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Abstract We consider the heat flow of corotational harmonic maps from R to the three-
sphere and prove the nonlinear asymptotic stability of a particular self-similar shrinker that is
not known in closed form. Our method provides a novel, systematic, robust, and constructive
approach to the stability analysis of self-similar blowup in parabolic evolution equations. In
particular, we completely avoid using delicate Lyapunov functionals, monotonicity formulas,
indirect arguments, or fragile parabolic structure like the maximum principle. As a matter
of fact, our approach reduces the nonlinear stability analysis of self-similar shrinkers to the
spectral analysis of the associated self-adjoint linearized operators.
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1 Introduction

Let (M, g) and (N, k) be Riemannian manifolds with metrics g and h, respectively. A map
U : M — N is called harmonic if it is a critical point of the functional

S(U) :=/ g ;U Uhyp 0 U,
M

where we employ Einstein’s summation convention throughout. Note that S(U) is a natural
generalization of the Dirichlet energy. The Euler-Lagrange equations associated to S are

ApU“ — g/ T8 (U)d; U UC = 0,
where '}, are the Christoffel symbols on the target manifold N and

Ay = %tgaj ( detggjkak)
is the Laplace—Beltrami operator on M. The study of harmonic maps is a classical subject
in geometric analysis, see e.g. [18,19,26-28,34-37,39]. The basic mathematical questions
concern the existence and, ideally, the classification of harmonic maps. A standard tool in this
respect is the associated heat flow, i.e., one considers a one-parameter family {U; : t > 0} of
maps from M to N that evolve according to the heat equation

QUL = ApU® — gk T8 (U)d,; Ul U .

The idea then is to take an arbitrary map Uy : M — N as initial data at + = 0 and due
to the regularizing effects of the heat flow, the solution U, is expected to converge to an
equilibrium as r — oo. In other words, the heat flow is supposed to deform arbitrary maps
into harmonic ones. Indeed, this strategy works well under certain curvature assumptions as
is demonstrated in the classical paper [27]. In the general case, however, the flow tends to
form singularities (or “blow up”) in finite time [1,2,7,8,10,20,21,25,30-33,43,44]. This is
a severe obstruction which can only be overcome if one is able to continue the flow past the
singularity in a well-defined manner. Such a construction is a challenging endeavor which
presupposes a detailed understanding of possible blowup scenarios. Naturally, one is mainly
interested in blowup behavior that is stable under small perturbations of the initial data.

In this paper we are interested in singularity formation in the heat flow of harmonic maps
U :S? — S?. Asit turns out, the blowup is a local phenomenon and the curvature of the base
manifold is irrelevant for the asymptotic behavior near the singularity. Consequently, we may
equally well consider maps U : RY — S, cf. [21,38]. Furthermore, we restrict ourselves
to the case d = 3 and assume corotational symmetry. That is to say, we choose standard
spherical coordinates (r, 6, ¢) on R3, hyperspherical coordinates on S?, and make the ansatz
U(r,0,¢9) = (u(r), 8, ¢) for the map U : R3 — S3. Under this symmetry reduction, the
Euler-Lagrange equations associated to the functional S reduce to a single nonlinear ordinary
differential equation for # which reads

_ sin(2L24(r)) _o,
r

" 2 I
u' (ry+ —u'(r) r>0.
r

In order to obtain the associated heat flow, we introduce an artificial time dependence and
consider the Cauchy problem for the equation

sin(2u(r, t))
— =

2
oru(r,t) — Brzu(r, t) — —0,u(r,t) + 0. (1.1)
r
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Our main result shows the existence of a stable self-similar blowup scenario for Eq. (1.1).
For the precise formulation we introduce the following function space.

Definition 1.1 Let

Y := {h € C2°([0, 00)) : h®(0) = 0 for all k € Ny}
and set

Wlly == 1117 R - Dl sy + 11700 Dilses)-
The Banach space Y is defined as the completion of Y with respectto || - ||y.

Theorem 1.2 There exists an fy € C*([0, 00)) N'Y with fo > 0 on (0, 00) such that, for
any To > O and t € [0, Tp),

r
uy (r, 1) == —

0= ( =)
is a solution to Eq. (1.1). Furthermore, there exist §, M, wy > 0 such that the following
holds. For any h € Y satisfying ||h|y < %, there exists a Ty, € [Ty — %, Ty + %] such that
Eq. (1.1) with initial data u(r, 0) = u’}o (r, 0) + h(r) has a unique solution uj, that blows up
at t = Ty, and converges to u’}h in the sense that

lun(, 1) —ug, ¢ Olly

< 8(Ty, — )™
g oty = odn

for all t € [0, Ty). In particular, the class {u*}o . To > 0} of self-similar solutions is
nonlinearly asymptotically stable under small perturbations of the initial data.

Some remarks are in order.

e The map U : R? — S has values on the sphere and thus, there is no blowup in L.
However, the self-similar solution u’;o blows up in Y. Indeed, a simple scaling argument
shows

_3
lluy G Olly = (To — 1)~ 3

fort € [0, Tp).

e The blowup profile fy is constructed in the companion paper [3] by a novel computer-
assisted (but rigorous) method. It is not known in closed form. Furthermore, fy is not
the only self-similar profile. In fact, there exist infinitely many self-similar solutions to
Eq. (1.1), see [20]. To the knowledge of the authors, Theorem 1.2 is the first result on
stable blowup with a nonunique blowup profile that is not known explicitly.

e The norm || - ||y might look odd at first glance since it is based on homogeneous Sobolev
spaces on R whereas Eq. (1.1) is posed on R3. However, if one sets u(r, 1) = rv(r, t),
Eq. (1.1) transforms into a radial heat equation on R> for the function v. In addition,
this transformation regularizes the nonlinearity at the center, see below. In this sense, the
effective dimension of the problem is 5 and it is natural to work with radial functions on
R3.

e In the formulation of Theorem 1.2 we do not specify the precise solution concept we are
using. We will study Eq. (1.1) in similarity coordinates by semigroup theory which yields
a canonical notion of strong solution (which is actually called “mild solution” in semi-
group theory). Since Eq. (1.1) is parabolic, smoothing effects will kick in immediately
and turn strong solutions into classical ones.
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-
VTy—t
Since Eq. (1.1) is not time-reversible, there is another, independent class of self-similar
solutions, so-called expanders, which take the form f( ti To)' The latter have also
attracted considerable interest, in particular in connection with the question of unique

continuation beyond blowup [2,22,23], but they play no role in the present paper.

e For obvious reasons, self-similar solutions of the form f( ) are called shrinkers.

1.1 Related results

The analysis of harmonic maps is a vast subject that is impossible to review in this paper.
We restrict ourselves to a brief discussion of recent blowup results that are directly related
to our work and refer the reader to the monographs and survey articles [18,19,26,28,35,39]
for the general background.

