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Abstract

The reflection map introduced by D’ Angelo is applied to deduce simpler descriptions
of nondegeneracy conditions for sphere maps and to the study of infinitesimal defor-
mations of sphere maps. It is shown that the dimension of the space of infinitesimal
deformations of a nondegenerate sphere map is bounded from above by the explicitly
computed dimension of the space of infinitesimal deformations of the homogeneous
sphere map. Moreover a characterization of the homogeneous sphere map in terms of
infinitesimal deformations is provided.
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1 Introduction

The main motivation is the study of real-analytic CR maps of the unit sphere §"~!
in C" for n > 2, which is defined by

S ==, ) €C iz = P 4+ lzal? = 1)

For n = 2 write z = z1, w = z3. A lot is known about mappings of spheres, see the
survey by D’ Angelo [9] and the references therein. A prominent example of a sphere
map is the homogeneous sphere map H,f of degree d from $*"~! into S?X~! for some
K = K(n,d) € N, which consists of all lexicographically ordered monomials in
z=1(21,...,2n) € C" of degree d and is given by
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Hi(z) = < (Z,)z“) .
lo|=d

The purpose of this article is to study the reflection map, which was introduced
by D’ Angelo [7] in the case of sphere mappings and further investigated by the same
author in [8] in the case of maps of hyperquadrics. The reflection map of a mapping H
allows to effectively compute and deduce several properties of the X-variety associated
to H. The X-variety was introduced and studied by Forstneri¢ in [19] to extend CR
maps satisfying certain smoothness assumptions. In the case of real-analytic CR maps
of spheres it is shown that these maps are rational.

The homogeneous sphere map H,’f plays a crucial role in the classification of
polynomial maps, see the works of D’Angelo [3,5] and [10] for rational sphere
maps. The homogeneous sphere map appears in the definition of the reflection map
Cy for a rational sphere map H = P/Q : §?*~! — §2"~1 with Q # 0 on
§2=1: Let Vg : C" — CX be a matrix with holomorphic entries, satisfying
Ve (X) - FI,'{[/Q = X - H on $ ! for X € C™, where - denotes the euclidean
inner product. The previous identity is achieved by the homogenization technique of
D’ Angelo [3]. Vjy is referred to as reflection matrix and Cpy (X):=Vy (X) - H¢/ Q for
X € C™. See Sect. 2.4 below for more details.

In this article the reflection matrix will be applied in two ways. In the first case it
is shown that nondegeneracy conditions of sphere maps can be rephrased in terms of
rank conditions on the reflection matrix. The nondegeneracy conditions considered
here were introduced in [20] and [22] respectively. In the case of a sphere map H :
§2n=1 5 §2m=1 they are defined as follows: If I" denotes the set of real-analytic CR
vector fields tangent to 2"~ then H is called finitely nondegenerate at p € S*"~!,
if there is an integer £ € N, such that,

spanc{Ly--- Lk H(2)|;=p : Lj €T,k < £} =C".

The map H is called holomorphically nondegenerate if there is no nontrivial holo-
morphic vector field tangent to S*"~! along the image of H. These notions of
nondegeneracy were originally defined for submanifolds and introduced by [24] and
[1] respectively, see also the survey of Lamel [21]. For more details on nondegeneracy
conditions for CR maps see also Sect. 2.2 below. Then the following theorem is shown:

Theorem 1 Let H : $?"~! — §2"=1 e a rational map of degree d.

(a) H is finitely nondegenerate at p € S\ if and only if Vi is of rank m at
pe S2n71.

(b) H is holomorphically nondegenerate if and only if Vi is generically of rank m
on S2n—l.

This has immediate consequences to show sufficient and necessary conditions in
terms of nondegeneracy conditions for the X-variety of H to be an affine bundle or
that it agrees with the graph of the map, see Sect. 5 and Theorem 3 below for more
details.
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The Reflection Map and Infinitesimal Deformations of Sphere Mappings

In the second case, applications of the reflection matrix to the study of infinitesimal
deformations are provided. For M ¢ CN and M’ ¢ CV " real submanifolds consider
the set H(M, M') of all maps, which are holomorphic in a neighborhood of M and
satisfying H(M) C M’.In [14-17] locally rigid maps were studied. They correspond
to isolated points in the quotient space of H (M, M") under automorphisms. A sufficient
linear condition was provided for local rigidity of a given map, which is formulated
in terms of infinitesimal deformations. An infinitesimal deformation of a map H :
M — M’ is a holomorphic vector, defined in a neighborhood of M, whose real part
is tangent to M’ along the image of H. The set of infinitesimal deformations of a
map H is denoted by hol(H). Examples of infinitesimal deformations of a map H
can be obtained from smooth curves of maps R > ¢t — H(t), with H(0) = H, since
B0, € hol(H).

The results involving infinitesimal deformations are summarized in the following
theorem:

Theorem2 Let H : S~ ' — $2"~1 be a holomorphically nondegenerate rational
map of degree d. It holds that dim hol(H) < dim hol(H) = (22 K (n, d)? and if
H is assumed to be polynomial, then dim hol(H) = dim ho[(H,‘f) if and only if H is
unitarily equivalent to H,f .

This result contains an alternative characterization of the homogeneous sphere map
to the one given in [3,23] or [6, Sect.5.1.4, Theorem 3] and demonstrates a new method
to compute infinitesimal deformations for sphere maps. While the article [15] contains
examples which required computer-assistance, it is shown in several examples in this
article that the reflection matrix allows for explicit and effective computations of
infinitesimal deformations of sphere maps.

2 Preliminaries

The purpose of this section is to introduce the necessary notions and notations needed
throughout the article. These are only required for maps of spheres but without any
effort and no loss of clarity the general case of maps of manifolds M and M’ is treated.
To this end the following assumptions are made: Let M be a real-analytic generic
submanifold of CV of codimension d. For a real-analytic CR submanifold M’ ¢ CV /
of codimensiond’, let p’ € M’ and p’ : V' x V' — Rd/, ' =(p,...,p,), beareal-
analytic mapping, such that M'NV’ = {7/ € V' : p/(/, 7) = 0}, where V/ ¢ CV'isa
neighborhood of p” € M" and the differentials dp{, ..., dp), are linearly independent
in V. Denote V' = {z/ € CN' : 2/ € V'}. The complex gradient p}z, of p} is given by

ap’. ap. . ..
o =\+=£,..., ==~ |. The following notation is used: v - w:=viw; + - - - + vV, Wy
Jz 3z EE
for vectors v = (v1,...,v,) € C"and w = (wq, ..., w,) € C".

2.1 Infinitesimal Deformations of CR Maps

One of the main objects of this article are infinitesimal deformations of a CR map.
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Definition 1 Let H : M — M’ be a real-analytic CR map. A real-analytic CR map
X : M — CV s called an infinitesimal deformation of H, if for every p € M and
every real-analytic mapping o’ = (o1, ..., p),) defined in a neighborhood of H (p)
vanishing on M’, it holds that,

Re(X(2) - pj (H(@), H@) =0, zeMNU, j=1,....d\

for some open neighborhood U c CV of p. The space of infinitesimal deformations
of H is denoted by hol(H).

For a real manifold M the space hol(M) of infinitesimal automorphisms of M
consists of holomorphic vectors whose real part is tangent to M.

Foramap H : M — M’ the subspace aut(H):=hol(M")| gy + Hi(hol(M)) C
hol(H) is referred to as the space of trivial infinitesimal deformations of H. Its com-
plement in hol(H) is called the space of nontrivial infinitesimal deformations of H.

A map H is called infinitesimally rigid if hol(H) = aut(H).

The infinitesimal stabilizer of H is given by (S, S") € hol(M) x hol(M’) such
that H.(S) = —S'|m). An infinitesimal automorphism S € hol(M) is said to
belong to the infinitesimal stabilizer of H if there exists S’ € hol(M’) such that
H,(S) = =S| nm)-

In the case of sphere mappings, for a real-analytic CR map H : §**~1 — §2m—1,
a holomorphic map X : U — C", where U C C* is an open neighborhood of §2~1,
is an infinitesimal deformation of H if Re(X(z) - H(z)) = 0 for z € S?k~1.

