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Abstract

We consider r-ramification ultradifferentiable classes, introduced by J. Schmets and
M. Valdivia in order to study the surjectivity of the Borel map, and later on also
exploited by the authors in the ultraholomorphic context. We characterize quasiana-
lyticity in such classes, extend the results of Schmets and Valdivia about the image
of the Borel map in a mixed ultradifferentiable setting, and obtain a version of the
Whitney extension theorem in this framework.
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1 Introduction

Spaces of ultradifferentiable functions are subclasses of smooth functions on an open
set U C R? having a prescribed growth control on the functions and all their deriva-
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tives. Classically, in the literature this growth is measured either by a weight sequence
M (e.g. see [11]) or a weight function w (e.g. see [3]) and it is shown that in gen-
eral both methods yield different classes, see [1]. In both settings one can distinguish
between the Roumieu type and Beurling type spaces. In this paper we will exclusively
consider classes of both types defined by a weight sequence, respectively denoted by
Eny (U, C) and Euyy (U, C) (see Sect. 2.1 for the precise definition), or by £ (U, C)
when both are referred to at the same time.

Analogously, motivated by solving difference and differential equations, there do
also exist classes of ultraholomorphic functions defined in terms of a sequence M
(mostly of Roumieu type). The functions are defined on unbounded sectors of the
Riemann surface of the logarithm, and in this case the weights M control the growth of
the complex derivatives. Closely related are classes of functions admitting asymptotic
expansion (again on unbounded sectors of the Riemann surface of the logarithm). For
more details and the historic development we refer to the introduction of [9] and the
references therein.

Animportant question in both the ultradifferentiable and ultraholomorphic situation
is to establish sufficient and necessary conditions on M under which the Borel map B,
which assigns to f the infinite jet (£ (0)) jeN, is onto the corresponding sequence
spaces Ay or Ay (defined in Sect. 2.9), see [14,19,24]. In the ultradifferentiable
setting the so-called strong non-quasianalyticity condition (y) is characterizing this
behavior for both types as shown in [14].

In order to study the surjectivity of the (asymptotic) Borel map (or even to show
the existence of continuous linear extension operators, i.e. right inverses of the Borel
map) for ultraholomorphic classes defined by M (see [9, Sect. 4] and [6, Sect. 3.3],
concentrating on the Roumieu type), different (auxiliary) spaces of smooth functions
have been introduced and used, whose elements f are having ultradifferentiable growth
conditions not for all derivatives f O, Jj € N, but only for all f ), Jj € N, where
r € N> is a (ramification) parameter. We refer to Sects. 2.9 and 5.3 for recalling the
definitions of the mentioned spaces in the present work.

The property (y,), crucially appearing in our results in [9], was introduced by
Schmets and Valdivia. It was shown to characterize the surjectivity of the Borel map,
and even the existence of an extension map, in Beurling ultradifferentiable r-ramified
classes [22, Proposition 4.3 and Theorem 4.4], and to be necessary for the surjectivity
of the Borel map in the Roumieu case [22, Proposition 5.2] (in [22, Theorem 5.4] they
also show that the existence of an extension map in this case amounts to (y;-) and the
restrictive condition (8;) from [14]).

Closely related, one may consider Dy ([—1, 1]), the subspace of & (R, C)
whose elements’ support is contained in [—1, 1]. In [23] a complete characteriza-
tion of the fact that Ay € Bo(Dyvi([—1, 1]1)) was given in a mixed setting between
two classes defined by generally different sequences M and N, both not having (y)
necessarily, see also in [2] for the weight function setting and in [4] working with the
more general Whitney jet mapping on compact sets (but assuming more restrictive
standard conditions on the weights).

The main aim of this article is to transfer the mixed-setting results from [23] to these
(non-standard) r-ramified classes, and the motivation of this question was arising when
inspecting the proof of the surjectivity of the asymptotic Borel map in ultraholomorphic

@ Springer



The surjectivity of the Borel mapping in the mixed... 539

classes [9, Thm. 4.14 (i)] for sequences with the property of derivation closedness.
Indeed, without this additional assumption on M, one obtains a result similar to those
in [23] that we have just described, providing information on the image of the Borel
map on a r-ramification space in the mixed situation between M = (M), and the
forward-shifted sequence N = (N,), with N, = M.

We expect that a characterization of such situation in terms of some precise growth
condition involving M, N and r, as contained in this paper, will be helpful to obtain
mixed results for the (asymptotic) Borel map in ultraholomorphic classes defined by
weight sequences, i.e. to transfer the results from [9] to a mixed framework with a
control on the loss of regularity.

Related to this aim is the following: In [7,10] the authors have introduced ultraholo-
morphic classes defined in terms of weight functions w and shown partial extension
results in this setting. A joint future research will be to completely transfer the results
from [9] to the weight function setting, and obtain also in this context some mixed
extension procedures.

The paper is organized as follows: First, in Sect. 2, we collect and summarize all
necessary notation and conditions on weight sequences M, which will be important
later on. Moreover we introduce the classical spaces of ultradifferentiable functions
defined by weight sequences, the most important ultradifferentiable r-ramification
function spaces and the corresponding sequence spaces.

In Sect. 3 we prove the main result for the Roumieu case (see Theorem 3.2), in
Sect. 4 for the Beurling case (see Theorem 4.2) which is reduced to the Roumieu case
by using a technical result from [4]. In the proofs we are following the ideas from [23]
and make necessary changes to deal with the parameter . Even in the case r = 1,
which yields the main statement [23, Theorem 1.1], we are dealing with a slightly
more general approach than in [23] since our assumptions on M and N are weaker,
see Remarks 3.3 and 4.3.

In Sect. 5 we introduce all further ultradifferentiable r-ramification function classes
from [22] and prove that the main results from the previous sections also hold true
(see Theorem 5.5). The special case M = N, by assuming some mild standard growth
conditions on M, shows that property (y;,) is characterizing the surjectivity of the
Borel map in all r-ramification test function spaces (of both types, so improving the
results of Schmets and Valdivia specially in the Roumieu case).

In Sect. 5.6 we show that the new introduced mixed conditions (M, N)sy, and
(M, N),, can also be used to characterize the surjectivity of the more general jet
mapping in the mixed weight sequence setting (of Roumieu type) and hence give a
Whitney extension theorem involving a ramification parameter r.

Finally, in Sect. 6, we prove a full characterization of the (non)quasianalyticity of
all ultradifferentiable r-ramification function classes by using the classical Denjoy—
Carleman theorem for ultradifferentiable classes. Here and in several other questions
under consideration in this article the so-called r-interpolating sequence introduced
in [22] (see 2.5) will play an important role: It helps to reduce the r-ramified ultradif-
ferentiable framework to the classical one.
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1.1 General notation

Throughout this paper we will use the following notation: We denote by £ the class of
(complex-valued) smooth functions, C* is the class of all real analytic functions. We
will write Nog = {1,2,...}and N = N_ U {0}. Moreover we put R.p := {x e R :
x > 0}, i.e. the set of all positive real numbers. For k = (k1, ..., kg) € N? we have
|k| = ki +---+kgand f%® shall denote taking partial derivatives of f with respect to
k= (ki,...,kq).Onthe class &, forall U C R4 non-empty open, f € £(U, C) and
xo € U we introduce the Borel map defined by By, (f) := (f ® (x0)) rend - For given
r € N>2 we put B)’m(f) = (f(rj)(xo))jeNd and for convenience, if xo = 0, then we
will write B and B" instead of By and Bj,.

Convention: For convenience we will write £y if either £(py or E(ar) is considered,
but not mixing the cases if statements involve more than one £[»s1 symbol (and similarly
for all further classes of ultradifferentiable r-ramification functions and the associated
sequence spaces Ay, A))-

2 Notation and conditions

2.1 Weight sequences and classes of ultradifferentiable functions

M = (M), € RY iscalled aweight sequence, we introduce alsom = (m ) , defined
by m, = % and 11, = MM—Pl 1o = 1. M is called normalized if 1 = My < M,
! o

holds true which can always be assumed without loss of generality.

For any weight sequence M and r > 0 we put M'/" := (Mll,/r)peN.

(1) M is called log-convex if

(o) :¢> VjeNsg: Mj <Mj i My,
equivalently if (i), is nondecreasing. M is called strongly log-convex if (Ic) holds
for the sequence m. If M is log-convex and normalized, then both M and the mapping
Jj (Mj)l/f are nondecreasing, e.g. see [20, Lemma 2.0.4]. In this case we get
M; > 1forall k > 0 and
VkeNmo: Mo'* <. @1

Some properties for weight sequences are very basic and so we introduce for con-
venience the following set:

LC = {M € RIEO : M is normalized, log-convex, klim (M)V/* = oo} .
—00

(2) M has moderate growth if
(mg) & 3IC>1VjkeN: My <M, my.
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A weaker condition is derivation closedness,
(o) ¢3C>1VjeN: Mj <Cltim;.

Note that we can replace in both conditions M by m or by any M /" (by changing the
constant C).
(3) M is called nonquasianalytic, if

1
(ng) :& E — < 0.
p=1 r

If M is log-convex then using Carleman’s inequality one can show (for a proof see

e.g. [20, Proposition 4.1.7]) that Z;ozl MAZI <00E Y o W
- P

More generally, for arbitrary » > O we call M to be r-nonquasianalytic, if

1/r
(nq,) :& Z <ML> < 00,
P

p=1

< Q.

so (nq) is precisely (nq;). Provided that u,, > 1, i.e. M is nondecreasing, we have
that (ng,.) does imply (nq,) for every s < r.

If M € LC, then by recalling [19, Prop. 2.13, Def. 3.3, Thm. 3.4] (see
also [9, p. 145]) we have that the so-called exponent of convergence X, ), =

log(p)

02(ic,) and is

o
inf {a >0: szl (u_lp) < oo} does coincide with limsup,,_, .,

related to the index of quasianalyticity of M, denoted by w (M) := liminf ,_, lff;g,”))

(also called lower order of M), by (M) = X 1 - Hence in our notation we have
“p)p

now

w(M) =sup{r > 0: (nq,)}.
(4) M has (B) if

(1) < 30 eNg: liminf X2 < 0,

and (yp) if
1
(y1) & sup ud — < 0.
peN-o P k>p Mk

By [14, Proposition 1.1] both conditions are equivalent for log-convex M and for this
proof condition (nq), which is a general assumption in [14], was not necessary, see
also [8, Theorem 3.11]. In the literature (1) is also called ”strong nonquasianalyticity
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condition.” Moreover in [22] the following generalization has been introduced (for
r e Nzl):

(p) 1\
()& sup ——>"(—) <oo.
peNso p k> p Mk

Of course, this condition makes sense for all » > 0 and consequently M has (y,) if
and only if MY has (y1).

