the
other hand, the inclusion of background fluxes opens a window to study the 3-dimensional
N = 4 theories with discrete real masses.

Outlook. Coulomb branches of nilpotent orbit closures with ht(Q) > 3 have not been
considered here. Let us mention some of the generalisations which are to be expected. The
flavour symmetry groups may become larger such that more than one resolution parameter
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becomes relevant. In this case, the different orderings of the fluxes will all be related by a
locally trivial family of Mukai flops. To put it differently, the basic Mukai flops will not be
sufficient to relate the different symplectic resolutions of a given orbit, but a finite family
of Mukai flops will do.

As example, consider @(3’271) of A5 with Coulomb branch quiver

1

11
1T 82

O—0OCO—"~CO—=0

1 2 3 3

2

where the three U(1) fluxes p4, ps, ps have six ordered permutations py(4) > py(5) > Po(6)-
From this we expect six different resolutions of O3 1). In fact, comparing this to [25,
Example 4.6] there exist six polarisations Py4),0(5),0(6)- Each gives rise to a resolution
T*(SU(6)/ Py(ay,0(5),0(6)) — O(3,2,1), and any two are linked by birational maps in the form
of a locally trivial family of Mukai flops of type A. However, we do not expect the HWG
with fluxes to respect the appealing form (8.1), simply because the HWG without fluxes
does not have a simple PE anymore.

In addition, in [4, section 3.1] a Hilbert series formula for normalisations of nilpotent
orbit closures has been proposed. In view of our final result (8.1), the formula seems suited
to deal with resolutions which do not come from a simple flag variety. This localisation
approach might also be able to compute the Eg orbit of characteristic {0, 1,0, 1,0,0}, which
is expected to realise the last basic Mukai flop Eg ;7.

Acknowledgments

The authors would like to thank Santiago Cabrera, Rudolph Kalveks, Karin Baur, and
Charles Beil for useful discussions. We thank the Simons Center for Geometry and Physics,
Stony Brook University for the hospitality and the partial support during the early stage
of this work at the Simons Summer workshop 2017. We thank the Galileo Galilei Institute
for Theoretical Physics for the hospitality and the INFN for partial support during the in-
termediate stage of this work at the workshop “Supersymmetric Quantum Field Theories
in the Non-perturbative Regime” in 2018. A.H. thanks the Mathematical Physics group
of the University of Vienna for hospitality during the final stage of this work. A.H. is
supported by STFC Consolidated Grant ST/J0003533/1, and EPSRC Programme Grant
EP/K034456/1. M.S. is supported by Austrian Science Fund (FWF) grant P28590. M.S.
thanks the Faculty of Physics of the University of Vienna for travel support via the “Jung-
wissenschaftsférderung”.

A Conventions

In this appendix, we provide the conventions used in all calculations. We note that all
Coulomb branch quivers Tt are balanced and the set of balanced nodes forms exactly the
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Dynkin diagram T' of the algebra g to which the nilpotent orbit closure M (1r) = O
belongs. As such, the quiver 7Tt has exactly » = rk(G) many unitary nodes, each node
i =1,...,r is associated with a topological symmetry group U(1),, which we count by a
fugacity z;. The root space fugacities z; are transformed into the weight space fugacities
x; by means of the Cartan matrix A;; of the algebra g; in detail,

T T
Ajs A1 i
zi:ijJ & :z:i:HzJ(. i | (A.1)
j=1 j=1

Labelling of fugacities z; (or likewise x;) and background charges p will follow the num-
bering of the nodes in the corresponding Dynkin diagram, see for instance [60, table IV].
As example

b1 Pp3 P1,p2
U(1)-flavours: g g or  U(2)-flavour: g . (A.2)
z1 22 23 21 22 23

In the relevant quivers, the gauge nodes are linked by different types of hyper multi-
plets, which have the following contributions to the conformal dimension:

k l
0—O _1
k I A Ah-plet - 5 ; mzl ’an - q2,m‘ ) (A?’a)
1 k l
O==0 o A= 30 > 2 an — l, (A.3)
n=1m=1
1 k l
(k)icl) > Ah—plet = 5 Z Z ’3 “qin — QQ,m’ . (A3C)
n=1m=1

Here, the magnetic charges of the i-th node U(k;) are labelled as g; , for n =1,...,k;. The
non-simply laced links of (A.3b)—(A.3c) have been introduced in [48, equation 3.3].