2.2 Nondegeneracy Conditions for CR Maps

The purpose of this section is to provide the definitions of finite and holomorphic non-
degeneracy for CR maps introduced by Lamel [20] and Lamel-Mir [22] respectively,
and study some of their properties.

Definition 2 A real-analytic CR map H : M — M’ is called holomorphically degen-
erate if there exists a real-analytic CR map ¥ : M — CV / satisfying ¥ # 0 and
for every p € M and every real-analytic mapping o’ = (pi, ..., p},) defined in a
neighborhood of H (p) vanishing on M’, it holds that,

Y(2) -0} (H@),H@)=0, zeMnU, j=1,...d,
for some open neighborhood U  C of p. If amap is not holomorphically degenerate
it is called holomorphically nondegenerate.
Simple examples of holomorphically degenerate maps are the following:

Example 1 Let F : $"~! — §2"~1 then H = F @ 0, where 0 € CF, is a holo-
morphically degenerate sphere map from S~ ! into §>"+K~1 since X=0&G for
0 € C" and G a holomorphic function from C" into CF satisfies X - H = 0.

Finite nondegeneracy is defined as follows:
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Definition 3 Consider a real-analytic CR map H : M — M’. Let Li,....L, a
lzasis of CR vector fields of M and for a multiindex o = (oq, ..., o) € N? denot/e
L¥=L{"---Ly".Let p € M.Foreachk € N define the following subspaces of C" :

Ei(p) = spanc{L®p} (H(), H@)|:=p : lal <k, 1< j <d},

for areal-analytic mapping p" = (p{, ..., p,) defined in a neighborhood of H (p) and
vanishing on M’. Define s (p):=N'—max; dimc Ej (p), whichis called the degeneracy
of H at p. The map H is of constant degeneracy s(q) at g € M if p — s(p) isa
constant function in a neighborhood of ¢. If s(p) = 0, then H is called finitely
nondegenerate at p. Considering the smallest integer ko such that E,(p) = E,’(0 (p)
for all £ > ko one can say more precisely that H is (kq, s)-degenerate at p. If the map
is finitely nondegenerate at p one says that it is ko-nondegenerate at p.

Note that if a map is finitely nondegenerate at p, then itis also finitely nondegenerate
at points in a neighborhood of p. If M is connected, by [20, Lemma 22] the set of
points where the map H : M — M’ is of constant degeneracy s(H):=min e s(p)
is an open and dense subset of M. The number s(H) is called generic degeneracy of
H.

Constant degeneracy can be phrased in terms of vector fields as follows:

Proposition 1 (Lamel [20, Proposition 18]) Let H : M — M’ be a real-analytic CR
mapping of constant degeneracy s in a neighborhood of p € M. Then it holds that

s =dimc{X(p) : X is a real-analytic CR vector field tangent to M’ along H(M)).

These following statements are analogous to the corresponding statements for man-
ifolds or infinitesimal automorphisms, see [2, Theorem 11.5.1] and [2, Proposition
12.5.1].

Proposition2 Let H : M — M’ be a real-analytic CR map. Then the following
statements hold:

(a) If H is holomorphically degenerate, then dimg hol(H) = oo.

(b) If H is finitely nondegenerate at p € M, then it is holomorphically nondegenerate.

(¢) Ifthe space of holomorphic vector fields at p € M tangent to M’ along the image
of H is of complex dimension s, then, outside a proper real-analytic variety of a
neighborhood of p, the map H is of constant degeneracy s.

Note thatif s = 0, then (c) says that if the map H is holomorphically nondegenerate
then H is finitely nondegenerate outside a proper real-analytic variety.

Moreover, if M is assumed to be connected, (c) yields the following statement: If
atany p € M the space of holomorphic vector fields at p € M tangent to M’ along
the image of H is of complex dimension at least s, then the generic degeneracy of H
is at least s.

Proof of Proposition 2 To show (a) argue as in [2, Proposition 12.5.1]: If H is holo-
morphically degenerate, there exists a nontrivial holomorphic map X tangent to M’

@ Springer



M. Reiter

along H(M). Then for each k € N also Yk:=z]1‘X is tangent to M’ along H (M) and
these maps are complex-linearly independent. Since M is generic and the real part of
a nontrivial holomorphic map X, restricted to M, cannot vanish on M (the vanish-
ing of Re(X )|m would imply that X = 0), the vector fields Re(Yy) are real-linearly
independent, hence dimp hol(H) =

To prove (b) denote by X(H) the set of holomorphic vector fields tangent
to M" along the image of H. Consider X = }; a;(Z)+2- 57, € X(H) which,
by the finite nondegeneracy of H and Proposition 1, satlsﬁes aj(p) = 0 and
Z aJ(Z),okZ (H(Z),H(Z)) = 0for Z € M,k = 1,...,d" and a real- -analytic

mapping o’ (p 1+ -+ -» P} defined in a neighborhood of H ( p) and vanishing on M’.
Taking derivatives w.r.t. CR vector fields L of M one gets

Zaj(Z)Lﬂmp,QZj(H(Z), H(Z) =0, ZeM, 1<k<d, (1)
j

for multiindices 8,, € N" form = 1, ..., N'. Use coordinates as given in e.g., [2,
Proposition 1.3.6] for M in (1), i.e. Z = (z,u + i¢(z,Z,u)) € C" x C¢, where ¢
is defined near 0 in R?N*¢ with values in RY satisfying ¢(p) = 0 and d¢(p) = 0.
Taking derivatives w.r.t. z and u one gets:

Zajzr(Z)Lﬂ’”p,/(Zj(H(Z), H(Z)+lot.=0, 1<r<N,1<k=<d,
j

where the expression “l.o.t.” stands for terms vanishing at Z = p. Evaluat-
ing at Z = p one gets that Zj aj, (p)Lﬁ'",o,’cz_(H(Z),H(Z))|z:p = 0 for
r J
1 < k < d'. Thus, since H is finitely nondegenerate at p, there are multi-
indices y,;, € N" and integers k,, € N with 1 < k, < d’, such that the
matrix (LV"',O,’( P (H(Z), H(Z))|z=p)1<j,m=<n' is of full rank, which implies that
mZj — —

ajz, (p) = 0. Proceeding inductively shows that all derivatives of a;(Z) have to
vanish at p. This means that the holomorphic vector field X vanishes in a neighbor-
hood of p on the generic submanifold M, hence X = 0, which implies that H is
holomorphically nondegenerate.

To show (c) let {X1, ..., X} be a basis of the space of holomorphic vector fields
at p € M tangent to M’ along the image of H and take X € spanc{X1i,..., X}
Consider the following equation for 1 < k < d’:

X(Z)-pp,(H(Z),H(Z)) =0, ZeM.
Take derivatives w.r.t. L and since X is holomorphic, it holds that,
X(2)-LPpi,(H(2),H(Z)) =0, ZeM,
for any multiindex 8 € N". This implies that for any sequence B, ..., By € N"

of multiindices and integers k,, € N with 1 < k,, < d’ the vector field X belongs
to the kernel of the matrix (LPn p,’(m Z(H(Z), H(Z)))1<m<n'. Hence outside a proper
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real-analytic variety Y of a neighborhood of p it holds that for any £ € N one has
dimc E;(q) = N' — s for g € Y, such that the degeneracy of H is equal to s for all
geY. m|

2.3 Infinitesimal Automorphisms of the Unit Sphere

In the following the well-known infinitesimal automorphisms of §2n=1 pn > 2 are
listed for later reference. For A = (A, ..., A,) € ljo[(SZ”_l) the j-th component is
given as follows:

Aj=a; + Z ﬁfze+is,‘z,~— Z Blze — Z&zzjzz,

1<t<j-1 jHl<t<n 1<t<n

where a,,, 85, € C and s5,, € R and dimg hol(S>*~!) = n(n + 2). The following
notation is required:

1 - 2 ‘ ]
Sn = (O‘f - aezjze)lgjfn’ Sn = ( 2. Be= D 'B‘{ZZ>1§jsn’

1<t<n 1<t<j—1 jl<t<n

3 .
Sy =1(sjzj)1<j<n

Foramap H : $*~! — §?"lany T € aut(H) canbe writtenas T = Ty+. ..+Tj,
such that the 7' are given as follows:

lea/—(&/~H)H, Tz:V/H,

Ty = Huot — (@ - 2)Haz, Ty = Ho(S; + 5.
where &’ = (o], ..., a;,) € C", V' € C" x C" is a matrix satisfying V' +'v =0,
o= (ay,...,0r) G(Ckandz:(zl,...,zk) e Ck.