(5) For two weight sequences M = (M), and N = (N,), and C > 0 we write
M < CN if and only if M;, < CN,, holds for all p € N. Moreover we define

M 1/p
M=<N & 3C1,C221VpeN:Mp§C1C§Np<:> sup (—p) < 00
PeN=o p
and call them equivalent if
M=~N < M=<N and N<M.
In the relations above one can replace M and N simultaneously by m and n because
M=<N & m=n.

Letd € Nog and U C R be nonempty open, then for a weight sequence M we
introduce the (local) ultradifferentiable function class of Roumieu type by

EmWU,C):={fe&WU,C): YK CUcompactdh >0: | fllykn< 00},
and the Beurling type class by

EmmU,C):={fe&WU,C): YK CUcompactVh>0: ||fllmxrnr< oo}
where we have put

N fllar,x,ni= sup m
T peNdxex MMMy

For compact sets K with sufficiently regular boundary

Emn(K,C):={f e&K,C): | flimkn < oo}

is a Banach space where £(K , C) denotes the space of Whitney jets in K which can be
identified with the class of smooth functions on the interior K ° with globally bounded
derivatives. We have the topological vector space representations

Emy(U,C) = lim lim &y 1 (K, C)
KCU h>

=
(=)
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and

Ean(U, C) = Tim lim Ey (K, C).
KCU h>

=
(=}

From the definitions it is obvious that M <N implies & (U, C) € En(U, C).

Let M be a weight sequence and U < R? nonempty open and K a compact
set with sufficiently regular boundary, then &) (U, C) or & u)(K, C) are said to be
quasianalytic if for all x € U, or respectively for all x € K, the map By is injective.

Of course this definition can be extended to any subclass S € £. The following
result characterizes nonquasianalyticity of ultradifferentiable classes in terms of the
weight sequence M, e.g. see [21, Proposition 4.3] where we have summarized the
situation in a more general setting from [5, Theorem 1.3.8]. For any weight sequence
M, let M® denote the log-convex minorant of M, e.g. see [11, Def. 3.1, Prop. 3.2].

Proposition 2.2 Let M € RIEO with My = 1 and let U C R? be nonempty open.
Then Ep(U, C) is nonquasianalytic if and only if M I satisfies (nq) and in this case
Co(U,C) C EmU, C) = E ey (U, C) holds true.

2.3 Relevant conditions for characterizing the surjectivity of the Borel map

For p, s € N. given and two arbitrary sequences M, N € RIEO let

M 1/(p—=J)
AK;N = sup ( p) . (2.2)
0=j<p \$PN;

We point out that the choice j = 0 yields

1
M,N 1/p
Mos Z Soneye Mo (2.3)

hence up to a constant a lower bound is always (M p)l/ P The next result proves a
control from above (see [23, 2(a)]).

Lemma 2.4 Let M and N be log-convex weight sequences satisfying M < CN for
some C > 1, then we get

VY p,s €Nyg: A%’SN

< Cmin{pp, vp}. 2.4)

Proof Let p,s € Nogand O < j < p — 1. Then

M 1/(p—J) M\ P=D M\ P=D
P <=2 <(c=L
SPN; TN - M;

= (Cuj1 ...Mp)l/(p—j) < C(up)(p_j)/(”_j) =Cpp.
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Similarly we get

M.\ VP=D N\ Y @=D) )
1 <(cZ2 = (Cvjqy---vp)/P=))
sPN; N; :

< C(vp)([’—j)/(P—j) = Cv,.

m}

Let M, N € LC such that M < CN for some constant C > 1 and let r € N>;. We
consider now the following two conditions in the mixed weight sequence setting, for
the definition even any » > 0 makes sense:

(AM&N)l/r 1 1/r
(M,N)sy, <= IseN.g: sup —22——— (_) < o0,

peN~o p k=p Vi

and

1/r 1/r
(M,N),, <= sup Wp) Z<i> < oo0.

p€N>0 p kZp Vk

So (M, N)gsy, is the r-ramification generalization of the characterizing condition
(*) in [23, p. 385] (taking r = 1 yields (%)), whereas (M, N),, is the generalization
of condition (y;) from [22] to a mixed setting, since (M, M), is (y) for M.

By Lemma 2.4 we immediately get that (M, N),, implies (M, N)gy, for any s €
N.g.Ife.g. M € LC satisfies (mg), which is in this case equivalent to

JA>1VpeN_g: pu,<AM)?, (2.5)

e.g. see [16, Lemma 2.2] and the references therein, then by (2.3) and (2.4) conditions
(M, N)sy, and (M, N),, are equivalent.

2.5 The r-interpolating sequence P¥-"

Given a weight sequence M € ]RIEO, in [22, Lemma 2.3] for any r € N> the so-called
r-interpolating sequence P was introduced as follows:

P = (MO (Mg ))', YkeN, Vjiefo,....rh.  (26)

We summarize some elementary facts: If M < ck Ni forsome C > 1andallk € N,
then Prﬂlfj:j < (ClUryrkti P;Zij. We have PM" = M, foralln € N (i.e. forr = 1 we
M,r
get PM-1 = M) and by denoting n,fw’r = Z{M” (with néw’r = 1) we see
k—1

@ Springer



The surjectivity of the Borel mapping in the mixed... 545

M.,r
. . M,r _ rk+j
VkeNVjell,...,r}: nrkJ:j_PMT
rk+j—1
i i 1/r
r=J]agl 1
— Mk Mk+1 _ Mk+1 r _ ( )1/r (2 7)
- r—j+1, ,j—1 - M, = (Wk+1 . .
My~ My,

Hence M € LC if and only if PM-" € LC and moreover we can show:

Lemma 2.6 Let M € LC, r € N> and PM-" be the r-interpolating sequence, then M
does have (mg) if and only if PM-" does have (mg).

Proof 1t is well-known (e.g. see [16, Lemma 2.2]) that for M € LC condition (mg) is
equivalent to having sup - | % < 00.

Ontheonehand, forallk € Nand j € {1, ...,r}wehave2(rk+j) < rQk+1)+r,
ﬂ%;c-%—j) < ”:\(42’11+1>+r _ (Mz(k+1>>l/r
M.r - ﬂM’r - Mk+1 '

hence by (2.7) we have

rk+j rk+j

M,r r
On the other hand, the choice j = r in (2.7) yields ©2¢D — <712,'u(k,+ ”) for all

Pt ”r(k+1)

k e N. O

For arbitrary r € N> by (2.7) we have that

S =YY =)
= = r ,
I=1 7 =1 ”rﬂlffj k=0 Mk

hence (nq,) holds for M if and only if P¥" has (nq). So we immediately get by
the classical Denjoy—Carleman theorem for ultradifferentiable functions (see Propo-
sition 2.2):

Lemma2.7 Let M € LC, r € N>y and PM-" be the r-interpolating sequence, then
the following are equivalent:

(i) M satisfies (nq,.),
(ii) PM7 satisfies (nq),
(iii) & pmry(U, C) is nonquasianalytic for every nonempty open set U C R4,
(iv) 5[PM,rJ(K, C) is nonquasianalytic for every compact set K C R? with regular
boundary.

Finally the next result generalizes [22, Lemma 2.3 (a)] to a mixed setting.

Lemma28 Let M, N € LC, r € Nz and PM-", PN be the corresponding r-
interpolating sequences. Then the following are equivalent:

(i) (M, N),,
(i) (PMr, PN,
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Proof We follow the proof given in [22, Lemma 2.3 (a)].
(i) = (ii) By using (2.7) we have

M,r
T 1
sup
N,
len. Do m

M,r

Tritj 1 ()" S
T S e ) D
leN,jell,.. T 7 S mm Ten rl+ L =
(i )V" 1 ()" 1
<rswp =T D oo = (14 sup = O
IeN koIt ESNEY k>1
where in the last estimate we have used that r(l_’m < lli & r2 <21 + 1 forall
leNzjandr > 0.
(ii) = (i) For all n € N> we have
(Mn)l/r Z 1 <r7_[r11’/1[,r Z 1 <r7l’rﬁy/{’r Z 1
1/r = N — N’
n k>n (Uk) ' rn k>n Tk ' rn k>rn Ty '
taking into account again (2.7). O

2.9 Associated sequence and test function spaces

Let M € ]RIEO be a weight sequence and for a given sequence a := (ap), € CN we
put

lap|
lalpsp == sup p” :
peNh M)

and introduce Ay, := {(ap)p € C: |a|y,n < oo}. Furthermore we set
Aoy i=1{@ap)y € CN ¥ h >0 Jaly ) < oo},

and
Ay :=1{(ap)p €C:3h>0:]aly < oo}

We endow A (ar) resp. Aqaqy with a natural projective, respectively inductive, topology
via

Aoy =1m Ay, Ay = Hm A
h>0 h>0
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If M € LC, then both spaces are rings with respect to convolution (axb), :=
2k=0 Wbn—:

|(axb), | > k=0 lak|bn—k|
b — — "7 < = -
| (xb)az, 20 e, = NPT enm,

“w ii lak| _1bak|
- np 2n hkMk hnkon,k

k=0
<lalm.n  <bly.n
n—+

1
o [alar,nblarn < 1alm,nlblyn < 00

< sup
n

In this estimate we have used that M is log-convex and normalized, so My M,,_x < M,
for all n,k € N with k < n. From the definitions it is obvious that M <N implies
Ay € Ay

Let M be a weight sequence and r € N>;. Then foreach # > O anda > 0 we
define the Banach space

Dy m.n([—a,al)
={f € ER,C) : supp(f) C [—a,al, fr"F)0)

(rn)
:O,VnGNVJE{L’r_l}’ Sup |fn (X)|<
neN,xeR h" My,

oo},

and the Roumieu type class

Dy my([=a, a]) :=lim D,y ([—a, al), (2.8)
h>0

which is a countable (L B)-space, respectively

Drmy([=a, a]) :=1im D,y ([—a, al), (2.9
h>0

which is a Frechét space (see [22, Sect. 3]). For convenience we put || f|l, m.n =

(rn) . . . .
SUP, N, xeR L/ T M(X)‘ .If r = 1, then we precisely obtain the spaces considered in [23]

and M<N impliens Dy im(—a,al) € D, ni([—a, al).