When working with Hilbert series (HS) and Highest Weight Generating functions
(HWG), important tools are the Plethystic Exponential (PE) and Plethystic Logarithm
(PL), the inverse of the PE. For our purpose, it is sufficient to note

c d d b
[Tj=: (1 = g;t%)
40 4b; — J J
PE ;ﬁt ;ggt = s e (A4)

where a;,b; € N are exponents and f;, g; are monomials in weight or root fugacities. For
further details, we refer to [11].

B Weighted Dynkin diagram

Another method of labelling nilpotent orbits of g employs weighted Dynkin diagrams
(WDD), which decorate the nodes of the Dynkin diagram for g with labels 0, 1, or 2. We
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partition WDD MDD

4 0-0-0
(4) 5 5 5 ooo

3D | §99 | ceerece T eeo
02 0-0-0

(2%) 050 O-@-0

@) | 757 OO0 o O-O-e

14 0-0-0

(1%) 50 0 0-0-0

Table 11. Nilpotent orbits of A3 can be labelled by partitions or weighted Dynkin diagrams. The
corresponding parabolic subalgebras can be encoded in marked Dynkin diagrams.

refer to [20] for details. In contrast to partitions, WDDs are applicable to nilpotent orbits
of classical as well as exceptional Lie algebras. On the other hand, the set of ABC D-type
partitions is one-to-one to all ABC'D-type nilpotent orbits; whereas, the number 3'%(&) of
possible WDDs is significantly larger than the set of nilpotent orbits. To our understanding,
no algorithm exists that could predict which diagrams are realised.

To provide a more intuitive picture, all unitary Coulomb branch realisations of height
two nilpotent orbit closures are built from the corresponding WDD in the following way:
the WDD provides the ranks of the flavour nodes and the condition for the quiver to be
balanced determines the ranks of the gauge nodes uniquely.

Following [37], one introduces the sets ©;, which collect all nodes in the WDD with
label i = 0,1,2. Focusing on height two, a result by [37, Lemma 3.2] states the following:
ABC-type nilpotent orbit closures admit a symplectic resolution if and only if the number
of elements in ©1 is even. For D-type orbit closures, a symplectic resolution exists if and
only if either the number of elements in ©1 is even, or the number of elements in ©q is
even and the two spinor nodes belong to ©;.

The weighted Dynkin diagram allows to deduce the standard parabolic subalgebra as-
sociated to the nilpotent orbit, and the set of all parabolic subalgebras can be labelled
by marked Dynkin diagrams. As |0;] is necessarily even for orbit closures that can be
resolved, one can subdivide the set into two sets of equal length and try to construct two
different parabolic subalgebras. This leads to [37, Theorem 3.3]: (i) two symplectic res-
olutions for A-type, (ii) one symplectic resolution for BC-type, and (iii) two symplectic
resolutions for D-type if the two spinor nodes are contained in ©1, otherwise there exists
only one resolution.

As an example, the nilpotent orbits of Az, labelled by their weighted Dynkin diagrams,
and the corresponding parabolic subalgebras, labelled by marked Dynkin diagrams (MDD),
are summarised in table 11. All (non-trivial) orbits of A3 admit symplectic resolutions, as
there are either zero nodes with weight label 1 or exactly two. The existence of multiple
resolutions for a single orbit closure can be observed from the marked Dynkin diagrams. A
way to relate all possible parabolic subalgebras that give rise to different resolutions of the
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same orbit closure is presented in [61, Definition 1] by means of operations on the MDD.
Hence, the two (dual) MDDs of (2,1?) are the basic A-type Mukai flop, while the three
MDDs of (3,1) can be obtain by locally applying the A-type Mukai flop of Ay, i.e. the dual
MDDs are @O and O—@ . Therefore, 6(371) of A3 admits three different resolutions,
which can also be seen from the corresponding Coulomb branch quiver

1 2

1 2 2

in which one would identify the three resolutions by the relative size of the U(1) flux p;
with respect to the U(2) fluxes pa > ps.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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