2.4 The Reflection Matrix

The following definition is a summary of [7, Definition 2.1, 2.2] introducing the
homogenization and reflection map (which appears in the study of the X-variety,
see also [8] for the case of hyperquadric maps): Denote by H(n, d) the complex
vector space of homogeneous polynomials of degree d in n holomorphic variables
z = (21,...,2n). Write ’Fl(n,d) for the complex vector space with basis con-
sisting of homogeneous polynomials of degree d in n anti-holomorphic variables
z2=1(Z1,...,2n)-

Definition4 Let H = g : U c C" — C™ be a rational map of degree d (not

necessarily a sphere map), where P = (Py, ..., Pyp)and Q : C* — C with Q # 0
on U. Write H = éZfzo Pk, where P* is homogeneous of order k. Define the
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reflection map C : C™ — H(n, d) of H by

d
Cr(X)=X - éz PE@zIPP, x eCm. ()
k=0

Since Cy is linear and Cy(X) € H(n, d) there exists a matrix Vy : C" — CK®d
with holomorphic entries, such that

I__Id
Cn(X)=VyX - Eﬂ X eCm,

and denote V:=QVy. The matrix V is referred to as reflection matrix of H.

Several properties of the reflection matrix and examples involving V are given in

[7].

3 Examples and Constructions for Sphere Maps

In this section some particular examples of sphere maps and constructions of sphere
maps are presented and their relation to the above nondegeneracy conditions are dis-
cussed.

3.1 The Homogeneous Sphere Maps

The purpose of this section is to show some properties of the homogeneous sphere
maps defined as follows:

Definition 5 For d > 1 and n > 2 define K (n, d) = (”Jrj*l) and I (n, d) as the set of
all multiindices @ € N" of length d equipped with the lexicographic order. Define the
homogeneous sphere map H,fl in n variables of degree d as

o
Hf : Szn_l - SzK(n’d)_l’ Hf(z) = < dnza)ael(n,d) ’ (03”)2 - (d>
A direct computation or [13, Theorem 4.2] shows that the infinitesimal stabilizer of
H¢ is given by 52 and S;. One can show that H¢ is holomorphically nondegenerate
by using the Fourier coefﬁcient technique as in [3, Lemma 16]. Instead of showing
this, it is proved that H is finitely nondegenerate on $2"~!. Before giving a proof of
this fact some preparatlons are needed:

For n > 3 we define CR vector fields of $*"~! by L;; = Z,~337 - z;% for

- J ’ !

1 <i# j <n.Forn =2 the CR vector field of $3 is given by L = u_) — w%
Let {X;; : 1 < i,j < n} be a collection of vector ﬁelds In order to

denote powers of such vector fields the following notation is used: Define the set
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Ji={a = (a1,....,ap) € N" . a; = (al.,otz.,

o3

X%=X"1 ' '; - Define [a| = Z} 10:3 forn > 3.

C{ (X
For two vector ﬁelds X and Y, their Lie bracketis denoted by [ X, Y ]:=X (Y)—Y (X).
In the following lemma some basic facts about CR vector fields and their commu-
tators are given. The proofs consist of straight forward calculations and are omitted.

a3.) € N} and for « € J write

Lemma 1 Assume n > 3. In the following for 1 < i, j,k,{ < n assume i # j and
k, ¢ ¢ {i, j}. Define the following vector fields for S*"~!:

- 9 ad
Tyj:=[Lij, Litl = —Zk— + 2 —,
kj [ ij ik] Zk aZj Zj .
S;;:=[Lij, Li;] ! RN R
ijo=LlLij, Lijl = —Zim— —Zj— TZi— T3 —":
Y W "9z ! 0z "oz ! 0z
Then Tji = —Tkj and S;; = Sj; and the following commutator relations hold.:

(@) [Tke, Lijl= [Tk/» lj] = [Twi, Lij1 = [T;j, Lij1 = [Tji, Lij1 = 0, [Tjk, Lij] =
Lik, [Ti, L1 = Lij. B B B B

(b) [Ske, Lij]1=0, [Skj, Lij] = [Ski, Lijl = —Lij, [Sij, Lij] = =2L;j.

(©) [Tke, Lij] = [Tjk, Lij) = [Tki, Lij] = [Tij, Lij] = [Tji, Lij] = 0, [T}, L;j] =
Ly, [Tki, Lij] = L ji.

(d) [Ske, Lij1 =0, [Skj» Lij] = [Ski» Lij] = Lij, [Sij, Lij] = 2L;;.

©) [Sij, Tkel = [Sij, Tij1 = O, [Sij, Tjel = Tje, [Sij, Tiel = Tie.

For n = 2 define the following vector field for S>:

Then it holds that [S, L] = 2L.

Lemma 2 The map Hd 2=l 5 §2Kd)=1 s d-nondegenerate at each point of
SZn 1

Proof Set H ::H,f , fix 1 <m < n and define the following set of multiindices
== (a1,...,an) €J :0aj = (m, j,kj) e N, 1 < j <n, ky =0},

where the index set J from the beginning of Sect. 3.1 is used. It will be shown that
the K (n, d) x K(n, d)-matrix

Am:z(L“H:ot € Ju,0 < || fd),

is of full rank if z,, # 0. This implies that H is d-nondegenerate at each point of
§2"=1_The proof consists of two steps:
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(A) TItis proved that
LYH - LPTYS°H =0, 3)

on §?"~1 for all multiindices o, B € J,, with || < || and all y € J,§ € Jy,
where J is defined in the beginning of Sect. 3.1.

(B) Itis shown that for each 0 < k < d the set Dllfn::{LaH|S2n71 o€ Iy, | =k}
consists of linearly independent vectors in C* D if 7, # 0.

Observe that the number of elements in Dfn is equal to K(n — 1, k), such that
ZZ:O K(n —1,k) = K(n,d). Thus, the two steps together imply that the matrix
A, consists of linearly independent rows if z,, # 0.

In order to show (A) one proceeds by induction on the length of « in (3): For
la| = 0 one needs to argue as follows. Since H - H = 1 on §?"~!, it follows that
pH,,g:zH-l_‘ﬂI-_I = 0on S?"~!forall B € J,,. This means that PH,p is ahomogeneous
polynomial vanishing on $27=1 hence pu,p vanishes in C", see [5, Sect. II] or [6,
Sect. 5.1.4]. Applying zk% to pu.p = 0, implies that H - LATYS°H = 0 for all
y € Jand§ € Jy,.

Assume that (3) holds for |a| = k and |a| + 1 < |B]. If one applies L,,; to (3) one
obtains:

LyjL*H - LPTYS°H + L°H - L, L°FT" S°H = 0,
on S2*~! 1f one can show that
L*H - L, LPTYS°H =0, (4)

the induction is completed and (A) is proved. In order to show (4), use the identities
from Lemma 1, which imply that the expression of the left-hand side of (4) can be
rewritten as a sum of terms of the form LY H - L' TV,S‘S/Lmj Hand L*H-LF'T7' §% H,
where |8'] > |B|—1,y’ € Jand§' € J,,. Hence using the induction hypothesis proves
4).

To prove (B) fix 0 < k < d and assume that the set Dfn consists of vectors which are
not linearly independent. By setting K:={« € J,, : || = k}, the linear dependence
says that there are ¢, € C, not all of them are zero, such that

Z cqL*H = 0, (5)

aek

on S2"~1. Since the left-hand side is a homogeneous polynomial, (5) holds in C". For
o € K define the multiindex

r@):=((1,k1), ..., (m =1 kpu—1), m+ 1, kpi1), ..., (n, ky)) € N2O=D,

ki km—1_km+1 k _ =k _k
such that zr("‘)._zl o Zyy 1 T+ Za" - Note that LY = Inyr@ + ..., where ...

stands for derivatives of order k with coefficients being monomials of degree k con-
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taining an for £ < k. Define Ra:z(,’az—’;,L“. Assume z,,, # 0. Expanding (5) as a power

series in z with vector-valued coefficients, the coefficient of an is given by

> caRyH =0. (6)
74

Note that in the vector Ry H € CX"¥ each monomial of H4~* appears in exactly
one component and it is of the following form:

RoH = (0,...,0, M) i@y %s -0 %),

where 1 < ji(@) < K(n,d) and m(,, ; oy = 2@ # 0 such that 1(a) € N"
with |t (@)| = K(n,d — k).

