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Abstract

We evaluate and analyze the exact value of a measure for local genuine tripartite
entanglement in the one-dimensional cluster-Ising model for spin-% particles.
This model is attractive since cluster states are considered to be relevant sources
for applying quantum algorithms and the model is experimentally feasible.
Whereas bipartite entanglement is identically vanishing, we find that genuine
tripartite entanglement is non zero in the anti-ferromagnetic phase and also in the
cluster phase well before the critical point. We prove that the measure of local
genuine tripartite entanglement captures all the properties of the symmetry-
protected topological quantum phase transition. Remarkably, we find that the
amount of genuine tripartite entanglement is independent of whether the ground
states satisfy or break the symmetries of the Hamiltonian. We provide also
strong evidences that local genuine tripartite entanglement represents the unique
non-vanishing genuine multipartite entanglement.

Keywords: quantum entanglement, scaling phenomena in complex systems,
quantum phase transitions

Quantum many-body systems usually posses a highly entangled ground state that exhibits
collective quantum phenomena. Therefore, the analysis of the entanglement properties of a
ground state becomes an important resource that flanks the standard analysis based on the
Grinzburg—Landau paradigm [1] that is based on spontaneous symmetry breaking and a non-
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vanishing order parameter, e.g., ‘magnetization’ [2]. Although the presence and the importance
of entanglement is recognized in many different physical contexts and physical systems,
entanglement detection and quantification is a highly involved task (for mixed states). Except

for the easiest case, bipartite spin—% systems, no necessary and sufficient general method is

known. The problem becomes much more pronounced for multipartite entanglement which has
been found to play an essential role in many phenomena and may provide a high-capacity
resource for quantum computing. Among multipartite entanglement genuine multipartite
entanglement is the most interesting one since all subsystems truly contribute to the
entanglement. For example, genuine multipartite entanglement is shown to be the necessary
property for protecting a secret shared among many parties against eavesdropping or unfaithful
parties [3].

In this letter we relate two rich phenomena in modern physics, i.e. the genuine multipartite
entanglement and the quantum phase transition between a topological and an anti-ferromagnetic
phase. Previous works have shown that quantum phase transitions can be characterized in terms
of bipartite entanglement [4, 5] or in terms of the von Neumann entropy of bipartite spin—block
entanglement [6-8], or via global geometric entanglement [9] or via analyzing the existence of
values for which the entanglement is completely absent [10]. Recent works [11, 12] have shown
the presence of genuine multipartite entanglement in subsystems of typical condensed matter
systems by computing criteria capable of detecting different types of genuine multipartite
entanglement.

This contribution shows, for the first time, that the exact amount of genuine tripartite
entanglement can be computed exploiting a measure for genuine multipartite entanglement and
that this measure can be used to characterize the quantum phase transition. In particular, our
model exhibits a symmetry-protected topological phase; those phases are known to play a
prominent role e.g. in the quantum Hall effect [13], for superconductivity [14], for the
confinement problem in QCD or in string theory. The condensed matter model that we
investigate has in one limit a pure Ising interaction and in the other limit a cluster state as a
ground state. Cluster states are a special type of multi-qubit state of graph states which are
conjectured to be important resources for quantum algorithms (see, e.g., [15]). This cluster-Ising
model can be simulated, e.g., for cold atoms in a triangular optical lattice [16]. In the
thermodynamic limit the anti-ferromagnetic phase is characterized by a standard staggered local
order parameter whereas in the cluster phase one finds a gapped energy spectrum [17] with
diverging localizable entanglement due to a non-vanishing string order parameter [18]. In
summary, this system is interesting since it can be experimentally put to reality (e.g., via
methods introduced in [19]), it is fully analytically solvable, has a quantum phase transition
from an anti-ferromagnetic phase to a symmetry-protected topological phase [7, 20-22] and
provides a physical platform for quantum computation [23].