Remark 2.10 We finish this section with the following comments:

(i) In the main results Theorems 3.2 and 4.2 equivalently we could replace
D, im([—1, 11) by D, [am1([—a, a]) forarbitrary a > 0: The spaces obviously do
coincide as sets by composing the functions with a dilation, see also Lemma 3.5
below.

(ii) It is not automatically clear that the classes introduced in (2.8) and (2.9) are
nontrivial, i.e. # {0}. In Sect. 6 we will characterize the nontriviality in terms
of M as in the classical Denjoy—Carleman theorem and we will see that this
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548 J. Jiménez-Garrido et al.

question is characterized by the nonquasianalyticity of PM-", see Lemma 2.7
and also Lemma 3.5 below.

3 The image of the Borel mapping in the Roumieu case

Let, from now on in this section, M, N € RIEO and r € N> be such that

(I) M,N € LC,
. )\ /P . .
(IR, liminf p_mo( ; 7 ) > 0 (the letter R in the notation stands for
Roumieu),

(I11) M<N,ie M, < CPN,foraconstant C > l andall p € N.
Concerning these conditions we give the following comments.

Remark3.1 (i) Replacing N = (N,), by L = (L,), with L, := CP’N,, C
denoting the constant from (/11), we have M, < L, for all p € N. Of course
L~ N and so we can assume from now on without loss of generality that even
M < N holds true (which will simplify the notation).

(ii) For all M € LC and r > 1 condition (/1)g, does imply (/1)g, 1, indeed
lim s o0 (mp YWr = oo since (Mp)l/l’ — oocas p — oo and m, =
M0 (pg,)1,

(iii) (II)R,, for M does imply (I 1)g 1 for pM.r.

Ifr = 1,then M = PM:! and nothing is to prove. If r € Nx», then we have
M, > C"Pp!" for some 0 < C < 1 andall p € N, hence by (2.6)

Pr]]‘:[ rj > (C(kr)(r ])k|r(r ])er(k+1)(k + 1)"’])1/7’ — Ckr+](k|)r ](k+ l)”

forallk e Nand 1 < j <r. Then

(rk + )1 < 2% jigrk)t < 275 p it < 279 1 CpR Ry
< r1QCH R (k + )Y,

where C| is a suitable positive constant depending only on r; consequently

P = rmhC/@e))™ i (rk + L.

Thus lim infg_ oo (P /kD'/F > 0 is shown.

The goal is to prove the following characterization which is generalizing [23, The-
orem 1.1].

Theorem 3.2 Let M and N be as assumed above and r € Nx1. Then
Ay SO jent f € Drgwy (=1, 1D) G

if and only if (M, N)sv,.
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Remark 3.3 This theorem extends [23, Theorem 1.1] also to general r-interpolating
spaces because there only the case r = 1 was considered. But even in this case our
approach is slightly stronger than the result from [23] since our assumptions on M
and N are more general. More precisely:

1/k 1/k

(i) We only need lim infy_, o (my) /" > O for M instead of limy_, o (%)
which is the general assumption (d) on [23, p. 385],
(ii) We only require M <N instead of the stronger assumption 1, < v, for all
p € N (which is assumption (c¢) on [23, p. 385]).
(iii) Most importantly, it is not required to have condition (nq) for N. We give here
the argument for arbitrary r € N> : If M and N are related by (M, N)svy,, then

1/r
by choosing p = 1 there (which yields ()LIKY’N)I/ ' = (;VIT]O) ) we immedi-
ately get that N has to satisfy (nq, ). Conversely, if (3.1) holds true, then it is
obvious that the class D, ;n)([—1, 1]) has to be nontrivial because Ay} does
contain (at least) all sequences with finitely many entries # 0. Consequently, by
Theorem 6.1 below, this nontriviality of D, (x}([—1, 1]) does imply condition

(nq,.) for N.

= 00,

First we recall [14, Theorem 2.2], which follows from [5, Theorem 1.3.5], for a
proof see also [20, Lemma 5.1.6].

Lemma3.4 Let M € LC and assume that a := Z;il I%j < 00. Then there exists a
smooth function ¢ whose support is contained in [—a, al, such that 0 < ¢p(x) < 1
for all x € [—a,al, and ¢ (0) = 8;.0 (Kronecker delta). Furthermore we have
H(p(j)HOO < 2ijf0rallj eN.

In particular one can say: ¢ is a nontrivial function (¢(0) = 1) with compact
support and ¢ € Epy(R, C) (take h = 2). Thus the ultradifferentiable class Eqpyy is

nonquasianalytic.

In the next statement we will use the previous result to justify that the class
D:.(my([—a, a]) defined in (2.8) is nontrivial. As mentioned before, for a complete
characterization (also for the Beurling case) we refer to Sect. 6 below and we will
have to make use of the following construction (for the Roumieu case) in the first
main result Theorem 3.6.

Lemma3.5 Let M € LC and r € Nx be given and assume that (nq,) holds true.
Then we get for all b > 0 that Dy p1([—D, b]) is nontrivial.

1/r
Proof We set a = Y 2, (ﬁ) < oo and apply Lemma 3.4 to the r-

interpolating sequence PM-" from (2.6) (see Lemma 2.7). Thus ¢ belongs to the
class Dypu.ry([—a,a]) and even to Dy (u)([—a,a]) (since () = §;0 and
P
rj

loTP|, <27 PY" =27 M forall j €N.

By making a rescaling/dilation we can achieve that ¢ has support contained in
[—b, b] for any b > 0.

For the Beurling type we have to recall that in the proof of [14, Theorem 2.1 (a)(i)]
even a sequence (xp), of functions with compact support in the ultradifferentiable

= M; for all j € N) and has compact support in [—a, a]. Finally we get
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class 5( PM,r)(R, C) has been constructed which satisfies X,(,j )(O) = §;,p. So the cor-
responding result holds true for the Beurling type classes D, ) ([—b, b]) as well (by
choosing ¢ or more general some x;,) and making again a rescaling. O

Using this preparation we are able to generalize [23, Theorem 3.2]. We are going
to follow the original proof and make adjustments where necessary.

Theorem 3.6 Let M and N be as assumed above and r € N> be given. If (M, N)sy,
holds true, then there exists d > 0 such that for all c € N~ there exists a continuous
linear extension map T, : Ay .o — Dy n.ca([—1, 11), which implies

Ay SLFP ) jen : £ € Drywy (-1, 1D}

Proof For convenience we write A,  instead of )LI,‘,/{ ;N .Let h > 1 (large) be arbitrary
but fixed and s € N, be coming from (M, N)sy,. For p € N we consider the
sequence t? = (T;))jzo defined by

Pi= (1, (W )7 (i DY (o DY (o),
2 pr—times r—times
(o), (i)', ).

r—times

By (2.4) (with C = 1) we see that each 77 is increasing since A, 5 < v, < V2p41
and so T? = (T[); defined by T} := [/, 7/ is log-convex (and its quotients are
tending to 1nﬁn1ty)
1r 1 1/r 1/r

The case p = 0. Since B := h Zj I(W) _Z/ l(u,) < 00 we
can apply Lemma 3.5 fora = B, b = B/h'/" and so ¢ = h_l/’. So there exists
o0 € Dryny(I—=B/(R'7), B/(h'")]) with 0 < g0 < 1, g;/3)<0> = 3,0 for all
j € N and finally |Q(r])(t)| < 2”th forall j e Nandr € R.

The case p € N~ . Property (M, N )sv, means that there exists some A > 1 such
that for all p € N. ¢ we can estimate as follows

Z ? = _(h)xp Y)l/r Z (m)

k=1 k= 2p+l

_ 2 [y, G0 i (1)‘/’

T (hh,)Ur T o
(h)\p,s) " 2p k=2p+1 Vk
BT T V) K T
- (h)\p,s)l/r 2p Vk N (h)tp,s)l/r

k=p
Applying Lemma 3.4 for each sequence 77, p € N. o, we get that there exists
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on.p € DU=2Arp/(hdp )" 24rp/(hip.)'/"]) With 0 < op,, < 1, 0}))(0) =
dj,0 forall j € N and satisfying for all r € R:

2 (hp )" if 1 <j <2rp,
.. k: i N5 g s
21 G )PP TILy vapak W2py 1)V CPTRDIT i j> 2rp,
(3.2)

loy) ()1 <

where for the second inequality we have put k; € N satisfying 2p + k;)r < j
(2p+k;+ Dr (if k; = 0, then the product is understood to be equal 1, so |Qh/ ) 3]

21h1/’(kp,x)2p(vzp+1)(f 2p1/my. We introduce the smooth function x : R — R
defined by

IAIA

rp

1t
Xh,rp(t) = Qh,p([)(r_p)!a (3.3)

and in the next step we have to estimate all (rj)-derivatives of x;_ . for each p € N.

The case p = 0. We have [x,'0) ()| = lo} ()] < 27hIN; = 27 hi 3; f for all
teRandj e N.
The case p € N.: We are going to prove

, 2A exp(1)s , 1\"
VieRVYjeN: leﬁfi;(m_M <h1—5’> hi (2+ﬁ) . (34

First the Leibniz-formula gives (since (7)) = 0 for any j > p) that:

i) 24ep(D\” ¢ 0 ()7 (Y
|Xh,ip(t)|S<T> Z loy, , ()] AT o )

I=max{0.r (j—p))
(3.5)

We point out that 1 € [—2Arp/(h)»p,s)1/’, 2Arp/(hXp, +)'/"1and moreover rj —rp <

rp+l—rj )P
E:?H 1 = (frp), < exp(rp) because

%g%ém—klgpand%}fexp(p)zzm Om‘ for all p € N.