Consider the minimal o9 € K w.r.t. the lexicographic order. If m = 1, then op =
(2,...,2), and otherwise g = (1, ..., 1). This implies that jj(a) > ji(ap) for all
o > og. Moreover t () > t(ag) for all @ > g, which can be seen as follows: Denote
the monomial in H¢ at the k-th position by Az x = axz*®, where s(k) € N" with
|s(k)| = K(n, d). Note that s(j1(«)) = o + t(«) and for o > g if ji (o) < ji(o),
then s (ji () < s(ji (o). Hence

ag + t(ap) = s(ji(ap)) < s(ji(a) = a + t(a),

which implies that 7(ag) < f(a). Thus, in (6), considering the coefficient of z’ (@0)
shows that ¢y, = 0.

Proceed inductively and assume ¢, = O for all « < ay,a € K. Define K| =
K\ {e € K : @ < «ay}. Argue as above, since o is the minimal index in K it
holds that jj () > ji(ap) for all @ > o1 and the same argument as above shows that
t(a) > t(ay). Thus ¢, = 0, which proves (B) and completes the proof. O

3.2 The Group Invariant Sphere Maps
Another important class of sphere maps are the following, first introduced in [3]:
Definition 6 Define G* : S> — $%¢*3 for £ > 0 by

Gz w) = (el e N, 2Tl e ),

where c,f >0forl <k < £+ 2isgivenin [3] or [6, Sect. 5.2.2, Theorem 9].
The infinitesimal stabilizer of G consists of the vector field S%. The maps G* are

invariant under a fixed-point-free finite unitary group and appear in [12] as so-called
sharp polynomials in the study of degree bounds for monomial maps.
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3.3 The Tensor Product for Infinitesimal Deformations

Similar to the case of sphere maps ( [3], [5, Definition 4]) one can introduce a tensor
operation for infinitesimal deformations.

Let A € C" be a linear subspace such that C* = A @ Al is an orthogonal
decomposition. For v € C" write v = vqg vy € A D AL, Similarly one can
decompose the image of a map F : $2*~1 — §2"=1 wrt. A and write F = Fj &
F,oeAd AL

For vectors v = (vy, ..., v,) € C" and w = (wy, ..., w;) € C” the usual tensor
product of v and w is denoted by

VW= (VW] ..., V[ Wy v VpW], ..., VpWy) € C".

Definition7 Let H : §?"~! — §?"~land G : §?"~! — §%¢~! be CR maps, X €
hol(H) and A C C™ be a linear subspace, then

Ta,)Xi=(Xa®G)D X41,

is called the tensor product of X by G on A.

We recall that the tensor product of mappings of spheres was introduced in [3]
and [5, Definition 4]: For f : §?*~1 — §?"~land g : §2*~1 — §2(~1 CR maps
and A C C™ a linear subspace the tensor product of f by g on A given by
Egf = (fa®g)® far is amapping of spheres, see [5, Lemma 5]. An analogous
result holds for infinitesimal deformations:

Lemma3 Let H : 7' — §27"" 1 and G : §7"~! — S§*~1 be CR maps, X €
hol(H) and A € C™ be a linear subspace. Then T(a.yX € Hol(Ea,c)H).

Proof SetY = T(a.G)X and F = E( ) H. By orthogonality it holds that on $2*~!,

Re(Y - F) =Re ((Xa®G) - (Hx ® G) + X1 - Hy1)
— Re ((XA CHOIGI? + X 40 - HAL) — Re(X - H) =0,

since |G||?> = 1 on §?*~! hence Y € hol(F). |
The next result shows that holomorphic degeneracy is preserved by tensoring.

Lemma4 Let H : S~ ' — §?"~1 be a CR map, A € C™ a linear subspace and
G : §"1 — 8§21 4 CR map. If H is holomorphically degenerate then Ea,6)H is
holomorphically degenerate.

Proof Since H is holomorphically degenerate there exists a nontrivial holomorphic
map W : C" — C™ suchthat W-H = 0on S>*~!. Write H' = E(4.G)H and consider
W’ = T(a.¢)W, which is a nontrivial holomorphic vector. Then the same computation
(without taking the real part) as in the proof of Lemma 3 shows that W' - H' = 0 on
§27=1 je., H' is holomorphically degenerate. O
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Example 2 The converse of Lemma 4 is not true in general: Consider the holomorphi-
cally nondegenerate maps H : S> — §7, H(z, w) = (z, zw, z’w, w3) and G : §°> —
S5, G(z,w) = (z, zw, wz). Tensoring H at the first component with G one obtains
the holomorphically degenerate map F’'(z, w) = (12, 2w, zw?, zw, 22w, w3). More-
over, if one applies a unitary change of coordinates and a projection C® — C> to F”,
one obtains F(z,w) = (ZZ, w, V2722w, zw?, w3), which still is holomorphically
degenerate: the holomorphic vector X = (0, —1, z/ﬁ, w, 0) satisfies X - F =0on
s3.

Example 3 For a sphere map H its trivial infinitesimal deformations may give rise to
nontrivial infinitesimal deformations of tensors of H: Let H be the map

H? = (2%, V372w, V3zw?, w’)

and A be the complex subspace spanned by (1,0...,0) € C* Write H =
(Hy, ..., Hy) and define X = (a,0,...,0) — (aH|)H € aut(H), a € C\{0}. Then
it is straightforward to show that T4 g1\ X ¢ aut(E 4 g1y H).

Example 4 Following [11, Proposition 2.4] one can combine two sphere maps to con-
struct a new sphere map into a higher dimensional sphere: For H : §2*~1 — §2m—1
and G : §7"~! — $§%¢~1 real-analytic CR maps define the juxtaposition of H and G
with parameter t € [0, 1] as the map j;(H, G) : $2"~1 — §20+0=1 given by

J(H,G):=V1—-12H &G, tel0,1].

Note that j, (H, G) is holomorphically degenerate: The holomorphic vector field X =
—tH @ +/1 — 12G satisfies X - H = 0.

4 Nondegeneracy Conditions for Sphere Maps

In this section it is shown that holomorphic and finite degeneracy can be expressed in
terms of rank conditions of the reflection matrix.

Holomorphic nondegeneracy of a sphere map is equivalent to a generic rank con-
dition of V:

Proposition3 Let H : S*~' — S§?~1 be q rational map of degree d. Then the
following statements are equivalent:

(a) H is holomorphically nondegenerate.

(b) There is no nontrivial holomorphicmap Y : U — C™, where U is a neighborhood
ofSZ”’l, such that VY = 0 on S*"~1,

(c) The matrix V is generically of rank m on S**~ 1.

Proof For amap H = g the following equation holds on §2"~!:

|0’X -H=QX-P=0QVyX-H' =VX.-H, (7
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for any vector X € C". Let Y : U — C™, where U is a neighborhood of §21=1 pe a
nontrivial holomorphic map such that Y - H = 0 on §>"~!. By (7), this is equivalent to
VY-HY = 0o0n 5?1 Since H¢ is holomorphically nondegenerate on $2*~!, the last
equation is equivalent to VY = 0 on $?*~!. From this consideration the equivalence
of (a) and (b) follows.

The equivalence of (b) and (c) holds, since (b) is equivalent to the fact that V is
injective on an open, dense subset of $21=1 which is equivalent to (c). O

The following proposition shows that finite nondegeneracy of amap H is equivalent
to a pointwise rank condition of Vp:

Proposition4 Let H : S*'~' — §?"~1 be a rational map of degree d. Then the
following statements are equivalent:

(a) H is of degeneracy s at p € §"~1.

(b) The kernel of the matrix V is of dimension s at p € S**~1,

In particular, the map H is finitely nondegenerate at p € S~ if and only if the
matrix V is of rank m at p € S'~1.