We start our analysis by introducing the Hamiltonian and the definition of genuine
multipartite entanglement. We find that the reduced density matrices of three adjacent spins
obtained by ground states preserving all the symmetries of the Hamiltonian of the cluster-Ising
model hold the property that they can be turned always in the X-form [24]. The X-form allows
us to compute analytically the exact amount of the genuine tripartite entanglement [25, 26]
which is in this case identical to the general criteria for detecting different types of multipartite
entanglement introduced in [27]. We then prove that a non-vanishing value of such a measure
of genuine tripartite entanglement characterizes as well the anti-ferromagnetic phase as the
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cluster phase close to the quantum phase transition (except for the factorization point [10]). In
particular, we prove that this measure captures all critical properties known as the universality
property, i.e. the behavior at the critical point is independent of the finite size scaling. In a
second step we extend our analysis to ground states breaking the Z,-symmetry of the
Hamiltonian in the anti-ferromagnetic phase. We find that even in this case the reduced density
matrix posses the same value of genuine tripartite entanglement, i.e. symmetry breaking does
not affect the amount of entanglement showing its generality. Last but not least we consider
different subsets and analyze them according to their genuine multipartite entanglement content.
Our results suggest that the genuine tripartite entanglement between three adjacent spins is the
only source of genuine multipartite entanglement in this model.

To set the stage for our analysis let us introduce the one dimension cluster-Ising model,
that is characterized by the interplay between a three-body cluster like interactions and a two-
body anti-ferromagnetic Ising term

! !
H=(-1+a) Zsix— 18781+ a Z S8 (1)
i=—1 i=—1-1

The number of spins in the chain are N = 2/ + 3 and a is the relative weight between the two
different interactions and may assume any values in the interval [0, 1]. S/ are the standard
spin-1/2 operators acting on the ith site. Note that all the evaluation made for finite size are
done assuming open boundary conditions and N equal to an integer multiple of 3.
Regardless its apparent complexity the cluster-Ising model can be analytically solved
making use of the Jordan—Wigner transformation that brings spin operators in fermionic ones
[28]. With this transformation the spin model is mapped into a bilinear fermionic problem that
can be analytically solved both for a finite size system and in thermodynamic limit (see
appendix). Thanks to the existence of such analytical solutions, the phase diagram of the one
dimensional cluster-Ising model in the thermodynamic limit can be computed [18, 22]. For
a > % the system is in an anti-ferromagnetic phase characterized by a twofold degenerated
ground state with a non vanishing staggered local order parameter along the y axis

my, = (=1)'(;"). On the contrary when a < é the system is in the so called cluster phase with a

four fold degenerate ground state that is characterized by a highly non local string order
parameter.

The first remarkable result concerns the local entanglement properties in the cluster-Ising
chain [22]. For any two spins taken out of the chain the entanglement is zero for all a (e.g.,
computed via Hill-Wootters concurrence [29] which is a necessary and sufficient measure of

entanglement of bipartite spin—% systems). Clearly, the vanishing of any pairwise entanglement

disables the characterizing of the quantum phase transition or the critical properties of the
complex system. This result and the fact that the residual tangle is fixed to its maximum value
for ground states that satisfy the symmetry of the Hamiltonian and in the case of broken
symmetry never drops to zero [22, 30] (except for @ = 1) suggest that genuine multipartite
entanglement plays an important role in the cluster-Ising model.

Let us now define genuine multipartite entanglement. Let us consider a system consisting
ofn spin—% particles. The state of this n spins is called k-separable if and only if it can be written

in the form
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2)

Pk—sep) = Zpi y/(lk - sep)> <5U(lk — sep)

1
with p, > 0 and };p; = 1 and 1¥_sep)) = ly;) ® ly) ® ...ly; ), where k < n and each y,
(i =1,...k) is living on different and non-overlapped subsets of spins. Note that biseparable
states do not need to be separable via a specific partition since one sums up over different
configurations. States which are not biseparable (k = 2) are dubbed genuine multipartite
entangled. There is no closed formula that provides us with the value of the genuine multipartite
entanglement in the general case. However, if density matrices can be turned in the so called X-
matrix form [24]

h <1
I 22

p = Z;lk, Sn/ ’ (3)