As already indicated, self-similar solutions for the corotational heat flow of harmonic
maps U : R? — S? ford € {3,4, 5, 6} are constructed in [20,21]. Expanding self-similar
solutions are studied in [23]. For d > 7, there are no self-similar shrinkers [5] and the
blowup is of a more complicated nature [1,4]. The case d = 2 is of special interest since it
is energy-critical and blowup takes place via shrinking of a soliton [32,33,44]. The unique
continuation beyond blowup is investigated in [2,22]. Needless to say, there are similar results
for closely related problems like the Yang—Mills heat flow or the nonlinear heat equation,
see the discussion in [17] for a brief overview. Of particular interest in this context is the
recent paper [9] which also considers self-similar blowup for a nonlinear heat equation with
a blowup profile that is not known in closed form. In contrast to our result, however, the
blowup studied in [9] is highly unstable and the necessary spectral properties can be obtained
by a perturbative argument.

1.2 Outline of the proof

The proof of Theorem 1.2 proceeds by a perturbative construction around the blowup solution
u’}o. We would like to emphasize that this is a robust approach that uses no structure other
than the spectral stability of the self-similar profile fy which is established in [3]. As a
consequence, our method provides a universal framework for studying self-similar blowup
in general parabolic evolution equations. We briefly outline the main steps.

e We consider Eq. (1.1) with initial data u(r, 0) = u’}o (r,0) 4+ h(r). By time translation

invariance we may assume 7p = 1 and we introduce similarity coordinates s = — log(7T —
t)+logT,y = \/ﬁ which go back to [24]. Here, T > 0 is a free parameter which

will be adjusted later. Then we rescale the dependent variable u in a suitable manner to
obtain the evolution equation

asw—a%w—fayw+§aya;—y%w+%w+““;7§@ =0,

where % = W(y, s), withinitial data w(y, 0) = fo(~/Ty)/y+h(~/Ty)/y. This equation
has the static solution w(y,s) = fo(y)/y. To study its stability, we make the ansatz
w(y,s) = fo(y)/y + w(y, s) which leads to an evolution equation of the form

{ dw(-, s) = Lw(-, 8) + N(w(-,s))
w(y,0) = foWTY)/y — fo)/y + h(NTy)/y

for the perturbation w. The linear operator L is given by

£=a§+§ay—§ay—%—vo(y)

(1.2)
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2“’5(2{% and V' denotes the nonlinear remainder. In the

with the potential Vp(y) =
spirit of standard local well-posedness theory we now try to solve Eq. (1.2) by treating the
nonlinear terms perturbatively. Consequently, we first have to understand the linearized
equation that arises from (1.2) by dropping the nonlinear terms.

e The operator £, interpreted as an operator acting on radial functions on R>, has a self-
adjoint extension £ on L(ZT (RS) with the weight o (x) = eI I/ 4. Here we encounter
the fundamental problem in studying self-similar blowup for parabolic equations: In
order to apply self-adjoint spectral theory, it seems necessary to study the evolution in
Sobolev spaces with exponentially decaying weights. This, however, is impossible since
one cannot control nonlinear terms in such spaces.

There are (at least) two ways around this issue. First, one can study the evolution in
unweighted Sobolev spaces and rely on nonself-adjoint spectral theory. This approach
was chosen in [17] for the study of the Yang—Mills heat flow. In this paper we follow
a different strategy which is based on the simple observation that in a certain sense the
problem splits into a self-adjoint part on a compact domain, where the exponentially
decaying weight is irrelevant, and a nonself-adjoint part on an unbounded domain which,
however, is easy since the potential term is negligible there. We remark that this is not a
new discovery but a well-known phenomenon in parabolic problems, see e.g. [6,9,29,40].
Somewhat paradoxically, we can therefore study the linearized evolution on unweighted
spaces by using self-adjoint spectral theory in a weighted space.

More precisely, we consider the semigroup ¢*~ on L2 (R%) generated by the self-adjoint
operator £. From [3] we know that £ has precisely one nonnegative eigenvalue A = 1
with eigenfunction 1. As usual, this instability is related to the freedom in choosing the
parameter 7 in the similarity coordinates. From self-adjoint spectral theory we obtain
the weighted decay estimate

sL —C0)s
1€ fllz S eI flliz

for some constant ¢y > 0, provided f L ;. Similar bounds hold for higher Sobolev
spaces with weights. As a matter of fact, also on unweighted homogeneous Sobolev
spaces of sufficiently high degree we have decay, but a priori only for the free operator
Lo = L — Vp. Indeed, an integration by parts shows

(ALofIAf) 2 < —51f117

on the unweighted L?. Similar bounds hold for higher derivatives. Consequently, by
combining the unweighted bounds, the weighted decay, and the smallness of Vy(y) for
large y, we derive the unweighted decay

e fllx S e (I fllx,  f Ly

for some wo > 0, where X = H2(R%) N H*(RY).

e From now on we follow the argument introduced in our earlier works [11-16] on self-
similar blowup for wave-type equations. We first show that the nonlinearity is locally
Lipschitz on X. This is not hard but requires at least some work due to the removable
singularity of the nonlinearity at the center. Then we employ Duhamel’s principle to
rewrite Eq. (1.2) as

b(s) = &EUMN,T) + / eSVEN (p(s)))ds (1.3)
0
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where ¢ (s)(y) = w(y, s) and U (h, T) is an abbreviation for the initial data. In general,
Eq. (1.3) does not have a global solution due to the unstable eigenvalue 1 € o (£). We
deal with this issue by employing the Lyapunov—Perron method. That is to say, we first
suppress the instability by subtracting a correction term and instead of Eq. (1.3), we
consider the modified equation

d(s) = “UM, T) + / ' eSTEN(p(s"))ds” — e C(p, U, T)) (1.4)
0

with
C(p,Uh,T)) =PU,T) —l—/ e_s/PJ\/'(qS(s’))ds/.
0

Here, P is the orthogonal projection on the unstable subspace (¥1). By a fixed point
argument we show that for any small 4 and T close to 1, Eq. (1.4) has a global (in s)
solution ¢, 7 that decays like the stable linear flow, i.e., ||y, 7(s)|| < e~“05. In the final
step we prove that for any small /, there exists a T, close to 1 which makes the correction
term vanish. In other words, ¢, 7, is a solution to the original equation (1.3).

2 Preliminary transformations

The basic evolution equation is

sinRu(r, t)) _

2
du(r, 1) — ur, 1) — =du(r, 1) + . 0 2.1
r r

where r > 0. For any Tp > 0, we have the self-similar solution

(. 1) =fo<\/%>

with fp constructed in [3]. Our goal is to study the evolution of small initial perturbations of
u’}o. By time translation invariance, we may restrict ourselves to 7o = 1. Consequently, we
consider the Cauchy problem

{ du(r, 1) — 2u(r, 1) — 20.u(r, 1) + 2220 = 0 2.2)

u(r,0) = ui(r,0) + h(r) = fo(r) +h(r)

where / is a free function. In order to regularize the nonlinearity, it is useful to change
variables according to u(r, t) = rv(r, t). This yields

{ v (r, 1) — 2v(r 1) — 20,0(r. 1) — Zo(r 1) + LD —
v(r, 0) = fo(r)/r + h(r)/r.