Theorem 1 follows from Propositions 3 and 4.
Proof Since X - H = Vi X - HY/Q on §*"~! forany X € C™ and V is holomorphic,
it follows that

- _. [ HY
X-LﬂH=VHX-Lﬁ<E”>,

on $2"~1. For any sequence of multiindices o = (a1, . .., ap), a; € N" and a sphere
map F : 2"~ — §%=1 define the £ x k-matrix AZ(F):= (L% Fly) forq e
§2=1 Then it holds that

I<j=t

N o (B
ADC)X = A) (§> V(p)X. ®)

for any p € $?*~!, any sequence of multiindices 8 = (B1,..., B, B; € N" and
reN.

Observe thatrk A} (H¢/ Q) = rk A} (H?), formultiindices y = (y1, - ., Yk (.a)),
y;j € N", chosen according to the finite nondegeneracy of H,‘f given in the proof of
Lemma 2, which can be seen as follows: One has that

LY(H{)0) = (L HN/Q+ Y ' L°HY,

lel<ly;l

v&_/here cz;" € C involves some constants, derivatives of _Q a1_1d terms of the_ forzn
0 " for some my; . € N. Since the first row of A}’,(H,f/Q) (Eonsi_sts of H,f/Q,
using elementary row operations one can see that the rank of A% (H,f / Q) agrees with

the rank of AL (HY).
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Now it is possible to prove the equivalence of (a) and (b). Assume (a), then there is
ko € N, such that H is (kg, s)-degenerate at p. This means that dim¢ E,’C0 (p) =N'—s

and hence, for any 8 = (B1,...,B,),Bj € N" and r € N, the kernel of the matrix
A[’S,(H) is at least of dimension s.
Consider y = (y1, ..., Yk(.4)), ¥j € N" according to the finite nondegeneracy of

H,‘f given in the proof of Lemma 2. Let X; for 1 < j < s be linearly independent
vectors in the kernel of A;(I-_I). By taking 8 = y in (8), it follows that V(p)X; €
ker A’;,(_I-_I,‘f /_Q). Since HL‘f is finitely nondegenerate in S>"~! and by the fact that
tk AV (H?/Q) =tk A} (H?), it follows that X; € ker V(p). Hence dim ker V (p) >
s.

Assume that dimker V(p) = s’ > s, i.e., there are linearly independent vectors
Y; € kerV for 1 < j < s'. Since H is of degeneracy s there exists a sequence of
multiindices § = (31, ..., 8,),8; € N" and g € N, such that the kernel of A% (H) is
precisely of dimension s. Then A‘;,(H,f/Q)V(p)Y/ = 0 and using (8) with § = 4,
it follows that Af,([-_I)Yj = 0,1ie, Y; € ker A‘;(H) for1 < j < s/, whichis a
contradiction to dim ker A‘[S,(H ) =s5.

For the other direction, assume (b) and argue similarly: If dimker V(p) = s,
consider any sequence of multiindices € = (ey, ..., ¢) fore; € N* and r € N. Let
Xj for 1 < j < s be linearly independent vectors belonging to ker V (p). By (8) it
follows that X ; € ker A;(I-_I ). Thus, the degeneracy of H is at least s.

Assume the degeneracy of H is equal to s > s. Argue as in the proof of the
sufficient direction to conclude that dim ker V (p) > s, which is a contradiction.

The last statement follows immediately from the above shown equivalence. O

Example 5 For each ¢ > 0 the map G is finitely nondegenerate at p € S3: In this
case the reflection matrix V is the following (2¢ + 2) x (£ 4 2)-matrix:

10 0 O
H' 0 0
H? 0
V =D i3 D>,
1
where ' H* = (Z*, (lf)zk’lw, ..., wk) € C**1, blank spaces are filled up with zeros,

Dy isthe (2¢4-2) x (2€+2)-diagonal matrix whose nonzero entries are the reciprocals
of the coefficients of H2*2 and D, is the (£ + 2) x (¢ + 2)-diagonal matrix which
consists of the coefficients of G* on the diagonal. It follows that V is of full rank on
3.

Example 6 The map H(z, w) = (z4, 2w, «/§zw, w3), which sends $? into S7, is
listed in [3]. The reflection matrix is given by
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10 0 0
1 /32
0 3 TZ 0
V=10 0 V2zw 0 |,
00 Lu? iz
00 0 w

which is of full rank if and only if w # 0 and if w = O the kernel is of dimension 1,
hence by Proposition 4 the map is finitely nondegenerate for w # 0 and of degeneracy
1 when w = 0. A direct computation (as in Definition 3) shows that the map is
3-nondegenerate at points {z # 0, w # 0} N 3 and 4-nondegenerate when {z =
0, |w| =1}.If w =0and |z| = 1, the map is (3, 1)-degenerate.

The following example gives a map, for which the set of points in S3 where the
map is 2-degenerate consists of one isolated point.

Example 7 The map H(z, w) = ((az — bzw)z, (az — bzw)w, bz + azw, w?), for
a, b € C satisfying |a|® + |b|?> = 1, sends S into S7. The matrix V is given by

az 0 bz? 0
aw—b az az+2bzw 0
V=D )
0 aw—b aw+bw? z
0 0 0 w
where D is the 4 x 4-diagonal matrix whose nonzero entries are the reciprocals of
the coefficients of H>. Assuming a = b = \/LE’ it holds that V is of full rank if

Yi:={z # 0, w # 0} N $3 and the complex dimension of the kernel is 1 if Y2:={{z =
0,w # 1} U{z # 0, w = 0}} N 5°. The kernel of V is of complex dimension 2 at
po:=0,1) €S 3. It can be shown by a direct computation (as in Definition 3) that H
is 3-nondegenerate in Y7, (2, 1)-degenerate in Y> and (1, 2)-degenerate at pg.

The following result gives conditions to guarantee that a sphere map is finitely
degenerate:

Corollary 1 If a rational sphere map H : S*~1 — §2"=1 of degree d satisfies
K(n,d) < m, then H is finitely degenerate at any p € S*"~\. In particular the map
is holomorphically degenerate.

Proof The K (n, d) x m-matrix V satisfies rk V < min(K (n,d), m) = K(n,d) on
§?"=1 1If H would be finitely nondegenerate at p € S*"~!, by Proposition 4, V would
be injective at p, hence rk V = m at p, a contradiction. By Proposition 3 it follows
that H is holomorphically degenerate. O

Example 8 The map H(z, w) = (z, cos(t)w, sin(t)zw, sin(t)wz), t € [0, 2), sends
$3 to S7 and is holomorphically degenerate by Corollary 1. The reflection matrix V
is given as follows:
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z 0 0 0

_ | & cosz sin@)
V=15 v » °

0 cos(r)w O sin(r)

If sin(z) # 0, then X(z, w) = (0, 1, —cot(t)z, — cot(¢)w) is a holomorphic vector
field tangent to s7 along the image of H. One can check that if cos(¢), sin(¢) # O the
map is of degeneracy 1 for z # 0 and of degeneracy 2 if z = 0. If cos(t) # 0 and
sin(f) = 0 the map is of degeneracy 2 and when cos(¢) = 0 the map is 1-degenerate.

The set of points where the map is finitely degenerate can be described by using
Proposition 4:

Corollary 2 Let H : §*~1 — §2"=1 be of generic degeneracy s in S*~1. The set of
points in S*=1, where H is of degeneracy s' > s is contained in a complex algebraic
variety intersecting S*~1.

Proof The set D of points where H is of degeneracy s’ > s is the complement ¥ of
the set where H is of generic degeneracy s, which is given by the union of the zero
sets of any minor of V of size strictly less than tk V. Since V consists of holomorphic
polynomial entries, Y is a complex algebraic variety and, by Proposition 4, agrees
with D. O

Note that Proposition 4 shows that Corollaries 1 and 2 are equivalent to [7, Corollary
4.4] and [7, Corollary 4.2] respectively.

5 The X-variety of a Sphere Map

In this section sufficient and necessary conditions in terms of nondegeneracy condi-
tions are provided to guarantee that the X-variety of a sphere map satisfies certain
properties, such as agreeing with the graph of the map or being an affine bundle.