Now we have to distinguish between two cases:

Case I, p € Nogand 0 < j < 2p & 0 < rj < 2rp. By (3.2) we have
|Q,(1’}p(t)| < 2/ (ha, )" foralll € N with max{0, r(j — p)} <1 < jr (if/ = 0, then
this holds true by having |[op, pllcc < 1) and so

land! <rjimplyO <rp+1I1—rj <rp.So

rj .
(/) 24exp()\"7" i AW, I—ri
|Xh,rp(f)| = (T W (hps) 7P Z / 2'(2A)

I=max{0.r (j—p)}
24exp(D)\? . 1\"”
< (T h (hps) 77 2"‘% .
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Case 1, subcase (a),0 < j < p. By definition (2.2) we have (A,

so the previous estimate shows (by having s € N> )

N; (2Aexp(l)s\'? . 1\ )
|x2fi;(r)|<M—’(—hl/, ) W24 5,) foro<j<p.

Case 1, subcase (b), j = p. In this case (AP,S)P’JI = 1 and since Z—; = 11‘\,;—’; > 1 we

have
i) 24exp(D\7 1" o
|Xh,rp(t)| < M (T h 2+ ﬁ for] =p.

Case 1, subcase (c), p < j < 2p.First,by (2.4) we get A, s < v, forall p,s € N.o.
Since j — p > 0 we have

Vji,peNog, j>p: (ps) P <) P <vppr--vj=

=

==
IA
<|=

(3.6)

This proves

i N; (2Aexp(l)
bl < =+ (

po 1\
p

Case2, p e Nogand2p < j < 2rp < rj. By (3.2) we have

o) O] = 2P0 Gy 2P Ty v2p ik 2pssg 1) CPHOI forall | > 2rp and
k; € N satisfying 2p + k;))r <1 < (2p + k; + 1)r. In this case we are interested in
such values satisfying 0 < kl < j —2p — 1. In the estimate we decompose the sum

Z:l =r(j—p) in (3 5) into Z[ =r(j—p) + erj=2rp+1' Hence

) . .
D ) < (2ASRM)? f 1o, 0 24\ L\
h,rp — hl/r l \‘,—/ hl/r ()Lp,_s)l/r

I=r(j=p)
<2 (hp )"
24exp(H\? <N (1)
+< hl/r Z I
I=2rp+1
o 24 I—rj 1 rp+l—rj
loy, (l)| (W) <7|/,>
—r (Ap.s)

k, —
52’/’11/"()»,,_.\)2[’ l_[kl:l V2p+k(v2p+k]+l)([ r(2p+kp)/r

2rp .
2A 1 . .
s(%()) W Op) ™Y (rl])Z'(ZA)l_”
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ki

24 exp(l) P S AW I=rj pHi-l/r (U~r@p+k))/r
+< G h 17;4_1 I 2°(24A) O‘p,s) Hv2p+k(v2p+kl+l) !

N; (2Aexp(D)\"7 J AV PR
< () w2 (T)en

) rp rj
5&«%@Q)m@+i)‘
M, hlir 24

In the first sum we have used again (3.6) (note that j > p).

To prove () we have to estimate as follows: First, since v, > 1forall p € Nand p+
j—1l/r >0 r(p+j) > 1[(sincel < rjinthe second sum), we get ()\,,,s)p*'j_l/’ <
()P~ (by (2.4)) and s0 (A )P =T < v, g 02, (v,) 7" Second we have
by log-convexity and since j —I/r >0 < rj > [:

<Nj/Mp)

Waptt )T EPHRDI NI < (g gy ) T EPTROI (g ) T
(V2pig41)) 2P R

V2p+ki+1--Vj.

A

Thus by combining both estimations we get as desired

ki

- B N;
Gep 570 T vk st )P <y = N
k=1 p

]|z

p

This finishes the proof of (3.4).
The case j = 0 and No = 1 in (2.2) yield (M)!/P) < (si, )V/" forall p €

1/r\ 1/p
N.¢. By assumption (/I)g , we have liminf ,_, (<Mﬁ ) > 0 and by applying

17\ 1/p 1/(rp) 1/r
Stirling’s formula lim inf , , (%) > 0, too. Thus My L < (skp;)
P 1/r p _p
G =5 AL and we get sup ey _, Gt < 00

We can choose now some number/ € N o large enough, depending on given s and
r and satisfying

(@ %<1,

(b) 22 < 1forall p € Nog and
Cop )17
2A 1)s

(c) —?f/‘:,( )8 %

We may suppose from now on that # € N.g and 2 > [". For this particular 7 we
summarize:

(i) By (a) and (b) the support of g, p is contained in [—1, 1] for all p € N since
B _ B and 2Arp 2Arp
wir — 1 (h}\.p_;)l/r — l(kp,;)l/r.
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(ii) As shown in (3.4) we have

, Coh Nj (24exp()s\"” o ri
VteRVYj,peN: |Xh’rp(t)|§Mp <—h]/’ h 2+2A .

(iii) o}’,(0) = 80 forall p € N (and arbitrary h) and definition (3.3) imply that

VipeN: ) 0) =6,
(i)—(iii) prove that x5 ,p € Dy (ny([—1, 1]) holds true (for all p € N).

Weputd =1 1r@2 +1/(24)) (also depending on s and r via chosen /) and let
¢ € N5 be arbitrary but fixed. Consider a sequence a = (ap), € Ay ¢, then

Vp.jeNVieR: lapxi) o)

Ni . (2Aexp()s\'? 1\"
< lal,cc” My - (cl)) (ﬁ) 24—
P

1 2 1y < 1 Jd"T N
pep + 5a) = 2TI,|3|M,CC s

< lalp,cc?Nj(cl)!
——
(c)

where the last inequality holds by the choice of d. Note that by the choice of / in (c)

24exp()s 1 L . 24 exp(D)s \' P 1
we have =—777—— < 35 which is equivalent to ( LG < 5.7

This implies immediately:
OO .
VjeNVieR: Y apr,’{r;(r)‘ < Jalycc/dN;.
p=0

So we can define the extension map 7. : Ay — Dy n.car([—1,1]) by a —
>0 Ap Xel,rps Since

oo oo
B oTo@ =D apxih | =Y app;| =wpjen=a
p=0 jeN p=0 jeN
Note that the number d is not depending on chosen ¢ and that Z;OZO ap Xc(;];;k) =0
forallk € {1,...,r — 1}. O

Now we are going to prove the second half of Theorem 3.2 and recall that by (iii) in
Remark 3.3 the inclusion Ay € {(f(rj)(o))jeN : f € Dy yny([—1, 1D} does imply
the nontriviality of D, (n)([—1, 1]) and condition (nq,.) for N.

First we are proving the next result which generalizes [23, Proposition 3.3] and we
follow the lines of the proof there.
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Proposition 3.7 Assume that

Ay SUFP O jen : f € Dy (=1, 1D}

holds. Then for all s € N there exists h € N. g such that there exists a continuous
linear extension map T from Ay s into Dy v ([—1, 1]).

Proof Fo; j € N consider the continuous linear functional 7/ Drn((—=1,1]) = R,
£ f7(0). Let

H:={f €Dy (1,11 : f70) =0V j e N},

so H is a closed subspace of D, (ny([—1,1]). Let ¢ : D, n(-1,1]) —
D, (ny([—1, 1])/H be the canonical surjection.
Leta = (ap)p € A(u) be given, then there exists a function f, € D, (ny([—1, 1])

such that fa(rj ) (0) = aj forall j € N. We introduce the (well-defined) linear mapping
¢ Ay — Dr vy ([=1, 1D/H, a = ¥ (fa).

Claim ¢ is continuous. Both A sy and D, (n)([—1, 1])/ H are countable (L B)-spaces,
so it suffices to prove that the graph of ¢ is sequentially closed. Consider a sequence
(a')jen in Aqpy such that a! — aas! — oo and such that (¢ (@’))jeny = (¥ (far))ien

converges to ¥ (f) in D, vy ([—1, 1))/ H. ‘
Clearly for all j € N we have a§. — aj as j — oo. Since each mapping 7/ is

vanishing on H, the mapping 7 obtained by 7o Y = 7/ is a continuous linear
functional on D, (yy([—1, 1])/H such that

VjeN: di=ti@a) — Tw ) =0,

asl — 00.Soa; = FUD ) forall j € N, ie.¢(a) = ¥ (f) which proves the claim.

Since we are dealing with two countable (L B)-spaces we can apply Grothendieck’s
factorization theorem (e.g. see [13, 24.33]) to obtain

VseNsgIheNso: ¢(Apm2e) SV (Drnn([—1,1D)) = E. (3.7

We endow E with the Banach space structure coming from its canonical identification
with

Dy nn([—1,1])/(H NDy N n([—1, 1])) and denote its norm by || - || £.

So the mapping ¢ : Ay 2s — E is continuous and linear between Banach spaces,
hence

IC>0VaeAy: llo@le < Clalys.

For p € Nlete? := (8,,;) jeN, the p-th unit vector. We have |e? | 25 = m and
so clearly e” € Ay s for each p € N. By (3.7) there exists x, € D,y n([—1, 1])
such that ¢ (e”) = ¥ (xp) and || xpll,,n,n < 2ll¢p(e?) ]| £. For this last inequality recall
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that || - || g is the norm on the quotient space E with ||¢(e?)||g = inf{|| f|l, n.n: f €

o(eP) =¥ (xp}

Hence we get

|apep|M,2s = |ap||ep|M,2s < |a|M,sspMp 2_p|a|M,x,

= = Q2s)PM,
and summarizing
lapxpllrnn < 2l¢@pe?)lg < 2Clape”|m2s < 2C27P|aly 5.

Consider now the series Tg(a) := Z;(J:o ap X p- It defines a linear extension mapping
Ty : Ays — Dy y.n([—1, 1]) and is continuous since

o0 o0
ITs@llrvn < D lapxpllrva <2Clalus Y 277 =4C|alu.s
p=0 p=0

for all a € Ay 5. Finally we have

00 o
B oTy@ = | Y apn” O | =D ape]
p=0 jeN p=0

o0
= Z apdp, j
p=0

jeN jeN

= (aj)jeny = a.