Accordingly, we write u’}o (r,t) = rv’;0 (r, t) for the self-similar solution. Now we switch to

similarity coordinates s = —log(T —t) +logT,y = \/% and define the new dependent

(2.3)

variable w by
w(y,s) = NTe™ 5%y (ﬁye_s/z, T — e_s)> ,

or, equivalently,

1 r
v(r,t) = w ,—log(T —t)+1logT |.
(1) = e («/ﬁ o(T —1) g)
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Here, T > 0 is a free parameter that will be needed to account for the time translation
invariance of the problem which introduces an artificial instability. Eq. (2.3) transforms into

A (y, 8) = O3 (y, $) = 0By, ) + 5D (y,8) = FB(y. s) + 5b(y, 5) + WL — 0
B(y,0) = foWTY) [y +h(NTy)/y.
2.4)
Observe that the only trace of the parameter T is in the initial data. Furthermore, by con-
struction,

wr(y,s):= ﬁe‘s/zlﬁ (ﬁye‘s/z, T( — e_s)) = iu’} (ﬁye_s/z, T( — e_‘y))
= fo(»)/y

is a static solution to Eq. (2.4). By making the ansatz w(y, s) = fo(y)/y + w(y, s), we
rewrite Eq. (2.4) as

{ dsw(y. s) = Lw(y. s) + N(w(y. s)) 25)
w(,0) = foWTy)/y = fo)/y +h(NTy)/y '
with the linear operator £ defined by

« 4 y 1 2cos2fo(y)) —2

and the nonlinearity

N 1
N(w(y,s)) = S [sin(2 fo(y) + 2yw(y, 5)) — sin(2fo(y)) — 2y cos2fo(y)w(y, 5)].
2.7)

3 The linearized evolution

In this section we study the linearized equation, i.e., we drop the nonlinearity in Eq. (2.5)
and focus on
asw(y,s) = Lw(y,s). 3.

Furthermore, we do not specify the initial data explicitly because their specific form is
irrelevant for the linear theory.

Note that the operator £ contains the 5-dimensional radial Laplacian and for the rest of
this paper we actually find it convenient to switch to 5-dimensional notation. To this end, we
define the operator

Af() = 3xVf@) + 5 f(x)

acting on functions f : R> — R. In the following, the variable x is used to denote an element
of R?. In this spirit we define the potential Vg : R — R by

_ 2cos(2fo(lx])) =2
|x|?

Vo(x) ==
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B~y [31, fois odd! and thus, Vy € C®(RY), see [45]. Now we define a differential operator
L by

Lf:=Af—Af+Vof

where throughout, A denotes the Laplacian on R. Then we have

< . 1 - -
Lfx) = f”(IXI)Jrﬁf(I I)—%f’(lﬂ)—Ef(IXI)JrVo(X)f(IXI)

for all radial functions f : R — R with f(x) = f (Jx|). Consequently, the linearized
equation (3.1) can be written as

3 (s) = Lo (s) 3.2)

where ¢ (s)(x) = w(|x|, s). Formally, the solution of Eq. (3.2) is given by ¢ (s) = es£¢ 0).
In the following, we make this rigorous.

3.1 Basic semigroup theory

As usual, for Q c R? open and w : 2 — [0, c0) a weight function, we write

(18 r2@) = /Q Fgw)dx,  1fl2 @) = /(12 @

and denote by L2 (£2) the completion of C2°(£2) with respect to || - || L2(9)-
We promote £ to an unbounded linear operator on the Hilbert space

={f € LE(R%) : f radial}
with o (x) = e~P1*/4, by specifying the domain D(£) := {f € C2(R%) : f radial).

Proposition 3.1 The operator £ : D(L) € H — H is essentially self-adjoint and the
spectrum of its closure L satisfies o (L) N [0, 00) = {1}. The spectral point 1 is a simple
eigenvalue and L generates a strongly continuous one-parameter semigroup ¢’ on H. The
Sfunction Y1 (x) = f6(|x|)/||f0’(| . |)||L,2,(R5) is an eigenfunction of L with eigenvalue 1.
Moreover, there exists a constant co > 0 such that

L P
lle* fllrzms) <e s IfIlz2 sy

forall f € H satisfying (fh/f])Lg(Rs) =0andalls > 0.

Proof Via f + |S*|712f(| - |) : L2(0,00) — H with the weight p(y) = yre A Fis
unitarily equivalent to the Sturm-Liouville operator

_ d 1 2cos(2fo(y) —2 »
T = 4775[Mwaﬂ 0= =W
with domain D(T) := {f € C2°([0, 00)) : f#¥(0) = 0 for all k € Ny}. The equation
1 d
—_—— =0 3.3
S POF 0] = (3.3)

1 By this we mean that f{) can be extended to all of R as a smooth, odd function. In other words, fO(Zk) 0) =0
for all k € Ny.

@ Springer



Stable self-similar blowup in the supercritical heat flow... Page 9 of 31 171

has the explicit solution

. y y
Si(y) =/ p(s)"ds =/ s~4es /Ads,
1 1

For y € (0, 1] we have
1 1
_ e B )
|f1(y)|=fy s4et “dsz/y sTHs =1y -1
and thus, fi ¢ L2(0, 1). Similarly, for y > 1,
f Y =5 54 50,04 _ 1/4
fl(y):2/ 505" s > 2y 73X/t — Y
1

which implies fi ¢ L% (1, 00). By the Weyl alternative, the Sturm—Liouville operator defined
by (3.3) is in the limit-point case at both endpoints and the Kato—Rellich theorem implies
that 7 (and hence £) is essentially self-adjoint, see e.g. [42].

In fact, by f +— [S*7V2F(-D/] -] L2(0,00) — H with j(y) = y2e Y4 L is
unitarily equivalent to the operator —.A4 studied in [3]. Consequently, from [3] we obtain
o (£)N[0, co) = {1} with 1 asimple eigenvalue. The corresponding normalized eigenfunction
is given by Y1 (x) = fo(IxD/Il fo(l - DIl 2 ws)» see [3]. Since 0 ¢ o' (L), we obtain —cp :=
supo (£) \ {1} < 0 and the self-adjointness of £ implies the bound

(LF1N 2 @s) < —coll F17; sy (3.4)

for all f € D(L) with (f|yr1) L2(RS) = 0. From this, the stated bound on the semigroup L
follows. O

3.2 Estimates in local Sobolev norms

We upgrade the L2 bound on e** to a local H* bound. In the following we use

Ifllee) = ILF N2 @s) + 1f 12 ®s)

for f € D(L) to denote the graph norm of L. Furthermore, the letter C (possibly with
subscripts to indicate dependencies) denotes a positive constant that might change its value
at each occurrence and co > 0 is the constant from Proposition 3.1. Finally, for R > 0 we
set