First, the general definition of the X-variety of a map is repeated for the reader’s
convenience, see [19] and [7]:

Definition8 Let M C CN and M’ C CV be real-analytic hypersurfaces and H :
M — M’ be areal-analytic CR map. Let p € M and p’ = H(p). Assume M N U =
(ZeU:p(Z,Z)y=0and M'NU' ={Z' €U’ : p/(Z',Z') = 0}, where U c CV
and U’ ¢ CV' are neighborhoods of p and p’ and p and p’ are real-analytic defining
functions for M and M’ defined in U and U’ respectively. Define the following set

Xp:={(W, W) e CN*N". o' (H(Z), W) = 0if p(Z, W) = 0},

which is called the X-variety of H near p € M.

Since H maps M into M’ it follows that (Z, H(Z)) € Xy, i.e., the graph of H
is contained in X g. In [7, Theorem 4.1] it is shown in the case when M C C" and
M’ C C™ are unit spheres that for any z # 0 it holds that (z, z') € Xy if and only if
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7 — H(z) € ker V(z). X has an exceptional fiber at p € S*"~! if the dimension of
the fiber {p’ € CV" : (p, p) € Xp} exceeds its generic value. In [7, Corollary 4.2]
it is argued that the set of points over which X g has an exceptional fiber agrees with
the set of points p € $?*~! where the rank of V (p) drops.

Moreover, in [7, Theorem 4.1] the following properties of Xz are proved:

(a) Xp is an affine bundle over C" \ {0} if and only if the rank of V (z) is constant for
each z # 0 in the domain of H.

(b) Xy equals the graph of H if and only if, for each z # 0 in the domain of H, the
null space of V (z) is trivial.

Using the facts from Sect. 4, relating nondegeneracy conditions and rank conditions
of the reflection matrix, the following characterizations hold:

Theorem 3 Let H : S>'~! — §2"~1 be a rational map. Then the following statements
hold:

(a) Xy is an affine bundle over C" \{0} if and only if H is of finite degeneracy s at
any point of S~ 1.

(b) Xy equals the graph of H if and only if H is finitely nondegenerate at any point
Of SZn—] .

(¢) Xpg has an exceptional fiber at p €
degeneracy s(H) at p € S*"~ 1.

§2"=1 if and only if H is not of generic

Proof The proofs of (a) and (b) follow from Proposition 4 and the characterizations
from [7, Theorem 4.1] stated above. Since the rank conditions involved are constant
on §?"~! they also hold in a neighborhood of $?"~!, to which H extends. For (c)
note that the points where H is of generic degeneracy s(H) (see the remark after
Definition 3) form an open dense subset S of $"~!. Hence in the complement of §
the degeneracy of H is strictly bigger and by Proposition 4 the rank of the reflection
matrix is strictly smaller. Thus, the complement of S is precisely the set where X g
possesses an exceptional fiber. O

6 Infinitesimal Deformations of Sphere Maps

In this section infinitesimal deformations of rational sphere maps are studied. It turns
out that similarly as in the case of sphere maps, where each sphere map is related
to the homogeneous sphere map by tensoring, infinitesimal deformations of a sphere
map are related to infinitesimal deformations of the homogeneous sphere map by the
reflection matrix.

Lemma5 Let H = 5 : U — S¥"=1 be a holomorphically nondegenerate rational

sphere map of degree d, where U is a neighborhood of S**=1. Then each X € hol(H)
is of the form X = X@’ where X' is a holomorphic polynomial of degree at most 2d

satisfying Re(X' - P) = 0 on S*~1,

Proof Let H be given as in the assumption of the lemma, where P = (Py, ..., Py)
and Q : U — C with Q # 0on U, aneighborhood of §%*~1. Then |Q|*>Re(X - H) =
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Re(QX - P). Set X:=(QX. Considering homogeneous expansions of X’ = 2050 X"
and P = Z?:o PJ one obtains the following equation:

d d
Y3 xCPIAY N X" P =0

£>0 j=0 r>0s=0

After setting Z > Ze'' for t € R collect the Fourier coefficient of degree d + £ for
Lo > 1 to get:

d
Z ot pi_ ¢
j=0

By the holomorphic nondegeneracy of H this implies that X’* = 0 for £ > 2d + 1,
ie.,deg X' <2d. O

Denote by P9 (k, m) the space of complex Eolynomial maps from Ck to C™ of
degree d with dimg P?(k, m) = 2m Y_¢_o (“*3"). The following definition is jus-
tified by the previous Lemma 5 and in fact hol(H) can be identified with a space of
polynomial maps.

Definition9 Let H = g : U — S§%"! be a holomorphically nondegenerate

rational sphere map of degree d, where U is a neighborhood of $?*~!. Define
dim hol(H):= dimp{X’ € P (k, m) : Xé € hol(H)).

In [5] and [6, Sect. 5.1.4, Theorem 4] it is shown that for any polynomial sphere
map of degree d if one applies finitely many tensoring operations to it one obtains
the homogeneous sphere map of degree d. Moreover in [6, Sect. 5.1.4, Theorem 3] it
is shown that the homogeneous sphere map is up to a unitary transformation unique
among all polynomial and homogeneous sphere maps. The following theorem gives
the corresponding results in terms of infinitesimal deformations.

Theorem4 Let H : "' — $?"=1 be a holomorphically nondegenerate rational
map of degree d, then dim hol(H) < dim hol(H?).

IfH : §"=1 — §2"=1 is a polynomial map of degree d, it holds that dim hol(H) =
dim bo[(H,‘f) if and only if H is unitarily equivalent to H,fl.

Proof Let H = 5 : §2n=1 — §2m=1 pe a rational map with Q # 0 on S*"~!. Con-

sider as in Definition 4 the matrix V : C" — CK0-4) whose entries are holomorphic
polynomials in z € C". Then it holds on $**~! that |Q|*?X - H = VX~H,fl for X e C"
as in (7). Thus on S%"~! one obtains,

X € hol(H) < VX € hol(HY). 9)

>

By Lemma 5 there are polynomials X/, ..., X € P2 (n, m) such that {X; = jf :

1 < j < k} is a basis of hol(H). From Proposition 3 it follows that {VX; : 1 <
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Jj < k} is a set of linearly independent polynomials in bo[(H,‘f ) which implies k <
dim hol(H?).

To show the nontrivial implication of the second claim, assume that H = P is
polynomial of degree d and dim hol(P) = dim l‘)o[(H,‘f ). By Proposition 3, since the
reflection matrix V is injective on a dense, open subset S of $?*~! as a map from
hol(P) to hoI(H,f), it follows by the rank theorem that dim V (hol(P)) = dim hol(P).
Using the assumption dim hol(P) = dim ho((H,‘f) this implies that V is invertible as
a map from hol(P) to bo[(H,f), for z € S. Thus, for any Y € bo[(Hnd) there exists
X € hol(P) with VX =Y, such that on S, the following equation holds:

= t

y.-'vlp.

~
S

[SH
I
<
e
Sy

U
I
e
i
Il
5
-
~
Il

Choosing Y =i H,fl € aut(Hnd ) C bo[(H,f) in the previous equation, it becomes after
using H? - HY =1 on §2'~1:

1=H!'v'P=v'H!. P. (10)
Note that the matrix B:=V ~! depends holomorphically on z € U, where U is an
open set in C", such that U N §2*~! = §. Consider the homogeneous expansion
of B =3} .0Brand P = ZQI:O P;. Take z + €'’z in (10), and collect Fourier
coefficients. Looking at the constant Fourier coefficient we see that

1= B()Hlf . f_’d,

on S. This equation can be rewritten as in the proof of [6, Sect. 5.1.4, Theorem 3] as
follows,

0=H?! B! — ByH? - Py = H? - (H? —'ByPy),

such that the holomorphic nondegeneracy of H,‘li implies that H,‘f ="ByP,. By some
linear algebra this shows that P; = U H,f , where U is a unitary matrix. Write P =
U H,‘f + F, where F is a holomorphic polynomial of degree d — 1. Since P maps
5201 o 2K (=1 it holds on §*'~! that,

1=|PP*=H! A +UH! F+UH' F+F-F,
hence after setting F’' = IU F, one obtains

0=H! F+H' - F +F - F. (11)

Consider z > ¢!z and a homogeneous expansion of F’ = Z?;(l) F J/ and collect the

coefficient of €/’ to get that H,f . I:"(; = 0, hence by the holomorphic nondegeneracy
of H¢ one obtains F; = 0. Proceed inductively to show that F; = 0 fork < d — 1.
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Assume that F; = 0 for all 0 < ¢ < k — 1. Collect the coefficient of @01 in (11)
to obtain that,

k—1
OZHr?'FIQ—FZFzJII—k—&-m'F;;w

m=0

which, by using the induction hypothesis and the holomorphic nondegeneracy of H,f’ ,
implies that F; = 0. In total one obtains that P is unitarily equivalent to Hnd in S,
hence they are equivalent everywhere on 2"~ !. O

One has the following inequality for the dimension of the space of infinitesimal
deformations, when the tensor product is involved.