For the next theorem we need the following result, see [5, Lemma 1.3.6].

Lemma3.8 Letl € Nogand ay, ..., a be a nonincreasing sequence of positive real
numberswith) < A < 25:1 a;. Thenforall f € Cl((=o00, A]) vanishing on (—oo, 0]
we have

Vi< A: |f(f)|SZZZjal---ajsup|f(/)(s)|,
]EJ[ s<t

where Jy :={j eN.og:1<j<l,ajy1 <ajorj=I}.

Our next result proves the converse statement of Theorem 3.6 and generalizes [23,
Theorem 3.5].

Theorem3.9 If Apy S {(F"(0)jen : f € Drywy([—1, 11} is valid, then
(M, N)svy, holds true.

Proof By Proposition 3.7 there exist s € N. and a continuous linear extension map
T from Ay into D,y n ([—1, 1]). We choose D > max{l, ||T|}and 1 > h > 0
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to be small enough to guarantee 0 < 4hs> < 1/2. For p € N.( we consider the
(increasing) sequence t? := (‘L'/P ) j>1 defined by

o= () () (e (e

rp—times r—times
(V2p+2>1/r <V2p+2>1/’ )
r—times
Put e? := (8),)jen and so e? € Ay 1 with [eP|y 1 = ML], for each p € N.y.

Moreover put x, := T(e?), so x, € Dy ns([—1,1]) and X;(f'i)(o) = e; = 8p.j-
Finally, for all p € N.gand 0 < j < p — 1 we introduce the function

ift <0,

0
0p.,j(t) == ; ro-i
P {X},’”(t)—% ift > 0.

We want to apply Lemma 3.8 and first note that g, ; is smooth on R. Of course it is
smooth on (—oo, 0) and on (0, 400) and since forallk € N, X;,r]%) 0) =08prjrk =1

if and only if r(p — j) = k, it is also smooth at 0. Let z with

rph ad n\ "
O<1<W+r > (—) , (3.8)

V,
1=2p+1 l

and use Lemma 3.8 for the function g, ; and the sequence t7, i.e. puta; := (t;’)’l.
Hence we get for each z as in (3.8):

e¢]

(4h)k k)
l0p /(DI <) i sup |oy ") (0)]. (3.9)
k=p (v2p)? Hj:p+1 Vp+, 1€[0,2]

Concerning the index in the summation we recall that we can start at k = rp, since

r;’ = T/P+1 forl < j grp—l,andmoreoverr;’ :rj‘,'zrl forr(p+i)<j<j+1<

r(p+1+1)foranyi € N. Then we estimate as follows for k > p < rk > rp:

k j+k .
sup 1048 ()1 < sup 1y 01+ 1 < Ixplrves NG+ 1
1€[0,2] tel0,z]
N; N
= D|€p|M,1S2kNj+k +1< Ds2k Itk +1<2Ds* Jtk
N M, M,
()

(%) holds since [|lxpllrns < ITIlePlm.1 < DleP|y .1 and since s/ 7% < 5% by

0 < j < p < k.Moreover p < k implies M, < N, < Ny < N which was used
for the last estimate.
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On the other hand we have forall p € N.og,0 < j <p—1landk > p:

1 N;
’ < , (3.10)
W2p)? [ pi1 Vit Nj+k
which holds because
Njtg=Njvji1--vjiggk S Njvpyg--vpig < Nj(VZp)p 1_[ Vp+j-
J=p+1
Using these estimates we are going to prove now for each z as in (3.8):
N.
lop.j@)] = 2D L2 3.11)

p

This holds by the following calculation and the sufficient small choice of A:

o0
N; Njtk
lop (@) < @hy L sup 107 ()] < (4h)" N —2Ds St i
P — ,; N]+k t€[0,z] Z Mp
3.9),(3.10) =7

N;
<w—Z%NQD%W
Mp (= P <12

In the next step we prove for any z > 0 as in (3.8) that

7" (= sPN;
<2D . (3.12)

1
VpeN, o V,jeNO<j<p-—-1: = — <
- 2(r(p—j)! M,

Let p e Nogand 0 < j < p — 1, we distinguish two cases:

(rj) 77— J)
Case 1. If x, "' (z) < 2 (r(p Ik then
1 =D 77 (P=0 o) sPN;
= — < — —Xxp () =lop,j@| <2D =
20 (p—jN! ~ rp— ! "7 P M,

For the last step we have used (3.11) and 277+ < 57 & 2 < (25)7.
)

Case 2. Ifx(”)(z) > zw,then

L2000 < I lewss Ny < TP 1/ Ny < DS
P 7)) < Ix N,sS €M, 1S <
2G(p— ! PRRNSTET = ="M,

For the last inequality we have also used s/ < s” since j < p. Hence, by choosing

1/r
z = Zfisz (%) which is possible by (3.8) and having (nq,.) for N, we obtain
forall pe Nogand0 < j <p—1
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00 1/r A L/ (p=i)
Z <ﬁ -7 < (4D)1/(V(P—j))(r(p _ j))ll/(r(P—j)) <ﬂ>
S\ —— M,
=2p+ (3.12)
SP N\ V=)
<4Drp ( ]) )
MP

where the last inequality holds since (r(p — )/ P=I) < rp & (r(p — j)! <
(rp)"P=P forall0 < j < p — 1. By definition of the expression )L[A,/{;N in (2.2) (write
again simply A, ; for it) we have shown so far

VpeNyg:

ol S 1N\ Y 4D
% ( ) < r (3.13)

v = pure
P M

Now we are able to show (M, N)gy, and finish the proof. Let p € N, be arbitrary,
then

Op)” & <1>”’ B (Ap,s)‘/rzz”<1>“’ 4Dr
——

p = \w = \v MY
=p (3.13) =p
1/r 1 4D 4D
< W)l pil  aDr 2D
— p (vp)l/r hl/r hi/r

Q2.4

4 The image of the Borel mapping in the Beurling case

Let from now on in this section M, N € RE’O and r € N> be such that (/) and (/11)
from Sect. 3 are valid and moreover

. M)HV"
(IDpy tim o (M2
Analogously as in Remark 3.1 in the Roumieu case above we have:

1/p
) = o0 (the letter B in the notation stands for Beurling).

Remark4.1 (i) Again we can assume without loss of generality that even M < N
holds true.
(ii) For any r > 1 condition (/1) , implies (I1)p.1, i.e. limp_mo(mp)]/lj = 00,

1/r

/
because (M;? = mp(Mp)%_l.
(iii) (I1)p,r for M does imply (I1)p, 1 for PM:r (here for all C > 1 large there
exists pc such that for all p > pc we have M, > C"? p!").

The goal of this section is to prove the following characterization.

Theorem 4.2 Let M and N be as assumed above and r € N>1. Then

Aan SUFP O jen : f € Dravy (1, 1D} (4.1)

holds if and only if (M, N)sy, is satisfied.
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Remark 4.3 Similarly as in the Roumieu case above, this result is extending [23, The-
orem 1.1] also for general r-interpolating spaces, and even in the case r = 1 our
approach is slightly stronger than the result from [23] since

(i) We only require M <N instead of the stronger assumption p, < v, forall p € N
and
(ii) Assumption (nq,.) for N is not needed because even in the general setting anal-
ogously as commented in Remark 3.3 above the inclusion (4.1) does imply that
D, (n)([—1, 1]) is nontrivial and Theorem 6.1 yields (nq,.) for N.

The strategy is to reduce the proof to the Roumieu case, as it has been done in [23,
Sect. 4], and to do so we will have to apply the following result, see [4, Lemme 16].

Lemma4.4 Let (ax)ken., be a sequence of non-negative real numbers such that
Z,fil ap < oo. Furthermore let B = (Br)ken., and ¥ = (Yi)keN., be sequences
of positive real numbers such that limg_ oo Br = 0 = limg_, oo Yk, and assume y is
nonincreasing.

Then there exists a sequence (Ay)ken., Such that

(i) k +— i is nondecreasing,
@@i) limg_s 00 Ap = 00,
(iii) k > Apyk is nonincreasing,
(iv) limg— oo APk =0,
(v) VpeNyp: Z,Sip Ak < 8Xp Z,tip .

The next result generalizes [23, Theorem 4.2.].

Theorem 4.5 Let M and N be as assumed above, r € Nx| and satisfying (M, N)sy,.
Then we have

A SUFPO) jen : f € Drvy([—1, 1D}

Proof Let 0 # a = (ap)p, € A, so by definition for all # € N there exists
1/[7 Cl/l’
)=

Cj > 0 such that for all p € N we have |a,| < C,h™P M, hence (% 7

for all p € Nand h € N. o which gives

1/p
lim (@) —o. 42)

p—>00 Mp

1/k
, which is clearly

a|

Now define a sequence (€p)pen., by €, = SUPg> (W

1/p

. . . . . a

nonincreasing and lim,_, €, = 0. Since by definition €; > (lMil) whenever
p

1 <j<pwealsoget|a,| <e€---€,M, forall p € N5g.

Put oy := 0, Br := max{eg, W} and y; = t for all k € N.o. By (4.2),
standard assumption (/ /) g - on M and Stirling’s formula we have gy — 0ask — oo.
¥ = (Y )k is nonincreasing and tending to 0 by (2.1). So we can apply Lemma 4.4 to
obtain a sequence 6 = (Ox)ken., such that 6 is nondecreasing, tending to oo, Oy is
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nonincreasing and finally 6; 8 — 0 as k — co. W.L.o.g. we can assume 61 = 1 and
moreover we have 6y — 0, since

Ok Ok
VkeN.g: 0 = — < <0 < OB
(MY <My < () def. of B
1 1/r
In the next step we apply Lemma 4.4 to o = y, = (ﬂ) and B, =
maX{W, W} for k € N.g, where |k/2] denotes the integer part of k/2
and we put 0y := 1. This can be done since (1)!/” — oo as k — oo by hav-

1/r
ing Zkzl (Vl—k) < 00 ((nq,) for N follows by assumption (M, N)sy,) and since
Oy — oo as k — oo.
Hence we obtain another sequence 0’ = (9;,) peN., Whichis nondecreasing, tending
to infinity, 6, is nonincreasing, 6; 8; — 0 and finally

o0 9/ o0 1 1/r
. k / -
VY peNog: Z G <80, Z (Vk) . 4.3)
k=p k=p
W.lo.g. we can assume #; = 1. By definition and since 6;8, — 0 we get
. 6 . 0, .
limy_s o0 W =0 = limp_ oo F)k”"’ which shows 6y, — 0 as k — oo.