B} :={x e R : |x| < R}.
Lemma3.2 Let f €e D(L)and R > 1. Then V f, Af € Lz(Bi) and we have the bound
IAf I 2@s, + 1V A1l 2ws) < Crllf o
forall R > 1 and all f € D(L).
Proof Let f € C®° (R%) and R > 1. An integration by parts yields
LAN @) < =NV 172 @)+ CIAIT @s)

and we infer
IV All2@s) = CrRIV 2@y = CrIf G- (3.5
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Now let f € D(L). Since C° (R3) is a core for £, there exists a sequence (f,) C C° (RY)
such that f, — f in the graph norm || - ||g(z). Consequently, Eq. (3.5) shows that (9, f5)
is Cauchy in LZ(IB%) forany j € {1,2,...,5}. Weset g; :=1lim; o0 d; fn € Lz(B%). By
dominated convergence we infer

f gjp = lim Sajfn(pz—nli)ﬂgoés fnaj(/’:—/];%s foje
R R R

n—oo

forany ¢ € C OO(B ). Consequently, d; f = g; in the weak sense and this shows V f €
L?(B%) with the bound (3.5).
Let f € CX (R3). Then we have

I F N2y, = (A = AF + VofIAf = Af + Vo) 12s3,
= 1Af 172y + 2AF1 = AF +Vof) gy + I = A+ Vof 152 s
which yields the bound
IAF 2y S LA gy + 1AL 2y + 1Yo N2,
< CrlfllGee) + CrIV fll 283,
= Crllfllcw)
by Eq. (3.5). Consequently, a density argument as above finishes the proof. O

In order to control the full Sobolev norm

1 ey = D 19 fll e,

la|<k

for k = 2, we need two technical results which are completely elementary since we restrict
ourselves to radial functions. First, we have a trace lemma.

Lemma 3.3 Let R > 1. Then we have the bound
”Vf”LOO({)IB%) = CR||Af”L2(B%)
for all radial f € C*(B3).

Proof By assumption, there exists a function f € C2([0, R]) such that f(x) = f(|x|). The
fundamental theorem of calculus yields

([

10 f ()| =

Lot o] rar

- R 5 1/2
IR“f/(R)I:‘ /0 o1 f' () lar ) = CrIIAf 253,

and thus,

2P D] = CRIAL N2 ag
forall x € 9B} and j € {1,2,...,5}. o

Next, by an extension argument and Fourier analysis, we easily get control on mixed
derivatives. Here and in the following, F is the Fourier transform

(FHE) = / e 5 f(x)dx.
R5
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Lemma 3.4 Let R > 1. Then we have the bound
||8Jakf||L2(Bi) < Cg (”AfHLZ(B;) + “foLZ(Bi) + ”f“LZ(Bi))
for all radial | € Cz(ﬁ) andall j, ke {l,2,...,5}.

Proof Let f € C2([0, R]) such that f(x) = f(|x|). We define an extension :S‘Nf of fby

) for r € [0, R]

ern= { f@R=1)=2f'(R)YR—r) for r e (R.2R)

Then we have
lim £f(r) = f(R)
r—>R+
lim Ef)(r)= lim [— fQR—r) +2f (R)] = f(R)
r—R+ r—R+
lim Ef)(r)= lim f"QR—r)= f"(R)
r—R+ r—R+

and thus, c‘ff € Cz([O, 2R)). Furthermore,

R

3R R
/2 1€ F(r)>ridr = [ IEFQR —r)*QR — r)*dr < cRﬁ IEFQR = r)ridr
R 3R 3R

R ~ ~
< Cr f P+ Cal F (RO,

2

Analogously, we obtain
- PENDN 2,30y < CrIL- TN 21 g py + CrIF (R (3.6)
for any k € {0, 1, 2}.

Now let x : R — [0, 1] be a smooth cut-off that satisfies x (x) = 1 for |x| < 1 and

x(x) =0 for |x| > % and set

Ef(x) = x(EF(IxD.

Then £f € C2(R) with supp(Ef) C IB%%R and £f = f on B}. From Eq. (3.6) and
2

Lemma 3.3 we obtain the bound
188 Fluaqus) 2 IAE (s + 1AL liogay s
= Cr (IAf 1l 2gag) + IV F 2qsg) + 1/ 122 (a3)
Consequently, the estimate
180k fll 283 < 18;0k€ fllL2ms) < I - PFE s = 1AE fll2es)
finishes the proof. O

Now we can control the linear evolution on the Sobolev space H 2(153%).

@ Springer



171 Page 12 of 31 P. Biernat et al.

Corollary 3.5 Let f € D(L) and R > 1. Then ¢’ f € HZ(IB%)for all s > 0 and we have
the bound

1€ fll (s < Cre™ 1 f ey

foralls > 0andall f € D(L) satisfying (f|1/f1)Lg(R5) =0.

Proof By Lemma 3.4 it suffices to control Ve'£ f and Ae'F f. Since D(L) is invariant
under ¢**, Lemma 3.2 implies Ve'X f, Ae’C f e LZ(IB%%). Consequently, from Lemma 3.2
and Proposition 3.1 we infer

1A il 2gmg) + 196 Fllaasy < Cr (1L iz + 1€ Flli2 e )
= Cr (1L iz s + 1€ f 3

< Cre" | fllge)

since

LfWD2ws) = (FILYD2@s) = (YD 2 @s) =0.

Next, we improve the above by two derivatives.

Lemma 3.6 Let f € D(L%) and R > 1. Then VAf, A2f € L? (IB%%) and we have the
bound

1A% f N2, + IVAF Il 255 < CrlL oo
forall R > 1and all f € D(L?).
Proof Let f € C¥ (R) and R > 1. From Lemma 3.2 we have the bound
||V£f||1‘2(]3%) = CR||f||G(,52)~

Expanding the square yields

2 _ 2
”VEfHU(IB»}) = V(A -A+ VO)f“Lz(BSR)
— 2 _
= IVASI}a(as) + 2AVAFIVA +V0) ) 2(es,
+ IV A+ V) f I s
and thus,
IVAFI L2 (3 < IVLFll 2 @s) + 1l g2ms) < CrIfllgc2)
by Lemmas 3.2 and 3.4.
For A2 f we expand || AL f ||i2 ) and use Lemma 3.2 together with the bound on VA f
R
to obtain

1A% 2y S NALFI gs) + VAL gs) + CrRIFIG ) < CRI g c2)-
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Corollary 3.7 Let f € D(L?) and R > 1. Then e’ f < H4(B%)f0r all s > 0 and we have
the bound

||€S£f||H4(IB§,) < CRechSHf”G(L‘Z)

foralls > 0andall f € D(L?) satisfying (f|1//1)Lg(R5) =0.

Proof Tt suffices to note that D(£?) is invariant under ¢°“ so that Lemma 3.6 can be applied
to ¢°~ f. Proposition 3.1 and Lemma 3.4 then yields the statement. O

3.3 Estimates in unweighted global Sobolev norms

Next, we prove bounds in H2(R%) and H*(R?). The intersection H2(R%) N H*(RY) will
be our main space where we study the evolution. First, we have to ensure that unweighted
Sobolev spaces are invariant under e*~.