Corollary3 Let A C C™ be a complex subspace, H : §2n=1 5 §2m=1 qnd G :
§21=1 — §2=1 be non-constant real-analytic CR maps. Assume F = E g H.
Then dim hol(H) < dimhol(F) and if H is holomorphically nondegenerate and
equality holds if and only if F = H.

Proof If F is holomorphically degenerate, by Proposition 2, the inequality is satisfied.
Assume that F is holomorphically nondegenerate, then the same holds for H by
Lemma 4. Instead of using V as in the proof of Theorem 4, one considers V alinear
map defined by V(X):=T(4,c)X. Then X - H = V(X) - F, i.e., X € hol(H) &
V(X) € hol(F). ~

It holds that if there exists ¥ € hol(H) with V(¥) = 0 on $*"~!, then 0 =
V(Y )-F = Y-H on §?"~!, which implies, since H is holomorphically nondegenerate,
that Y = 0. From this it follows that the set {G(Xj) 1 <j <k} for Xq,...,Xra
basis of hol(H ), is linearly independent in hol(F'), which gives the claimed inequality.

For the equality, assume that dim hol(F) = dim hol(H) < oco. Then dim hol(H) =
dim V (hol(H)) < dim hol(F) = dim hol(H ), which implies, as in the proof of Theo-
rem 4, that on 2"~ ! the map V, as a map from hol(H) to hol(F), is invertible. Using
a similar argument as in the proof of Theorem 4 (replacing V by v, Hnd by F and P
by H and using X - H = V(X) - F) it follows that H and F are unitarily equivalent,
which can only happen, when the complex subspace A is trivial. This concludes the
proof. O

The remainder of this section is a collection of lemmas concerning some prop-
erties of Vg and its transpose and provide sufficient and necessary conditions for
infinitesimal rigidity in terms of Vg and its adjoint.

Proposition 5 For any polynomial map H : S*"~' — S¥"=1 of degree d one has
VyH = H' and H ="'V HY on s2-1,

Proof Using the matrix Vj from Definition 4 the following holds on §2"~!:

VeX-H! =X -H,
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forall X € C™. Taking X = H in the above equation and using H - H = 1 = H,‘f . I-_I,‘f
on $2"~1 it holds that,

VyH - -H! =1=H!. A,

on S*"~!. Note that Vi H has holomorphic components such that the holomorphic
nondegeneracy of H,‘f implies that Vg H = H,f’ .
For the other identity one has,

X-H=VyX-H'=X-'vyHY,

for all X € C", which concludes the proof. |

The following example shows that a similar relation as the second identity in Propo-
sition 5 does not hold for infinitesimal deformations in general:

Example 9 Let X be of the form as 77 in Sect. 2.3 with H being the map
G* = (& N1 w, V142w, VTzw?, w')
and o’ = (0,0, 0, a,0) € C°. Then, on S3, one has:

— a _
VgrVgrX =5 (0,020 + 3w P). Shwl® + 1512wl + 91z 1w + 121°, 0)
+ holomorphic terms,
which does not extend holomorphically to a neighborhood of $3.

Lemma6 Let H : S*~' — $2"=1 be a polynomial map of degree d.

(a) It holds that X € hol(H) if and only if X':="Vy Vy X satisfies Re(X' - H) = 0
on §?1=1,

b) IfY € [jo[(H,?) has the property that IVHY is holomorphic, then Y €
Vi (hol(H)).

In (b) the necessary direction need not be true as Example 9 shows.

Proof By Proposition 5 the following holds on $2"~!:
X -H=VyX -H'=VyX - VyH ="VyVyX - -H,

which shows (a). In (b) assume X:= t\_/HY is holomorphic. By Proposition 5 one has,

on §?"~! and taking the real part shows that X € hol(H). Consider the above equation
and note thatonehas X - H = Vg X - H,‘f, such that, since Vg X is holomorphic, the
holomorphic nondegeneracy of H,f implies Y = Vg X € Vg (hol(H)). O
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Proposition 6 Let H : S*~1 — §2"=1 be a polynomial map of degree d.

(a) Ifthemap H is infinitesimally rigid then ! 7 ho[(H,f)ﬂbo[(H) = t‘_/H Vg aut(H)
N hol(H). -

(b) Assume that the map H is holomorphically nondegenerate. If th Ijo[(Hnd) =
IVH Vi aut(H), then H is infinitesimally rigid.

Proof To prove (a), assume X € IVH f)o[(H,fl) N hol(H) such that there exists ¥ €
hol(HY) with X ="V Y. Thus,' Vi Y € hol(H) (in particular ' VY is holomorphic)
and by Lemma 6 (b) it holds that Y € Vg hol(H) = Vg aut(H) by the infinitesimal
rigidity of H. In total this shows that X € IVH Vi aut(H) N hol(H). For the other
implication, note that if X € t\_/H Vg aut(H) N hol(H), then, since Vg aut(H) C
hol(HY), it follows that X € 'V hol(H?) N hol(H).

For (b) let X € bhol(H), then VyX € hol(H?) and hence 'VyVyX e
"Vi hol(HY) = "Vy Vi aut(H). Thus there exists T € aut(H), such that AX =
AT for A:=t\_/H Vy. Since H is holomorphically nondegenerate it holds that the
K (n,d) x m-matrix Vg is injective on a dense open subset S of $?*~! (see Proposi-
tion 3), hence one has tk Vg = m in S. Since Vg consists of holomorphic entries in
z, this means that V is of rank m in an open set U such that U N S 2n=1 — § It follows
that the m x m-matrix A is of full rank m in U, andthus X = T in U. Since X and T
are holomorphic they agree in C". This shows that X € aut(H). O

7 Infinitesimal Deformations of the Homogeneous Sphere Map

In this section the dimension of the space of infinitesimal deformations of the homo-
geneous sphere map H,f’ (see Definition 5) is computed.

Theorem 5 The real dimension of the space of infinitesimal deformations of H,‘f is
given by (2‘{%) K(n,d)>

Proof Define the map H?(z) = (z%)¢j=a € CK"® and write Y = DX € hol(H?),
where D,”f is given as in the hypothesis. Then X has to satisfy the following equation
on SZn—l,

In the above equation consider the homogeneous expansion of X = >, 4 X k. where

Xk e cK4) i5 a homogeneous polynomial in z of order k > 0. Change coordinates
viaz — ez for € R as in [3, Lemma 16] to obtain after shifting indices, on §2n—1.

3 x4 g 13 X e = . (12)

s>—d t<d

This implies X? = 0 for £ > 2d + 1, such that —d < s,t < d. Collect Fourier
coefficients of ¢/ for —d < r < d in (12) such that for X € bo[(Hnd) it is enough to
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study the solutions of the following equations:
X Al 4 X4 A =0, 0<r<d, (13)

on $2"~1. For r = 0 the equation is real and will be treated below. Fix 1 < r < d and
homogenize (13) as in [5, Sect. IT] by multiplying the second term with [z|?", such
that the following equation holds for all z € C":

A x4y <;)5(d—’z“ g ) (14)

|oe|=r

Write X947 = B,f’rlfllf_’, where BY" isa K (n, d) x K (n,d — r)-matrix and write
z"‘Hj = Cﬁf""H,;”r, where C,‘f’“ isa K(n,d) x K(n,d + r)-matrix whose entries
consist of 0’s or 1’s. Rewrite the second term of (14) as