Since 6 is nondecreasing, 6, > 1 for each p we also obtain
IA>1VkeNg: (6) <AOu2)"? < A < Ab. (4.4)

Using (4.4) we are going to show:

9/ r
©p) < A.(4.5)

FA>1VpeN gV jeNO<j<p-—1: -
= VPER-0T =J =P Oj1--- 0,/ P=D) =

For0 < j < |p/2] — 1 we have

@10 P > (0 0) -0 PTD > (@) 0)) PP/ P
> (QLP/ZJ)(P—LP/QJ)/IV

> VOips2)
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since 0 is nondecreasing, 6, > 1 for each p and for the last inequality we have used

—1p/2 2 . .
p=lpf2l - LBl > ) & 2 > |p/2]. On the other hand, if [p/2] < j <
p — 1, then (641 --~61,)1/(”_/) > 0j+1 > 0|ps2). Summarizing we end up with
©,) Gy ) A
(9j+1...9p)1/(l’*j) — \/eLpﬂJ ...gp)l/(ﬂ*]') — 01p)2)
We introduce sequences R = (R)), and S = (S,), defined by Ry := H’;zo 0j,

Sk = ]_[]j-:O o, where

respectively @ , now apply (4.4).
J

v
VkeNsg: Qk:zﬂ, ok 1= ,
Ok

We summarize:

(i) R islog-convex since (Qk)_l = ;% = O vk 1s nonincreasing (and tending to 0
as k — o0).
(ii) S is log-convex since (op) ' = A_l% = A_l(Gliyk’)’ is nonincreasing (and
tending to 0 as k — 00).
(iii) Rx < Sk since Ry = My(0y---6)~1 < N AX(@]---6))™" = Sy for each
k € N.g, see (4.4).
(iv) S satisfies (nq,.) since by definition, (nq,.) for N and (4.3) we get

1 1/r
VpeN.: Z(—)

(o)
k=p \Ok

/

9 1 l/r
_ A1y § k -1/ ’ § :
=A r (])k)l/r <A r89p (])_k> < oQ. (46)

k>p k>p

(R0

(v) R satisfies limy_, oo T

=o00,i.e. (I1)p,: Forall k € N.o we get

k _ k - k@' kO -0
ROTTD ~ (@160~ TM/T0 = (M) 17e0 = Gagiyon = %P

which tends to 0 as k — co. We have used that 6 is nondecreasing with ) = 1,

and finally gy > W by definition of 8. The conclusion follows by applying

Stirling’s formula.

(i) limpooeo(S)* = oo holds by (iii) and (v), in fact we even have

. §) 1/
hmk—)OO ((I;{)l)l/k =
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Let p e N.gand 0 < j < p — 1 be arbitrary, then we calculate as follows by using
(M, N)sy, in the second estimate below:

o 1/r o 1/r Py .y \ V=)
Z (L) < A‘”’SG; Z (l) < A_I/VSp%D (u)
i Ok —~ P Vk M1 MHp
=r 4.6) =r
Sp(@]/ “.9/.)}’0,1 . "Gj 1/(r((p—j)
_ A—]/rgpelD i J
P AlGy -+ 0,01 0p
. Sp(g]/g/)rsj 1/(r(p—J))
=A"8po' D | ——— =
P Alby---0,R),
rq. 1/(r(p—j)) g\ /r(p=)
< aVrgporp (— 205 < sop ! Sf) .
— P\ bjy1---0pR, — R,
4.4 4.5

So we have shown that

()LR,SS)I/r o0 1 1/r
sup RAALESE (—) < 00,
pEN>() p k=p Uk

ie. (R, S)sv,. (i) — (vi) guarantee that all standard assumptions (I), (/I)g , and
(II7)in Sect. 3 on R and § are satisfied. By using Theorem 3.6 we get

ARy SLFD0))jen : f € Dyysy([—1, 1D). (4.7)

Claim If 0 # a = (ap)p € Au), then a € A(g). By definition for all p € N- we
have

lap| < €1---€pM), = €101 ---€,0,(01 - --Hp)flMp =€101 - €40, R).

Moreover €,0, < B0, for all p € N holds by definition of 8, hence €,6, — 0 as
p — o0. So there exists p; € Nsuch that |a,| < R, forall p > p; which proves the
claim.

Hence, given a € Ay, by applying Theorem 3.6 there exists some f, €
D, 15y(I—1, 1) such that £"”(0) = a; forall j € N (see (4.7)).

Claim f, € D, (v)([—1, 1]). By assumption supp(fa) € [—1, 1] and there exists
some D > 0 and h > O (both large) such that for all» € N and x € [—1, 1] we
have | £ (x)| < Dh"S, and finally £ (0) = 0 forall j € {I,...,r — 1} and
n € N. Let h; € N.g be given (arbitrary large) but from now on fixed. Since 6’ is
nondecreasing and tending to infinity we can find p» € N such that 9;, > (hih A"
for all p > p». So for all p > p» the following estimate is valid:
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Np=vi-v, = A*P(@{ ...9})’01 oy > A*P(Q;’Z_H .. -0;,)’5,,
> A_p((hlhA)l/r)r(p_pz)Sp
— A—PZ(hhl)P—stw

where in the first inequality we have used 9[’, > 1 for each p € N. Hence for p > p>
we get:

|7 (x)| < DhPS, < Dh? AP (hhy)P*"PN, = D(Ahhy)P*h[ "N,

which proves the second claim and finishes the proof. O

To prove the converse direction we use the notation introduced on [23, p. 396].
Let s € N, then we denote by E; the normed space (D, (v)([—1, 1D, || - ll-,n,1/5)
and by Fj its completion. For p € N we consider the functional 77 on E; defined
by 7 (f) := fUP)(0). It is continuous and linear and has a unique continuous linear
extension on Fy which will be still denoted by 7.

Ty : Agmy — F; is called an extension mapping if t7(T(a)) = a, for all a =
(ap)p € Ay and p € N.

The next result generalizes [23, Proposition 4.3].

Proposition 4.6 The inclusion

Aan SUFPO) jen o f € Dravy (=1, 1D}

implies that for all s € N~ (large) there exists a continuous linear extension mapping
Ty : Aomy — Fy such that Tg(e?) € Dy (vy([—1, 1)) forall p e N.

Proof Lets € N. be arbitrary (large) but from now on fixed and introduce
H:={f € Dyqn(~1, 1) : [0 =0V j e N},

which is a closed sub-space of D, (vy([—1, 1]) and of Es. Let ¢ : D, (v ([—1, 1]) —
D, v([—1, 1])/H be the canonical surjection. Let a = (a,), € A(um), then there
exists some fa € D, (v)([—1, 1]) such that £ ) = a, for all p € N. As in
Proposition 3.7 we introduce the linear mapping ¢ : Ay — Dy (v([—1,11)/H
defined by a — f3, i.e. ¢(a) = ¥ (fa). The continuity of ¢ follows analogously as
in Proposition 3.7 since by assumption ¢ is a linear mapping between two Fréchet
spaces.
So it follows that ¢ is also linear and continuous between Ay and E;/H, i.e.

deceNso: FA=1Va=(ap)p € A 9@,y /5 < Alalm, /e, (4.8)
where || - ||~shall denote the norm on the quotient E;/H.
Let p € N, then e” := (8, ;) jen belongs to Ay with [eP |y 1/ = X/I—pp (for any

c € Nog). Let x, € Ej such that ¥ (x,) = ¢(e”) holds true and || xpll- n,1/s <
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2||¢(ep)|ﬁ’N,1/X. For a = (ap), € A we estimate as follows where ¢ is coming
from (4.8):

o0
Z apXp

< Z laplllxpllrn.1/s <2Z alv.1/Co Goyp s A LICOUNYY

p=0 r.N1js  P=0 p=0
o0
< 24 P_\ep =24 L
< lalar,1/2¢) ;) 20\ le"la,1/c lalpr,1/2¢) ;) Qo) M,
4.8 P= P=
o
=2Alalp,1/00) Y 277 =4Alalp, 1))
p=0
where || - ||Ashall denote the norm on the completion Fj.
So we are able to define the map Ty : A(yy) — F; bya— Z;o:() apXp- O

Using the previous Proposition we can generalize [23, Theorem 4.4] which proves
the converse implication of Theorem 4.5.

Theorem 4.7 The inclusion

Aan SUFPO)jen : f € Drvy([—1, 11} (4.9)

implies that condition (M, N)sy, holds true.

Recall that inclusion (4.9) does already imply (nq,) for N.