Lemma 3.8 Letk € Noand f € H¥(R3). Then we have esﬁf € Hk(]RS)for all s > 0and
&L is a strongly continuous semigroup on H* (R?).

Proof We denote by Lo = L — Vp + % the principal part of £. The operator Lo : D(L) C
Lg (R%) — L(ZI (R) is self-adjoint and it generates the semigroup ¢* Lo, As a matter of fact,
%0 can be given explicitly and we have

[e*50 f1(x) = (K, % f)(e™/x)
where
Ko(x) = [ma(s)] 5 2e F e g(s) =41 — ™).

This is easily verified by an explicit computation. Since K; € L'(R’) for any s > 0,
dominated convergence and Young’s inequality immediately imply the invariance of H¥ (R)
under ¢*40. By rescaling we infer

S0 (x) — fx) = [ra(s)] 3 f e WPIEO] (75 x — ¥y = f(x)]dx’
]RS

=73 /]RS [f(e_s/zx — a(s)%x’) — f(x)]e_lx/lzdx’
and Minkowski’s inequality yields
le* 20 f — fll2@s) S /Rs | fe™2¢) - a(s)?x') — f”Lz(RS)e_l)C/PdX/'
Since scaling and translation are continuous operations on L2(RR%), we infer
1) = )2 = £ 2ggs, = O
as s — 04 for any fixed x’ € R>. Consequently, by dominated convergence, we obtain

e “0f — fll2@s) = 0

as s — 0+4. The same argument yields [|e*£0 f — Sllgrgsy = 0as s — 0+. We conclude
that %20 is strongly continuous on H¥(R>). Evidently, the map f ~— Vo f is bounded
on H¥(R3) and thus, by the bounded perturbation theorem, e*“ is a strongly continuous
semigroup on H*(RY). O
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Lemma 3.9 Let f € D(L)N H%(R%). Then eLfe HZ(RS)for all s > 0 and there exists
a constant ¢ > 0 such that

I e S = (I lowe) + 1 e
foralls = 0 and all f € D(L) N H*(RY) satisfying (f1¥1) 12 @s) = 0.

Proof Let f € C° (R3) and note the commutator relation [A, A]f = Af which yields
ALF =A*f — AAf + A(Vof) = A’ f — AAf — Af + A(Vo f).

Consequently, with (—AAf|Af) p2gsy = %H Af||i2(R5) we obtain

(ALFIAS) 2 @s) = = IVASIIZgs,
— (AAFIAD) 2@y = IAF 1725, + (AMVONIAS) 2es)
<= IVAfIZ2@s) = $1AF F2@s) + AVONIA ) pp@sy: BT

Now we claim the estimate
AVONIAS 2@s)| < CRIFIG ) + 12 I AF 172 gs) (3.8)

forall R > 1. To prove this, we note that A(Vy f) = AVo f +2V WV f + Vo Af and estimate
each of these terms individually. Clearly,

1 1 1
((VoAFIA) 2gs)] S V012 AL IZ2zs) = I1VOIZ AF 72 sy + IIVolZ AF 172 s s
< Crllf Gy + 721 A 132 s,
where we have used Lemma 3.2 and the decay |Vp(x)| < (x)~2. Next,
2 1
((VVOV FIAS) 2@s)| S IIVVOISV flIZa sy + 11V VOIS Af 172 g5

Thanks to the decay |V Vy(x)| < (x)73, the last term can be estimated as before. For the first
term we use the decay of VVp, Lemma 3.2, and Hardy’s inequality to estimate
NV Vol 3V £llaes) S )72V Flliags) = 19 Fll2qsy + 11 172V Fll2esss,)
< Crllfllace) + I 17V Fll2@sas,
< Crllflow + S 17"V £ll 23
< Crllflow) + RIASf I 2@s)-

In view of the decay |[AVy(x)| < (x)™4, the term (A VofIAf)2rs)y can be estimated anal-
ogously. This proves Eq. (3.8).
Having Eq. (3.8) at our disposal, we obtain from Eq. (3.7) the bound
ALFIAN sy = (=4 + &) 1AF12ags) + Crll o) (3.9)
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By approximation, Eq. (3.9) extends to all f € D(L) satisfying £Lf, f € H*(R>). From
Lemma 3.8 we know that Le*Z f, e*L f € H2(RY) and Eq. (3.9) yields

3SIAEE FlI72gs) = BsAe™ FIACE ) 1a@s) = (AL FlASE f) s
(=4 + ) 18 122 g5 + CrRIECE I )

1 S 2 —2cps 2
—g 18 fl172 s, + Cre >N f G )

IA

IA

by choosing R > 1 sufficiently large. From now on R is fixed and hence, Cg = C. Upon
setting ¢] = %min{co, %} > 0, we infer

318 flITa s, < —2e118™ fII72 sy + Ce™* N flig .
and this inequality may be rewritten as
Lo, [ 18 12 g, | = CIFIey:
Consequently, integration yields the bound
1A S flI7ams, S (s)e™ W (||f||2c<m + ||f||22(R5))
—2cy 2 2
S e (I Wiy + 1/ Pys)) -

By a density argument, this bound holds for all f € D(£) N HA(R). O

It is now straightforward to upgrade to H*.

Lemma 3.10 Ler f € D(£2) N H2(R5) N H*(R). Then e~ f € H*(RY) forall s > 0 and
there exists a constant ¢1 > 0 such that

1 Pl S € (1 lgeen + 1 s, + 1 s es))
foralls > 0andall f € D(L%) N H2(RY) N H*(R?) satisfying (le)Lg(RS) =0.

Proof Let f € C(R?). By applying the commutator relation [A, A]f = Af twice, we
obtain the estimate

(A’LFIA F)pamsy < —3IA% FlIFags, + (A2 (Vo P)IA ) aes),

cf. Eq. (3.7). Consequently, it suffices to follow the logic in the proof of Lemma 3.9 and
apply Lemma 3.6. O

3.4 Control of the linearized flow

Finally, we arrive at the main result on the linearized flow. First, we define the main Sobolev
space we will be working with and prove an elementary embedding result.

Definition 3.11 The Banach space X is defined as the completion of all radial functions in
cx (R3) with respect to the norm

11l = 1l sy sy = IAF Il 2s) + 1A2F 12 ws).
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Lemma 3.12 Let s € [0, %). Then we have the bound
NVEfll o msy S M FIIx

forall f e C(RY).

Proof We readily estimate

|||V|Sf||L00(R5) < - |s~7'—f||L1(]R5) ~ |- |S-7:f||L1(1535) + ] - |S.7:f||L1(R5\Bs)
S 12 le@s) - PFFllas) + - 17 1 a@oes - 1HF Fll2gs)
5 ||f||1-'12(R5) + ||f||H4(R5)'

Now we can prove the following simple but useful embedding theorem.
Lemma 3.13 We have the continuous embeddings
HE (R — X < CI(R%) n W (RY)
where H} (R%) = {f € H*(RY) : f radial).