*

2 5]

in such a case it is possible to evaluate the genuine multipartite concurrence (Cgpy) [25] that is a
faithful measure of the genuine m-partite tangle (m = 1 + log,n’). In the presence of a density
matrix in X form the Cy, is given by [26]

zi| = D Jsit ¢ )

J#i

Com = 2 maxy 0,

To begin, let us focus our analysis on the genuine tripartite entanglement and let us first
consider the state p3, a state obtained by projecting the thermal ground state that preserves all
the symmetries of the Hamiltonian into the three central spins {—1, 0, 1}. We have

1
pl = S[1-a(elos +ajor) +a ooy — b otiair
+ ba (6050 + 62105 0") + ba? a_zloozalz], 5)
where a = —G (1, a) = (6406y), b = G(-2, a) = — (6,050 ) and G (n, a) are the fermio-

nic correlation functions (see appendix). In the case of a finite size system the fermionic
correlation functions are evaluated numerically using an algorithm that generalizes the approach
of [31]. On the contrary in the thermodynamic limit they are given by [22]

1 ncos(n+2)x—12_—aacos(n—l)xdx ;
G, a)_Z/o A, @) ’ ©
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Figure 1. The genuine tripartite concurrence Cyp, plotted for the three central spins in the
chain as function of the parameter a for different lengths N of the spin chain. The
different curves correspond to: red dotted line N = 21; blue dashed line N = 45; black
dot-dashed line N = 93; green solid line N = oo. The vertical grid line indicates the
critical value @, = 1/3. In the inset we plot the behavior of ay(N), i.e. the value « for
which the measures become nonzero, as a function of the the length of the chain.

where

1

cos (3x)] ) (7

2a )2 e

1l-a -a

A(x,a)=[1+(

Regardless of the value of the fermionic correlation functions, applying the unitary operator

U= e—i%ﬂfl ® e—i%(r&‘ ® e—i%af (8)
turns p3 into the X-form with the additional symmetry that ; = s; withi = 1,..., 4 (corresponding
to the vanishing of (¢/) = 0 Vy = x, y, z). From equation (5) it is straightforward to obtain the
value of the genuine tripartite entanglement as

Cgm=%max{0, (I + @)?(1 + b) — 4}, )

whose behavior as a function of a is plotted both in thermodynamic limit and for finite size
systems in figure 1. Independently, of the number of spins N the behavior of the measure Cgy, is
similar and converges with increasing number fast to a nonzero value in the anti-ferromagnetic
phase (except the factorization point @ = 1). Remarkably, it becomes nonzero already well
before the critical point a, = 1 and also independently of N. In the inset of figure 1 we have
plotted the dependence of the value of @ when it becomes nonzero in dependence of N. For the
thermodynamic limit we obtain a((c0) ~ 0.3064, a value clearly below a. = 1/3. This rising of
the genuine tripartite measure before the quantum phase transition plays the roles of a precursor
of the quantum phase transition.

We can go one step further by considering the derivative d,Com = 0Cqm /0 and exploring
its non-trivial behavior close to the quantum critical point. For the finite size case we find a
maximum before the critical point that converges with increasing number of sizes N to a
maximum at the critical point (see inset of figure 2). Being more precise the maximum value of
0,Com diverges logarithmically with N as
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Figure 2. The universality (i.e., the fact that critical properties depend only on the size
of the system and the broken symmetry in the ordered phase) of the (rescaled) genuine
multipartite entanglement is checked by plotting the finite-size scaling with respect to
Cgm, according to the procedure described in [2]. The different colors represent different
data that goes from 45 to 249 spins. The critical exponent is taken equal to v = 1. In the
inset we plot the behavior of 9,C,y, close to a. for chains of different lengths as function
of a: red dot-dot-dashed line N = 21; blue dashed line N = 45; black dotted line N = 129;
green dot-dashed line N = 249, orange solid line N = oo.