Proof By Proposition 4.6 there exists a continuous linear extension mapping 77 :
A(M) — F] such that Dr’(N)([—l, 1] > Xp = Ti(e?) for all p € N. By the
continuity of 77 there exists some s € N.p and D > 1 (large enough) such that for
alla = (ap)p, € Ay we get || T (a)||r N1 S < Dla|p,1/s (Where || - || shall again the
norm in the completion as in Proposition 4.6 before). So we obtain

sP
VpeN: lxplrva=lxplyn1 < DlePluys = DM— (4.10)
p

In the next step choose 1 > & > 0 small enough to have 0 < 4hs < % and proceed

as in the proof of Theorem 3.9. For p € N. o we consider the (increasing) sequence
= (r}’)jzl defined by

P ((vz_p)l/r (vz_p)l/f (V2p+1>1/r (V2p+1)1/f
h 9y h b h 9 0 h b

rp—times r—times

(22)" (%)

r—times
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Moreover for all p € Nogand 0 < j < p — | we define again

iftr <0,

0
0p,j(t) = ; T
" {x,(f’)(t) ~ Gopn f1>0.

and consider z > 0 satisfying

rph > "

1=2p+1

We use again Lemma 3.8 for g, j and a; := (‘L';?)_l and so for each z asin (4.11) we
obtain:

[e¢]

(4h)* k)
l0p. /(D<) sup |o)")(1)]. (4.12)
k=p (VZp) 1_[] =p+1 Vp+j 1€[0.2]

Now estimate as follows for k > p < rk > rp:

k
sup [0 ()1 < sup Ixy D141 < lxpllr v aNjk+ 1
1€[0,z] t€[0,z]

N
< Dle? N 1 = DsP L~ l<D 1
le”Ip,1/s Nj+rk + sP =7 L. s M Stk
4.10)
SZDSkM,
M)

where in the last estimate we have used M, < N, < Nj . As in the Roumieu case
we are going to prove for each z as in (4.11)

N
) < 2D_12—P+1’
|Qp,/(z)| = M,

which holds by

. N k
lopj @ < §:<4h>" N sup |g,,")<r>|<§ (4= Ni ppgklivk
4.12),3. 10)" p o ko = N M

N;
< ZD— Z(4hs)k <2D—Lo Pt
P k= MP
=p <12
For any z > 0 as in (4.11) we are going to prove as in the Roumieu case

77 =

SpNj
<2D . (4.13)

1
VpeN,oVjeNO<j<p-1: = — <
i 2(r(p — ! M,
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. j r(p—J)
Case 1 is completely the same as above, for case 2 we have that x 1(,” ) (z) > % (Z "

. . r(p=j)!
implies

7" (=

l SPN]'
2(r(p— !

M,

)

<x@ < lIxplrnaNj < DlePlyaysNj = D

where we have used (4.10).

1/r
Using (4.13) for the choice z := > 2, sl (h) yields the conclusion by the

v
same proof as in the Roumieu case above. O

5 Special cases and consequences
5.1 The constant case M = N

We are going to apply the results from Sects. 3 and 4 to the case M = N. In this case
(M, N),, is precisely condition (y,) from [22] (see Sect. 2.1) and implies (M, M)y, .
The special case r = 1 yields (y;) from [14] respectively (x) in [23, p. 385] with
M'=M>=M.

So we can reformulate and generalize [23, Theorem 3.6] where only the Roumieu
case was considered (for » = 1) and even in this situation we have a slightly more
general statement because (nq) on M is not assumed in our result. As mentioned in
[23] the case r = 1 is reproving one of the main results from [14]. But also there
assumption (nq) on M, which was called (y) and a basic property, is superfluous as
we have already commented in [9, Def. 4.3, Thm. 4.4, p. 154].

Note that the following result for » > 2 provides a characterization of the surjectivity
of the restriction mapping in terms of condition (y,) which completes the results
obtained for the Roumieu case in [22].

Let M € RIEO and r € N> satisfying

(I M e LC,

] MNP
(IDp., hmwoo(< 2 ) = oo.

Theorem 5.2 Let M be as assumed above and r € N1, then the following are equiv-
alent:

(i) The Borel map B : Dy iy (I=1, 1) — Ay, f > (FU(0)) jen, is surjec-
tive.
(ii) The Borel map B" : Dy y([—1,11) — Ay, [+ (f(rj)(o))jeN, is surjec-
tive.
(iii) Condition (M, M)sy, holds true.
(iv) Condition (M, M),,, i.e. (y;) from [22], holds true for M.

For treating the Roumieu case it is sufficient to replace (/1)p, by the weaker

1/r l/p
assumption (/)R ,, i.e. liminf,_, ((M;), ) > 0, and then in Theorem 5.2 we

obtain (i) < (iii) < (iv). '
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Proof By Theorems 3.2, 4.2 and Lemma 2.4 it remains to prove (iii) = (iv).
Put, s := AIA;{;M and for all s, p € No o we get

1/p
Aps = Map ZS_Z(MP+1"'M2p)1/p >s_2(Mp)P/P ZS_ZM[J’
T~ Sszp -

i=p
hence we estimate for any p € N. ¢ as follows:

2p—1

1/r 1/r 1/r
S 5 )
Kk P k=2p Mk

k=p

(Mp)l/r S ( 1 )l/r _ (/’Lp)l/r

P\ P

Sp/(ﬂp)l/r

A 1/r 1 1/r
<1452 P2 > (-) <14s¥2D,
PSS

where the last inequality holds for some D > 1 large. This proves (y;) for M. O

5.3 More ultradifferentiable r-ramification function spaces

So far we have considered the mixed Borel mapping setting using the classes
D;vy([—=1,1]) and D, (n)([—1, 1]). But in [22, Sect. 3] also the following closely
related spaces have been introduced in order to prove extension theorems in the ultra-
holomorphic setting. Moreover, in [9, Sect. 4] the authors have used these methods
and spaces to treat the surjectivity of the asymptotic Borel map by giving a connection
between (y;) and the growth index y (M) introduced in [24, Def. 1.3.5].

We put

Ly my ={f € £(0,00),C) : supp(f) S [0, 11, fU"+(0) =0,
VneNVje(l,....,r—1},

(rn)
dh>0: sup M < 00},
neN,xef0,00) 1" Mn
Npmy ={f € £(10,00),C) : f"D0) =0, YneNVje(l,...,r—1},

(rm)
3h>0: sup u < o0},
neN,xef0,00) 1" Mp
Ermy ={f € £(10,11,C) : fr" D) =0, Yne NV jefl,...,r—1},

(rn)
dh>0: sup w <
neNxel0,1] h"My

0o},

respectively for the Beurling type classes where 3 & > 0 is replaced by V 7 > 0.
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We will now see that Theorem 3.2, respectively Theorem 4.2, remains true if we
replace D, (n)([—1, 1]) by any of the new classes above (respectively for the Beurling
case).

First, we note that

Dron([—=1.11) S Ly i) S Ny € &y € Epmry([0, 11, C). (5.1

The first three inclusions follow immediately by definition and restriction. The last
inclusion was shown in [22, Prop. 5.2] for the Roumieu, and in [22, Prop. 4.2] for
the Beurling case by using the so-called Gorny—Cartan-inequalities, e.g. see [12, 6.4.
Iv].

Animmediate consequence of the first inclusion is that Theorem 3.6 in the Roumieu,
respectively Theorem 4.5 in the Beurling case, can be generalized as follows:

Theorem 5.4 Let M and N be given satisfying (1), (I111) and (I11) g, in the Roumieu,
or (I), (II1)and (II)p,, in the Beurling case for some r € N>1. If (M, N)sy, holds
true, then we get

Ay SHF0))jen : f € A},

with A € {Lr (N1, Ny (N1, Er N1}

On the other hand, all the Roumieu type classes above are countable (L B)-spaces
and the Beurling type classes are Fréchet spaces, hence Proposition 3.7 in the Roumieu
and Proposition 4.6 in the Beurling case remain true if we replace D, (y)([—1, 1]) by
any of the spaces above (of the particular type). And also Theorem 3.9 in the Roumieu
case and Theorem 4.7 in the Beurling case will follow with the same proofs.

An immediate consequence of these results is that the inclusion Ay <
{(FUDO0))jen : f € A} A € {Ly N, N vy, Er (v} implies (M, N)gy, and as
already seen in (iii) in Remark 3.3 we get condition (nq,.) for N. So in any case (nq,.)
is not required as a standard assumption for the weight N.

Thus we can summarize all our results in the following final statement:

Theorem 5.5 Let M, N € RIEO be given satisfying (I), (I1I) and (II)g , in the
Roumieu, or (1), (I111) and (11)p ., in the Beurling case for some r € Nx1. Then the
following are equivalent:

(i) Ay S{FUD0)) jen : f € AL A € Dy v (=1, 1), Ly (n1s Nrivs Erivih
(ii) Condition (M, N)svy, does hold true.

We point out that the special case M = N yields the characterization of the surjec-
tivity of the Borel map for all -ramification spaces in terms of condition (), what for
some of these spaces completes the results in [22] and/or weakens their assumptions.

5.6 An application to a Whitney extension theorem in the mixed setting

Using the ramification conditions in this present work we are able now to reformulate
and generalize the results from [18, Sect. 5.4] and in this section the restrictionr € N>
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will be not necessary since no ramification spaces are involved. First we have to
introduce the notion of an associated weight function.

LetM € ]RIEO (with My = 1), then the associated function wy : R>g — RU{+00}
is defined by

tP
wpm () := sup log (—) fort > 0, wpu(0) :=0.
peN MP

For an abstract introduction of the associated function we refer to [12, Chapitre I], see
also [11, Definition 3.1]. If lim inf 0o (M) /7 > 0, then wy (¢) = O for sufficiently
small ¢, since log (1(/1%,) <0 & t < (My)!/P holds for all p € N.(. Moreover

under this assumption ¢ — wy(¢) is a continuous nondecreasing function, which is
convex in the variable log(¢) and tends faster to infinity than any log(t?), p > 1, as
t — 00. lim)_, 5 (M))!/P = oo implies that wy (t) < oo for each finite #, and this
shall be considered as a basic assumption for defining wy;. One may also introduce
the function X7 : R>9 — R defined by

Yu():=|{p €Nog:pup <t}l, (]]|denotes cardinal)

which allows us to write
t
d
o (1) =/ su 1 so. (5.2)
0 u

Forall £, s > 0 we get

5P tP s
wpy (%) = sup log (M_) = sup log << ) ) = sy (1), (5.3)

peN P peN (Mp)l/s

with M/* = (M,)'/s.
We can generalize [18, Lemma 5.7] as follows.

Lemma5.7 Let M, N € LC be given with @ < v (which implies M < N) and
satisfying (M, N),, for some arbitrary r > 0. Then the associated weight functions
are satisfying

oo
t
3C>0V1=0: f ) g < Com(t) +C. (5.4)
ouw T

Proof By definition (M, N),, holds true if and only if (M'/", N/"),, holds, which is
precisely [18,(5.17)]. Since M'/", N/" e £Cand u/7 < v/ (with,u;,/r = (,u,,)l/’),
by [18, Lemma 5.7] we get

 wpir (tu)

3 du < Cwpyr(t) + C.