Proof Let [ € Hfad (R5). Then there exists a sequence (fp)neny C C° (R3) of radial func-
tions such that f, — f with respect to || - || g4 (rs). This implies that (f,)en is Cauchy with

respect to || - || x and thus, there exists a limiting element f € X such that f, — fin X. We
defineamap : Hr‘;d (R%) — X by setting ((f) := f . Obviously, ¢ is linear. We claim that ¢ is
injective. Indeed, if ¢ (f) = 0, there exists a sequence (f,)neny C C° (RY) that converges to
fin Hj (R) and to 0 in X. By Lemma 3.12 we see that limy, _, o || fy | Lo (s, = O. In partic-
ular, f, — 0in L%(R%). On the other hand, f, — f in H} (R>) implies f, — f in L*(R%)
and the uniqueness of weak limits shows that f = 0. Clearly, we have ||«(f)|lx < || fl HA[RS)
and thus, ¢ : Hr‘;d(RS) — X is a continuous embedding.

The second assertion is proved similarly. Indeed, given f € X we find a sequence
(fu)nen C CSO(RS) such that f,, — f in X. By Lemma 3.12, (f,)nen is Cauchy in
W12 (R3) and therefore converges to a limiting function f e CI(RY) N W (RY). Using
this, we define an inclusion map ¢ : X — CHR>) N WL(R?) by setting ((f) = f
It remains to show that ¢ is injective. If ¢(f) = 0, it follows that there exists a sequence
(fa)nen C CX° (RY) that converges to f in X and to 0 in L®(R?). Consequently,

’/Rs Afnp

for any ¢ € C° (R3) and thus, Af, — 0 in L>(R’). Analogously, we obtain A% f, — 0 in
L2(RY). By the uniqueness of weak limits we therefore have lim,,, || f;||lx = 0 and this
shows f = 0. O

= ’/RS an§0’ S Il peo@sy = 0

Theorem 3.14 The Sobolev space X is invariant under ¢’“ and there exists a constant
wo > 0 such that

L —
e fllx < e I flx

foralls > 0andall f € X satisfying (le)Lg ®s) = 0.
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Proof By Lemma3.13, DLHNH*(R?) < X. Since the former space is invariant under L,
see Lemma 3.8, it follows that ¢’£ feXforalls >0andall f € C (RS ). Consequently,
in view of Lemmas 3.9 and 3.10, and a density argument, it suffices to prove the bound

1l S IfIx

forall f € C* (R3). Thanks to the strong decay of the weight o (x) = e ¥/ 4, we immedi-
ately obtain

Iz S M- 172Fllz@sy + 117V Fll sy + 1A 23
+ 11T VAL 2 @s) + 1A f Il 2 gs)
<Iflx

by Hardy’s inequality. O

4 The nonlinear evolution

Now we turn to the full nonlinear problem Eq. (2.5). As before with the linear operator,
we switch to 5-dimensional notation and define the nonlinearity A/, acting on functions
f:R> - R, by

1
N(Hx) = P [sin(2 fo(lx[) + 2[x[ f (x)) — sin(2 fo(|x])) — 2[x] cos(2 fo(Ix ) f (x)] .

With this convention, Eq. (2.5) can be written as

{8x¢(s) = L$(s) +N(p(s)) @.1)
¢ ) =U,T) '
where

Uh, TY(x) := foWTIxD)/Ix] = follx/Ix] +h(VTx])/lx]

and ¢ : [0, 00) — X.

So far, this is purely formal. In what follows we first prove basic embedding theorems
and then some Moser-type inequalities. These will allow us to show that the nonlinearity is
locally Lipschitz on X. Next, we study mapping properties of the “initial data operator”
and finally, we implement an infinite-dimensional version of the Lyapunov—Perron method
to prove global existence for Eq. (4.1).

4.1 Further properties of the space X

Corollary 4.1 (Algebra property) We have the bound

Ifglx < N flxlglx

forall f, g € X. As a consequence, X is a Banach algebra.

Proof This is a straightforward consequence of the Leibniz rule, the Gagliardo—Nirenberg
inequality (see e.g. [41]), and Lemma 3.12. O

Next, we prove weighted L bounds outside of balls. As opposed to Lemma 3.12 and
Corollary 4.1, the restriction to radial functions is crucial here.
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Lemma 4.2 We have the bounds
3
112 fll o msvmsy S 1L ws)
1
I 12 Flsosvas) S 12 es)
for all radial f € CSO(RS).

Proof Let f € C®° (R5) be radial and write fx) = f (]x|). The fundamental theorem of
calculus yields

for)y=- f h fl(s)ds = — / g2 F(s)s%ds

and thus, by Cauchy—Schwarz,

[ T

B 5 00 1/2 ; B
L= 1P 2 1.00) ( / s*“ds) S P 2y ST 2IV Ll 2 sy
r

for all » > 1. This implies the first assertion.
For the second statement we proceed similarly and use

for) = / - / ” fde = / ” / oor‘zf”(r)rzdr

to obtain the bound

. 5 - 00 00 . 1/2 ) -
[f)I=<l-1 f”IILz(l,oo)f (/ r dt) ds o201 17 121,00

r s

for all » > 1. Now note that
Flxh = 59, f(x)

and thus, by Hardy’s inequality, we infer

Loz -1
IO SIAflz@sy + 1T Vs S 1AfIl2ws)
for all » > 1, which is the desired result. m]

4.2 Nonlinear estimates

For § > 0 we set
Xs:={feX:Iflx =<é}

The goal of this section is to prove that the nonlinearity A is locally Lipschitz on X. The
key results in this respect are the following Moser-type inequalities. First, we focus on large
radii where we need to assume a decay property.

Proposition 4.3 Let ® € C*(R x R>) and suppose
10% D (v, x)| < (x)7!
forall (v, x) € R xR\ B and all multi-indices o € Ng with || < 4. For f : R — R set

M) 1= F)2D (x| f(x), x).
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Then we have the bound

IM(f) = M@ esizsne@sss S (F1x + 1gl0lf — gllx
forall f,g e X1 N CSO(RS).
Proof Let f,g e X1 N CL‘.’O(RS) and set Z(f)(x) := ®(Jx|f(x), x). Then we have

M(f) = M(g) = fPZ(f) — &°Z(g) = (f* — gHI(f) + &*[Z(f) — Z(g)]

and

1
Z(HH(x) —Z(g)(x) = /o 9@ (Ixlg(x) + tlx|(f (x) — g(x)), x)dr

1
=[f(x) _g(x)]|x|f0 D (lx|g(x) +11x](f (x) — g(x)), x)dr
= [f(x) — g(xX)IT(f, &)(x).