0aCom| = 0.24(1) log N + const, (10)
and in the thermodynamic limit the derivative d,C,y diverges approaching the critical value
a=a,= é

lim 04Cem = 0.240(1)( —log |a& — a|) + const. (11)

N— o0

According to the scaling ansatz [2, 4, 11], whose validity is shown in figure 2, in the case of
logarithmic singularities, the ratio between the two prefactors of the logarithm in equation (10)
and (11) is the exponent v that governs the divergence of the correlation length & ~ la — a.17".
We find v = 1 that is consistent with the characterization obtained from the analysis of the
behavior of the correlation function.

In the cluster phase, regardless the four-fold degeneracy of the ground space, there is no
ground state that breaks the symmetry of the Hamiltonian, in contrast to the anti-ferromagnetic
phase. Let us superpose two ground states that each preserves in the anti-ferromagnetic phase
all the symmetries of the Hamiltonian, then we obtain a maximally symmetry broken ground
state which reduced density matrix of three adjacent spins is given by

/)3B = P3T + %[C (0-}11 -0y + f’ly) —d G—yIGOydly]’ (12)

where ¢ and d are the expectation values of (¢;")p and (6;” ;6,'6;, |) s, respectively. The subscript
B indicates that the average is evaluated on states breaking maximally the symmetry. Since the
additional terms are only proportional to ¢° the X-form can be recovered using the same local
unitary transformation as defined in equation (8). Moreover, as shown in the appendix, ¢ = d
holds and, consequently, the same value of the genuine tripartite measure is obtained. This also
holds for any ground state that breaks the Z, symmetry. Hence, we conclude that Cgy,
differently from what happens for the pairwise entanglement between two spins, e.g., in the XY
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Figure 3. The function I, (optimized over all possible @;,) detecting genuine

multipartite entanglement [27] if greater than zero is plotted as function of a for the
subsets of three spins {—2, 0, 1} (blue dashed lines) and the subsets of four spins
{=2, —1, 0, 1} (red solid lines). The inset shows I, for [ = 4, 5, 6 adjacent spins for
a= . No genuine multipartite entanglement is detected.

model [32], does not depend on the choice of the ground state and, therefore, captures all the
relevant properties of the system.

Let us now investigate the entanglement properties of different subsets. Increasing the
distance between the spins but still preserving the symmetry of the subset, i.e. considering the
subset {—s, 0, s} we find that the reduced density matrices can be brought into the X-form but
the measure vanishes. If we increase the subset, e.g., consider the subset of four spins
{-2, =1, 0, 1} we find that the reduced density matrix can no longer be brought into the X-
form. This is due to the presence of non-vanishing two body correlation function along the x
direction {o;" 5" ).

Therefore, to study the presence of genuine multipartite entanglement we use the approach
introduced in [27]. At the heart of this approach are convex functions of the density matrix p
and permutations operators 7 on subsets f defined on copies of p which are symmetries of a
certain type of multipartite entanglement, ie. [Pp, p®] = 0 => p® = Pyp®2P;. If the
symmetry is satisfied the following convex function is bounded by

I == |(D1|p|D2)| - Z( Hf‘:l <¢1¢2‘P;,jp®2Pﬂ,j‘¢1¢2>);k <0 (13)
{$

for any arbitrary states @; , with dimension of p and j denotes a certain partition in the subset
and k defines the number of partitions one is interested in. The states satisfying the above
inequality for a given partition k are just the k-separable states defined in equation (2), hence,
any positive values detect states that are not k-separable. In figure 3 we plotted, for each a the
maximum value over all possible choices of @;,. No genuine multipartite entanglement is
detected for any value of a, moreover, the value is rather far away from the bound zero. In the
inset of figure 3 we plotted the value of I, at the critical point for four to six adjacent spins. We
observe only a very small increase of the value. These results strongly suggest that there is no
other type of genuine multipartite entanglement present than the genuine tripartite one of three
adjacent spins. This fact, together with the absence of bipartite entanglement between a couple
of spins regardless the distance and the Hamiltonian parameter « is completely unexpected. It
seems to suggest that the ground state is organized in trimers, or, in other words, it suggests the
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presence of a sub-leading order similar to and even stronger than the one discovered in the XY
model below the factorization point [33].