"\ mdr Fd—r "\ewBd=r ! 5dr ,
)3 (a) BRI - cle gt = 3 (a)zaH,f e

|a|=r lor|=r

Write 2% H? " = D H?=", where D&% isa K(n,d) x K(n,d — r)-matrix whose
entries consist of 0’s or 1’s, such that using the holomorphic nondegeneracy of H,‘f ,
one obtains

r _
EDS <a>D;‘f’“’Bﬁ”C:f’“H,i‘+’ =0. (15)

|o|=r

Setting X9t = A" A9+ where AL is an K (n,d) x K(n,d + r)-matrix, (15)
gives:

r _
afr == 30 ()i B

lee|=r

This implies that the solutions of (13) depend on the entries of B,f Tforl <r <d.
The number of real entries in Bff Tforl <r<dis given by

d
2> K. d)K(n.d —r) =2K(n,d)<n+:_1). (16)

r=1

For r = 0in (13) one has
d 7 vd  fyd
X H!+ X% H! =0, a7
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which is a homogeneous equation and hence holds on C". Writing X¢ = BZI ’OI-AI,‘f ,
where B,f’o isa K (n,d) x K (n, d)-matrix, in (17) shows thatth’0 +1§’f,l’o = 0. Hence
Bf," 0 depends on K (7, d)? real parameters. Moreover the stabilizer of Hnd consists of
S,2Z and S,3l and the remaining elements of aut(Hnd ) coming from hol(S?"~1) appear in
(13) for r = 1 and have been taken into account in (16). In total, adding (16) and the
number of real solutions of (13) for r = 0 gives the claimed dimension of f)o[(Hnd ),
which finishes the proof. O

Theorem 2 is an immediate consequence of Theorems 4 and 5. Some examples
illustrating Theorem 5 are provided in the following:

Example 10 For n = 2 write Hf(z, w) = (afzd,agzd_lw,...,aj+1wd), where

@h? = (%)) for 1 < k < d + 1, such that dimg hol(H§) = (d + 1)* and any
X € f)o[(sz ) is a real linear combination of infinitesimal deformations N:)_,"’rk of the
following form:

r

A r _ t = ~
NI = Dy (c;'f;"Hd = <£> (0r. 2wty A, orl)) ,

=0

where 0 < r <d, Dy41 isthe (d + 1) x (d + 1)-diagonal matrix with entries 1 /af for
l<k<d+1,C)" = (cij)isa(d+1) x (d+ 1 —r)-matrix with ¢, € {1, 7} for
1 <m <d+1land1 < k < d+1—r and all other entries are 0 and 0; denotes the zero-
vector in C/. To illustrate which nontrivial infinitesimal deformations for Hg appeatr,
a list for d = 2, 3 is given. Note that if N is a nontrivial infinitesimal deformation
of sz, then N = ¢’ o N o ¢ is again a nontrivial infinitesimal deformation of sz
different from N, where ¢ (z, w) = (w, z) and

’ (Zn+la"‘7zk+25 Zk+17zk""7zl)5 n =2k9k 2 1
¢ty Zagl) =
(Zn+la~--7Zk+lsst--~,Zl)9 n=2k—17k22'

Below half of all nontrivial infinitesimal deformations of Hg are listed as rows of the
matrix de . The remaining nontrivial elements of bo[(sz ) can be deduced by applying
¢ and ¢’ to each row of de .

-3
zZ° =~ 2
aw ——= —az-w
2
Y2 = - hz_iuz NE
< 72
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where a, b € C, which are also listed in [17, Example 1].

az —az’ _25;5%10 —E’Z}g’z 0
bw —% —25\7/%“' —bz3w?
cw? 0 —% —cw
dw  -L e
I T - e N
0 fw?/éz“w _Zf\z/%w2 — Fw?
0 g_% _éi%w _g7%w?
—]TZ?’IU ]'szjglzwz 0 0
7.3 2.2
0 kzw\//gz w _kz\/zé) 0

where a, b, c,d, e, f,g, j, k € C.

Using the fact that for a sphere map H and any X € hol(H) one has Vg X €
ho[(H,f’ ) (see (9) in the proof of Theorem 4) it is possible to compute hol(H) from a
description of ho [(Hrfl ): By considering each element of ho [(H,f ) one needs to check if
it can be written as Vg Y, where Y is a holomorphic vector field, such that Y € hol(H).
The vector fields obtained in this way span hol(H).

Example 11 The map H(z, w) = (z, zw, w?) from $3 to S? is of finite degeneracy 1
inS$3N{z=0}and 2-nondegenerate otherwise. Its infinitesimal stabilizer consists of
S3.
It can be checked that A is infinitesimally rigid.

Example 12 For the family of sphere maps G* for £ > 1 there are infinitesimal rigid
maps and some maps which admit nontrivial infinitesimal deformations: One can
compute that for G! : §3 — 7 the space hol(G ') only consists of trivial infinitesimal
deformations, see also [7]. The map G* : §3 — S!! given by

Gz, w) = (&0, c17/w, c22°w?, e3P w?, cazw?, w?),

where ci = c4 = 3,00 = 34/3 and c3 = 4/30 is not infinitesimally rigid, since the
vector

~ 2 2
a 6 _ Z°w _ w _
X= (0, ——16w3, ——az4u)4, —(azz — 9aw4), —(35112 — aw4), azw7> , acC,

cl ) c3 c4

corresponds to a nontrivial infinitesimal deformation of G*. This can be verified by

showing that X is not of the form as the trivial infinitesimal deformation given in Sect.
2.3.
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Some of the nontrivial infinitesimal deformations of H¢ originate from curves

passing through the map as the following example shows: In the following a family
of finitely nondegenerate rational sphere maps is constructed, which contains the
homogeneous sphere map H,‘f for d odd. It is well-known that families of sphere
maps exist, see the examples in [4] and [18, Examples 4.1, 4.2], which motivated the
construction. See also [11] for a study of homotopies of sphere maps.
Theorem 6 For k > 1 the map H22k+1 : 83 — S%**2 s not locally rigid. More
precisely, there exists a family F k. §3 — §%+2 of 2k + 1)-nondegenerate rational
maps, where s € R is sufficiently close to 0, with Fk H2k+1 and each Fk is not
equivalent to Hj 2k+1 fors # 0.

Proof Consider for s € R the map Ty = (T}, T?) : S* — $3 given by

(z= 1+ A =92@+ D20 - 5)w)

Ty (z, w) = 2+sGs—2)(z+1)

’

such that Ty(z, w) = (z, w), which is an automorphism of $3 when s # 1. Define

coi= (2er1) and note that ¢, = ci1. Set
Frz, wyi=(coz® T, . a1 P2k e wk Tz, w), exp1 25w T (2, w),
k=1 k42 2%t 1
e W T L e w ™).

Itholds for all s that F, Sk maps S3 into $2*2 since it originates from szk + by applying
the inverse of tensoring to the (k + 1)-th and (k + 2)-th component using the map
(z, w) — (z, w), and then tensoring the (k + 1)-th component of the resulting map
with T;. Furthermore £ k = H, 2k+1 and since Fy kis (2k + 1)-nondegenerate by Lemma
2, the same holds for each map F; k for s sufﬁmently close to 0.

The remaining step is to show that for s sufficiently close to 0, when s # 0 the
map Fsk is not equivalent to a polynomial sphere map (in particular szk“). To see
this apply the polynomiality criterion of Faran—-Huang—Ji—Zhang [18, Remark 2.3
(A)]. More precisely, write Fsk = g with P = (P1, ..., Py42) and Q being the
denominator of T, and d:=deg F¥ = max{deg P, deg Q} = 2k + 1. Consider the
map

F(z,w,t):=t* (P G’ %) .0 (;’ %))

= (6022"“ (riz +rt), ..., k12 PPk iz 4 ), e fwt

k., k+1 k=1, k+2

t(roz +r1t), 2k 1 (1 — )27 W1, ez W (12 +12t),

L epprwX N iz + ), 12 iz + Vzl)),
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where ri:=s(s —2) and rp:=r| +2. Write F= (ﬁl, el Fd, Q), then FS" is equivalent
to a polynomial map if and only if there exist ay, az, A, ..., Ag € Cand C € C\{0}
such that

FiAj+ Q= Claiz + aqw + 1) (18)
j=1

The claim is that under the assumption s # O the Eq. (18) has no solution. Comparing
the coefficient of z2r~2 one obtains that a; = 0. Then the coefficient of zr4~! gives
r1 = 0, which cannot be satisfied for 0 # s < 2. This finishes the proof. O

Note that for k = 1 the vector j—sls:oFsl is a nontrivial infinitesimal deformation
of H23 from Example 10, when the parameter k € C used there is taken to be real.
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