Consequently, it suffices to prove
||ghI(f)||H2(Q)mH4(Q) 5 llglxallx, ||g2h~7(fv g)”]ﬁ(gm[-ﬂ(g) 5 ||g||%(||h||x

for all radial f, g, h € X; N C°(R), where Q := R \ B.
We start with the estimate for Z( f). By the chain rule,
IVIHI S IV +1
(NAZ(H)| S IAF|+ |VFI* + |VF| + 1
(VIVAZ(f)| S IVAF| + |AF||IVF| + |AF| + |[VF]? + [VF? + |[VF| + 1
(NA’Z(f)| S |APF| 4 |[VAF||VF| 4+ [VAF| +|AF)? + |AF||VF)?
+ |AF||VF| +|AF| 4 |[VF[* + |[VF]? + |VF|> + |VF| + 1,

where F(x) = |x|f(x). The strategy is to use Lemma 4.2 to absorb the growing weight in
F. We consider |ghAZ(f) | 12(q) and estimate

1) ghAF 120y S IIghAf 2@ + Il 17 80V fll 2y + Il - 17 28hf |l 20
S lglxllxl flx
1) ghIVF Pl 2y S M- 18RIV £ Pl 2y + I 17 8hf N 2
S |%g||L°O(Q)||h||L°°(Q)||| : |%vf||L°°(SZ) 117"V fll2 )
+ - Bl - 12hle@l flee@ll - 172 F 2w
< lglxlnlxl f1%
1) gV Fll 2y S IRV fll2y + I+ 17 ghf Il L2

1 1 - -
S 12 gllze@ll - 2Rl (I 17V £l +I - 172 Fll2e)
S gllx lx 1f 1l x

by Lemma 4.2 and Hardy’s inequality. This yields | A[ghZ(f)]ll12(q) < lglxlhlx.
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Next, we estimate ||gh AZ(f) l2(q)- The easy terms are

1T A2 Fll2 S Y M- 1V Fllzq) S I FIIx

»
w ||MJ>
(=)

3
1Y 'VAFVF 20y S DI 1725V £V Fllpagy + Y I 13 VE 12
=0 k=0

=~

3
3 —
1139 fllz@ + 1 @) 300 1V Fl )
k=0

S

/~

S
3
1) T VAF 20y S Y17V Fllag) S 11N
k=0
as well as
1) TAFIVF ) 20
S-PAFIVEPl2@ + 1 IV F P2 + 1AV 2

I 1AL A N 2y H IV EF 2 + 1117 P2
3 _ _
SV flle (A2 + 1117V fllz2y + 11 172 fll2)
1 _ _
012 Fll ooy (IAF 2@y + 117"V Fllzzegy + 11172 Fllz2eey)
SIFI%
and
2 2
1) AFVFll 2 S D M-I HVE Y Fllagy + DI 172VE f Il
k=0 k=0
s 2
S (1 12V F @ + 1 @) 3001724V fl 2
k=0
2
SIfI%
IO TIVE 2 S PIVE 2@ + I 17 2@
3 _ 1 _
S 2V FReo@l - 17V Fllz + 1112 Flieo@lll - 172 f 2
4
SIfI%
Analogously, we estimate
IO TIVEP 2@ S PIVAP 2@ + 117 2
< 3V F2 -ly + L2 -2
S 12V F @l 1TV Fll2y + 11 12 £ 1@l - 172 f 2
S IfI%-

It remains to control the most delicate term, | A F|2. For this one we use Hardy and Lemma 4.2
to obtain
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1) ghIAF Pl 2y S M- I8RIAF PN 20y + - 17 RV £ P 2y - 12802 1 2
1 1
S 12glizee@lll - 121 L)
2 —1 2 -2 22
x (AP lz2y + - 1Y F P 2y + 1177 F 1 2)
S lglhxnlix 1%

The above estimates easily imply ||A2[ghI(f)]||L2(Q) < ligllxlIk|lx. Putting everything

~

together, we arrive at the desired [|ghZ(f)ll g2 q)npt@ < lgllxIIklx. The bound on
J(f, g) is proved in the exact same way. O

The next bound controls the nonlinearity near the center. Here the issue is to handle powers
of | - |~ that arise by differentiation.

Lemma 4.4 Let ® € C*(R) and suppose @' (0) = 0. For f : R> — R set
M) = FEPD(x]f(x)
Then we have
IMF) = M@ 2@syne@sy S (Flx + lglollf — gllx
forall f, g € X1 NCPMR).
Proof As in the proof of Proposition 4.3, we write Z( f)(x) = ®(|x| f (x)) and Z(f)—Z(g) =
(f —8J(f, g) with

J(f, 8)x) = |x| /01 ' (Ixlg(x) + 1x|(f (x) — g(x)))dt
and it suffices to show
IZO N g2 @synms@sy + 11T s O 2@ @s) S 1
forall f,ge X NCX (R3). We begin with the bound on Z( f). By the chain rule we infer

IZ(HI ST
IVZ(f)| S 19 o FIIVF|
|AZ(f)| S |® o FI|AF|+ |VF|?
IVAZ(f)| < |® o F||[VAF| + |AF||VF| + |[VF]?
IA2Z(f)] < |® o F||A2F|+ |[VAF||VF|+ |AF|> + |AF||VF|> + |VF|*

on the ball B, where F(x) := |x| f (x) and we have used the fact that || F | L (BY) < 1 which
follows from Lemma 3.12. We consider [|AZ(f) |l 2(gs) and estimate

||(q>/ o F)AF”LZ(]BS) 5 ||Af||L2(]BS) + ||Vf||L2(]BS) + ||| . |71f||L2(BS)
S AN 2@sy + 117V Fll sy + 1172 12
SIflx
VP 2@s) S MVFP N 2@s) + 122 ms)
SV @yl 17V Fllz@sy + 1 @l 172 Fll 23
Sk
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by Lemma 3.12 and Hardy’s inequality. This yields the desired |AZ(f)Il2ms) < 1-
Next, we estimate | A2Z( f) Il 22(B3)- The most delicate term is |®’ o F||AZF| where we

absorb one singular factor | - |~! by exploiting the assumption ®'(0) = 0. More precisely,
4
(D 0 F)A?Fll 2s) S NIl 17" 0 Fllpooqsy Y I 1724V £l 2 as)
k=0
S II%

by Hardy’s inequality, the bound
[(@" 0 F)(x)| = | (Ix| f D] S IxILf (),

which follows from ®’(0) = 0, and Lemma 3.12. Furthermore, by Gagliardo—Nirenberg (see
e.g. [41], p. 8, Proposition 3.1),

HAFPll2@s) S NXAF) [ 2s) S IVXVE)V (XY F)ll 25y + (VX V)| 2
S IV ) ags) + 1OV XV [l 2 s
S IXVFlo@s) 1AV Pl 2@s) + 1V XV F I o s,

2
Sl

where x : R3 — [0, 1] is a smooth cut-off satisfying x (x) = 1 for |x| < land x(x) =0
for |x| > 2. The remaining terms are readily estimated as

IVAFVF|2@s) S IVF | o @) IVAF | 2@s) S I£1I%
IAFIVFPI 2@y S IVFIG s IAF I 2@s) S I I%

This shows || A2Z(f) Il 2ms) < 1. The proof of the bound on 7 (f, g) is identical. ]
In fact, we need a slightly more general form of Lemma 4.4.
Corollary 4.5 Let ® € C*(R?) and suppose 31 ®(0, 0) = 9,®(0, 0) = 0. Set