Summarizing, in the present letter we have provided the first evaluation of the genuine
multipartite entanglement for the plethora of ground states of a condensed matter system for
which bipartite entanglement is zero. We have determined analytically the amount of genuine
tripartite entanglement for a subset consisting of three spins for finite size systems and in the
thermodynamic limit. We find for any size of the system that local genuine tripartite
entanglement is nonzero before the critical point a = %, 1.e. genuine tripartite entanglement acts
as a precursor of the quantum phase transition. Moreover, we have proven that the non-trivial
behavior of the genuine tripartite entanglement measure characterizes the critical and scaling
properties of the quantum phase transition fully. The existence of these non-trivial quantum
correlations at any size around the critical point and the independence on the chosen ground
states is very different to other condensed matter systems, e.g. the XY model. We have further
provided strong evidence that the genuine tripartite entanglement is the only manifestation of
genuine multipartite entanglement in this particular condensed matter system.

In future, it would be desirable to extend such analysis to other condensed matter systems
and to try to connect the presence of genuine multipartite entanglement both with the behavior
of the entanglement spectrum [33] and with scaling properties of the quantum frustration [34].
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Appendix

In this section we describe how the Hamiltonian is diagonalized, subsequently how one obtains
the fermionic correlation functions and from them the spin correlations functions that are
analyzed in the main manuscript.

A.1. Diagonalization of the Hamiltonian

Despite the presence of three-body interactions the Hamiltonian (1) can be mapped into a
delocalized fermionic form via a generalization of the approach described in [31]. To obtain this
map we introduce the Jordan—Wigner transformation [28] that connects the spin operators to the
fermionic operator via

j—1 j=1
cjz( '_g?_IZSiZ)Sj_, ch=( ® 2S,-Z)Sj+, (A.1)
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where S* = S + iS;”. Applying this transformation to the Hamiltonian (1) we obtain

!
2 (CiT— 161+ ¢l e + hee. )

i=—1
I

+ % z (c;(ciTJr L+ ¢fciyr + hc. ) (A.2)
i=—I—1

l-a
8

H =

This Hamiltonian corresponds to a so-called free fermion case in which non-interacting
fermions can jump between nearest and next to nearest neighbours of the chain via open
boundary conditions, i.e. N = 2 [ 4+ 3. This Hamiltonian can be brought in a diagonal form

H= Z/Ik 77;77,( + const. (A.3)
k

using the following linear transformation

I+1
i Gri + Wi, Dri = Vi

Mk = ¢ + Ci
i=—l-1 2 2
I+1 (p 4+ i ¢ o )
k,i ll/k,l k,i l//k,l
= > ¢ + S Ci (A.4)

i=—[-1

where both vectors ¢ and y; are a set of N vectors with N components that are solutions of the
coupled equations

Ay = ¢ (A + B)
Ze= wi(A = B). (A.5)
Here the matrix A (symmetric) and B (anti-symmetric) are, respectively,

0O 2 y 0 00 O O O O
20 0 20 y 00 O O O O
y 22 0 2 y 0 0 0 O O

A=— . (A.6)

8 o
0O 0 0 O 0y 20 0 2a vy
0O 0 0 0 00 y 20 0 2a
0O 0 0 0 00O O y 20 O
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and

-}
o
-}
o
-}
-}

0 2a 'y O
—2a 0 2a vy
-y =20 0 2a

X O
o O
oS O
o O
o O
o O

B=— o (A7)
0 0 0O 0 0 —y —2a O 2y
0 0O 0 0 0 0 -y =2 0 2
0 0O 0 0 0 O 0O —-—y —2a O

and y = 1 — a. Either y; or ¢, can be eliminated from the equations (A.5) resulting in
Mwe= w(A+B)A - B)
Ad= & (A -B)A +B). (A.8)

For 4; # 0 we can choose one of these two equations that gives us one set of vectors and with
the help of the equations (A.5) one obtains the second set of vectors. For 1, = 0 one obtains y;
and ¢, from the equations (A.5).