3C>0Ver>0: /
1 u
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By applying (5.3) the right-hand side gives %a)M (t") + C, whereas the left-hand side

gives
o0 v (t 1 [*> tu)" 1 [ "
/ le/z( L _/ wzv((zu) ) iy — _2/ wl\i(l V)
1 u rJi u r 1 vt /r
Finally, by replacing on both sides ¢" by ¢, we are done. O

Now we are proving the converse statement, here we have to make use of (mg) and
we are generalizing [8, Corollary 4.6 (iii)] to a mixed setting.

Lemma 5.8 Let M, N € LC be given with i < v (which implies M < N and /" < v"
for all r > 0), such that M does have (mg) and, moreover, the condition (5.4) is
satisfied. Then, (M, N),, holds.

Proof To avoid technical complications in the proof we assume that the sequences
p +— up and p — v, are strictly increasing. This can be done w.L.o.g. by passing,
if necessary, to equivalent sequences as follows: First one can construct it = (i) p
andV = (V) such that u, < i, < app and v, <V, < av, holds true for some
constant a > 1 and all p € Nand both p — [i, and p — V), are strictly increasing.
Then put i, == a~ /Lp, V), = avp, hence both P> Lp, p > vp are still strictly
increasing, and pu < v 1mphes n<pn<av<v . By considering M and N in the
obvious way, we see that M is equivalent to M, N is equivalent to N and also the
inequality (5.4) is preserved with wy substituted by wj; and wy substituted by wy,
since M < M,ﬁ > N,andsowj;(t) > wy (1) and wi () < wp(¢) forevery t > 0.1If
we can deduce from this inequality that (A//f N )y, holds, itis clear that also (M, N),,
will be valid, as desired.

Since M does have (mg) (which is preserved by switching to any equivalent
sequence), by the estimate given in the proof of [8, Theorem 4.4 (ii)], we have
wy(t) < AXy(t) + A for some A > 1 and all ¥ > 0. Hence, replacing ¢ by "
in (5.4), we get

o tr
/ —wﬁl " du <Coy(")+C <CiEZy(") +C (5.5)
1 ultlr

for some C; > 0 (large) and all + > 0. The monotonicity of Xy and (5.2) together
imply

et du et du
ovten = [ Evw D = [T 2y = 2o,
0 u t u
So, the left-hand side in (5.5) can be estimated as
© wn (" u) X Xy(tu/e) t * ¥y v)
/1 ey du 2/1 ESY du = oL/ [’/e v1+1/rdv

! /OO EvQ@ (5.6)
tr

= olyr vi+1/r
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Ifr > vll /r and we put p = X (") > 1, we may compute and estimate the last
integral as

* Zn(v) Vpl EN(U) V2 EN(U)
/;r v1+1/rd” = /t, v1+1/r Z/ 1+1/r

1 V=Vpt] o ' V=Vt pr o 1 1/r
:p[_rm} . +Z(]+1)|:—rmi| =—+r2< : )
j=p

v=t V=V t j=p Vj+1

- B

. Vj
J=ENN)+1

Gathering this with (5.5) and (5.6) we deduce that

rt ad 1\
o Z <—) <CiZu(") +C.

. Vj
J=ENGE)H]

Since < v we have X/ (t) > Xy (¢) for every ¢, and so for all ¢ > vll/r

inequality

we have the

o0

t 1\ t = 1\ el
Tu () 2 (E) = S 2 <_> =207 6.0

v
J=Epr)+1 j==xa)+1 N

For any ¢ € N, we choose t = l/r in (5.7) and deduce that

Ml/r 00 1 Ml/r 00 1 e]/r

Hq q

q Z r =1 q Z 1/r§1+2c1r’
j=aVj j=g+1"Yj

as desired.
[m}

The next result characterizes the possibility of obtaining mixed Whitney extension
results in terms of the mixed conditions with a ramification parameter r. It generalizes
to any r > O the result for » = 1 obtained by A. Rainer and the third author [18,
Theorem 5.9], and it improves it by dropping the moderate growth condition for N.
Also, for r = 1 one recovers the central theorem in the Roumieu version of [4], which
is indeed used in our arguments. We are considering, for a compact set £ € R”",
the class By (E) of Whitney ultrajets of Roumieu type defined by M, for a precise
definition we refer to [18, Definition 2.7]. Finally let j2° be the jet mapping which
assigns to each smooth function f defined in R” the infinite jet consisting of its partial
derivatives of all orders restricted to E (i.e. j{‘;‘(’) ! is the Borel map By,).
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Theorem 5.9 Let M, N € LC be given with i < v and such that M satisfies (mg).
Moreover assume that

W _ o et ool

3 03C>1VvVi<j<k: ,
"= = =/ = =% i STk

(5.8)

. AL/r
and that 1imj_, W) 00

Then the following conditions are equivalent (r > 0 denoting the number arising
in (5.8)):

(i) For every compact set E C R" we get jz°(Byiry(R")) 2 Byy/ry(E).
(ii) The associated weight functions satisfy 3C >0Vt >0: [/° wl,"ff/”,) du <
Coy )+ C.
(iii) Condition (M, N),, holds true.
(iv) Condition (M, N)sy, holds true.

If in the assumption above r € N> and PM", PN" are denoting the corresponding
r-interpolating sequences, then moreover (i) — (iv) are equivalent to

(i") For every compact set E C R" we get Jg Bpn.r (R") 2 Bipm.ry(E).

(ii") The associated weight functions satisfy3C >0Vt >0: floo w”Nu‘—rz(M)du <
Copum,(t) + C.

(iii") Condition (PM-T, PN”),,1 holds true.

(iv') Condition (PM-", PN-") gy, holds true.

Remark 5.10 (5.8)does precisely mean thatboth sequences (/") j=1and (v;/j") j=1
are almost increasing. As shown in [8, Theorem 3.11] we have y (M), y (N) > r with
y (M) denoting the growth index introduced in [24] see also [9], and moreover we
vj

can replace M and N by equivalent sequences M and N such that je> = i 7

are nondecreasing, i.e. ((Mj)l/’/j!)j and ((Nj)l/’/j!)j are log-convex.

Proof First, as seen in Sect. 2.3, whenever M has (mg) we get the equivalence of (iii)
and (iv).

Moreover, Lemmas 5.7 and 5.8 show the equivalence of (ii) and (iii) under the
same condition.

Assume now that (M, N),, holds true. Then (nqr) holds for N and by Remark 5.10
and assumptlon (5.8) we can replace M and N by M and N such that ((M )1/’/] ')
and ((N ST j are log-convex. Equivalence preserves (mg) for M, (nq,.) for N
(by Carleman’s inequality) and finally (M, N )y, Thus we are able to apply [4, The-
orem 11]to M = ((M )r/jl; and M = ((N )17/ 1) (our notation for weight
sequences differs from the one used in [4] by a factorial term), which yields (7).

For proving (i) = (iii) we just need to apply [4, Proposition 27] again to M =
(Mp'Vr/jh;and M" = (NpV/jh); with E = {0}.

Please note that assumption (ng,) on N (i.e. (nq) for N r and N7, as it was
required in [4, Proposition 27]) is not necessary in our statement (a s1m11ar argument
can be found explicitly in [15, Corollary 2] and implicitly in [18, Theorem 5.9 (1) =
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574 J. Jiménez-Garrido et al.

(3)]): First, if M/" does satisfy (nq), thenby u <v & w'/m < 17 also N7 shares
this property (or equivalently N has (nq,.)).
Second, suppose M /" does not have (nq) and assume that also N''/" does not have

(n . L (//,j)l/’ _ C o . i Ir, -N1/j _
q). In this case lim j _, oo —%— = o0, which implies hm.,_mo(Mj /i) = ocoby

(2.5) and Stirling’s formula, together with the main result [17, Theorem 2] applied to
MY and N'/" (instead of M and N) yield a contradiction to assumption (i) applied
to the case E = {0}.

AL/r
Note that by lim _ o, )

= oo the (local) ultradifferentiable class defined by
M'/" cannot coincide with the real-analytic functions.

For the additional part we remark that by Lemma 2.6 also both PM-" pN.r ¢
LC do have (mg), 7" < 7V holds by © < v and (2.7). Since (PJM”)‘/j <
nlfw’r < A(R;w’r)l/j for some A > 1 and all j € Nsj, by (iii) in Remark 4.1,

lim; ('u.l')l/r _ ; P NI;\’L" _ N,r .
mj_ oo —% = oo does imply lim;_; o - = (and for P too). Finally,

concerning (5.9), for given 1 <[} <[y we have l] = rk; + j, l» = rky + j for some
ki,ky e Nwithky <k; and j € {1, ..., r} and use (2.7) to estimate by

M, M,
" _ (ke +1)7 - (i +D Y7 - (i)Y -, ()" _, m,
I rkv+j T ki+1 T kr+1 — rko + j L’

rkot+j  rkatr
ko+1 — kp+1

Hence we can apply the above arguments to PM-" and PV-" instead of M and N
and the equivalences (i’) — (iv") follow. Finally, as shown in Lemma 2.8, we have
@iii) & (iii"). O

because

=rforallk, e Nand j € {1,...,r}.

6 Characterization of (non)quasianalyticity for r-ramification
ultradifferentiable classes

The aim of this final section is to characterize the nonquasianalyticity resp. nontriviality
of all classes of ultradifferentiable functions defined in (2.8) and (2.9) and Sect. 5.3.
As mentioned in Remark 2.10 we could equivalently replace in the main result below
D, im1([—1, 1) by D, [s1([—a, a]) for arbitrary a > 0 and simultaneously replace 1
by a in the definition of & [a7 and L, ().

Theorem 6.1 Let M € LC and r € N> . Then the classes Dy a1, Lr (1, Nr. ) and
& 1M are nonquasianalytic, i.e. the Borel map restricted to any of these classes is not
injective, if and only if M satisfies (ng,.).

Proof Suppose M satisfies (nq,.). By the inclusions from (5.1), it suffices to prove
the nonquasianalyticity for D, p]([—1, 1]). And this fact has already been shown in
Lemma 3.5 (recall that in this situation P satisfies (nq) and so & pm.ry is nonquasi-
analytic, see Lemma 2.7).

Conversely, if M does not satisfy (nq,.), by Lemma 2.7 the class & pu.r| is quasi-
analytic and the conclusion follows from (5.1). O
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