A.2. Fermionic correlation functions

The set of vectors y; and ¢; plays an important role for the evaluation of the fermionic
correlations functions. To see that let us introduce two new fermionic operators

vi=c¢ + ¢ U, = ¢ — ¢ (A.9)

The advantage of using this set of operators, y; and v;, with respect to the set of operators c¢; and

c,-T comes from the fact that, taking into account the equation (A.4), we obtain particular

simplifications computing the expectation values of the product of two operators, in particular

<'“i'uk> - Z¢l,i¢l,j = Ok
!
(i) = - Z‘lfl,illfz,j = —0ik
]
<”"'”k> =~ <'“i”k> == Zwl,i¢l,j = Gjj(a). (A.10)
1

In the finite size case the G;;(a) depends on the choice of the site i and j and, therefore, also the
spin correlation functions depend on the position of the spins in the chain. However, if we
evaluate the correlation functions between three central spins of a chain with an odd N, the
mirror symmetry plays the role of the invariance under spatial translation, imposing that

<S£‘150/’> = <S1“Soﬁ> Va,f=x 9,2 (A.11)

On the contrary, in the thermodynamic limit the invariance under spatial translation is
restored by the fact that the end of the chain is infinitely far away. In this case, imposing the
invariance under spatial translation, we can solve equation (A.5) considering that each

10
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component of ¢, and y; vectors obeys to the following rule

/

Tl izt Tt izeu (A.12)

= ——¢ ; =
¢k,l \/N Wk,l \/N

With a long but straightforward evaluation we obtain the fermionic correlation functions in the
thermodynamic limit given in equations (6) and (7), respectively.

A.3. Spin correlation functions

Having introduced a method to evaluate the fermionic correlation functions we can compute the
spin correlation functions from which we obtain any reduced density matrix. We can divide the
spin correlation functions in two families. The first consists of correlation functions from
operators that do not break the symmetry of the Hamiltonian. In this case transforming the spin
operators into the fermionic operators y; and v; one always obtains an operator constructed via
an equal number of y; and v;. Applying the Wick’s theorem we then obtain the expression of the
correlation functions in terms of the G (n, ). Let us also point out that the dependence of the
spin correlation functions on the fermionic correlation functions are independent of the model.
A list of these spin correlation functions given in terms of fermionic correlation functions can be
founded in [12].

The situation is much more involved in the case the symmetry of the Hamiltonian is
broken. In this second case, if we try to apply the same strategy as described above, we
immediately observe that the elements due to parity immediately vanish. In fact, re-writing the
operators in terms of y; and v;, we obtain an expression with different numbers of fermionic
operators, each one referring to distinct sites, and, in agreement with equation (A.10), this
implies that the correlation function must be zero. This result holds for all ground states that
preserve the symmetry of the Hamiltonian, however, in the thermodynamic limit and in the anti-
ferromagnetic phase one has also ground states that break the Z, symmetry of the Hamiltonian.
For these ground states some of these correlation functions are expected to be different
from zero.

To evaluate these correlation functions we adopt the approach of Barouch and McCoy
[35]. Given an operator Oy, defined on a set of spins {k} that does not commute with the parity
operator along the Z axis one can define the correlation function (O )p via

<0{k} >B = rlirilod <0{k} O{k}+r> . (A.13)

For analyzing the entanglement properties of three adjacent spins one has to compute all
the one, two and three body correlation functions that do not commute with the parity operators
along the Z axis. All the correlation functions of this type are vanishing in the limit of r — oo
except (0, )p and (o> 16767 1)5. In figure A1 we have reported, for some values of «, the values
of (6;)p and (o;” |0;07,. ). We observe that the further we are away from the quantum critical
point the faster is the convergence of the correlation functions to the asymptotic values.
Moreover, for all a we observe that (6;")p = (6,",6/'0;},)p for large enough r (we have tested
this relation for more that 1000 different values of @ > a.). The fact that this equality holds
imposes that the genuine tripartite entanglement between three adjacent spins does not depend
on the particular ground state selected as emphasized in the main body of the manuscript.
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squares) for different distances r and for different values of « in the anti-ferromagnetic
phase.
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