M(F)(x) = F)> (x| f(x), [x|go(x))

where ¢p € CX° (RY) is a fixed function. Then we have
IMF) = M@ asyne sy < (LFIlx + 1810ILF = gllx
forall f € X; NCPRY).
Proof This is a straightforward generalization of Lemma 4.4. O
We are now in a position to prove that the nonlinearity NV is locally Lipschitz on X.
Lemma 4.6 We have the bound

INC) =N@@IS Aflx + lglollf = gllix
forall f, g € X1.
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Proof By a density argument it suffices to consider f,g € X; N CX(RY). Recall that
N(f)(x) = N(f(x), |x]) with

1
N(u,y) = —W [sin(2 fo(y) + 2yu) — sin(2 fo(y)) — 2y cos(2 fo(y))u] .
Note that

2
0N (u,y) = 2 [cos2 fo(y) + 2yu) — cos(2 fo(y))]

4
N, y) = 5 sin(2 fo(y) + 2yu)

N, y) = 8cos2fo(y) + 2yu).

Evidently, N(0, y) = 91 N(0, y) = 0 and the fundamental theorem of calculus yields

1

1 1 1
N(u,y) =/ , N(tiu, y)dy = M/ NN (tu, y)dy = Mz/ fl/ OIN (n2t1u, y)diodr
0 0 o Jo

4142 1 1
_ / " / Sin(2fo(y) + 2611 yu)diadty
y 0 0
1 1 1
_ g2 o) / f / / cos(213 fo(y) + 231211 yu)drzdradry
y 0 0 JO
1 1 1
+ 8u3/ t12/ t2/ cos(213 fo(y) + 2tatrty yu)dzdrrdey .
0 0 0
We define @1, ®; : RZ2 — Rand ®; : R x R — R by
1 1 1
D (v, vg) = 8/ I3t / / cos(2t3vg + 21312t v)dt3drrdry
0 0 JO
B 1 1 1
D (v, vg) = 8/ 112/ tzf cos(2t3vg + 21312t v)dr3drrdr
0 0 0

Oy (v, x) 1= i /l 1 /1 sin(2 fo(|x]) + 2211 v)drrdty
lx| Jo 0
and set
Mi()(x) = fx)* P (x| f(x), [x|go(x))
Mi(H)(x) = fx)? D1 (x| f(x), [x|go(x))
Ma(f)(x) = f(x)?Do(|x| f (x), x)

where @o(x) := x (x) fo(|x])/|x| with x : R5 — [0, 1] the usual smooth cut-off satisfying
x(x) = 1for|x| < 1and x(x) =0 for |x| > 2. By [3], fo is odd and thus, ¢g € CSO(RS).
This yields the representations

N(f)(x) = @o(x) M f(x) + fOMi(f)(x)
for |[x] <1 and

N(Hx) = Ma(f)(x)

for |x| > % Evidently, we have

31 ®1(0,0) = 3,@1(0,0) = 3;P1(0,0) = »P(0,0) =0
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and
199 D2 (v, x)| < Cqfx)™!

for all (v, x) € R x R> \ B> and all multi-indices o € Ng. As a consequence, Corollary 4.5

and Proposition 4.3 apply to M, M, and M, respectively, and Corollary 4.1 yields the
claim. O

4.3 The initial data operator

Now we consider the initial data operator
Uh, T)(x) = foVTIx)/Ix| = fo(x])/Ix| + h(VTx])/lx].
Recall that
Y = {h € C>([0, 00)) : h®¥)(0) = 0 for all k € Ny}
and Y was defined as the completion of ¥ with respect to the norm
IRlly = 1I1- 17" (- Dllx.

First, we need to make sure that 2/ (h, T') has values in X. The following more general result
will be helpful in this respect.

Lemma 4.7 Let f € C®(RY) and assume the bounds
IVEFl S eyt
forall x € R andk € {0,1,2,3,4}. Then f € X.

Proof Let x : R3 — [0, 1] be the usual smooth cut-off satisfying x (x) = 1 for |x| < 1 and
x(x) = 0for |x| > 2. Forn € N we set x,(x) := x(x/n). Then x, f € CfO(RS) for any
neNand x,f — f=0o0n IB,Sl. Thus, thanks to the decay | f(x)] < (x)~1,

1Xa f = fllzowsy < Mxnf = fllipee@s) + Mxnf = fllpoo@s\s) S I 1z ms\Bg)

Sn”!

and we see that x,, f — f in L(R>). Now let m < n and note that x,, f — xm f = 0 on the
ball Bfn. Furthermore,
||X"f||H2(R5\IB,§l) = ||AXn.f||L2(R5\]B§n) + ||VXan||L2(R5\B§n) + ||XnAf”L2(]R5\]BI5n)

S Al 2esms) + 1 172Vl zsyssy + 1117 Xl 2esiss )

m

<m3
and similarly for || x, f | F4(RS\B3 )- In summary, we find

e

_1
Ixm f — xnfllx Sm Z+n

for all n, m € N and thus, (x, f)nen is Cauchy in X. This shows f € X, cf. Lemma 3.13. 0

Corollary 4.8 The function x — fo(|lx|)/|x] : RS — R belongs to X.
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Proof By [3], fo : [0, 00) — R is smooth, odd, and satisfies the bounds |f0(k) | < yk
forally > 1 and k € {0, 1, 2, 3, 4}. Consequently, the function x — fo(|x])/|x] : R> - R
verifies the hypotheses of Lemma 4.7. O

Lemma 4.9 The map U : Y X [%, %] — X is well-defined and continuous. Furthermore,
we have the bound

lLdh, Dlix < Ihlly +1T —1]
forall (h,T) €Y x [5, 3].
Proof Corollary 4.8 and the very definition of ¥ show that ¢/ has values in X. Hence, U/ is
well-defined. For brevity we set 1 := [, 3], go(x) := fo(Ix|)/|x|, and H (x) := h(|x[)/|x].
Since ||h|ly = ||H| x, we have to show that the maps T +— wo(ﬁ(-)) ] - X and
(H,T) — H(/T()): X x I — X are continuous. The fundamental theorem of calculus
yields

1
00(v/Tix) — 9o(y/Tax) = /o 090 (x/?zx +1t (\/?1 - \/?2) x) dr

(VI VB [ w%g0 (Vw41 (VT —T5) )
= (VTI = Vo) 1,1, 0.

Obviously, ¥7;.7, € C®(R) and [V¥yr, 7,(x)] < (x)7' % forall x € R’ and k €
{0, 1,2, 3, 4}. Consequently, ¥7; 7, € X by Lemma 4.7 and we infer

[T =T | < |V = V| Iy mlx S VT V|

forall Ty, T, € 1.
Now 1~et € > 0 and choose H;, H» €X such that |Hy — Hz||x < €/100. Furthermore,
choose H; € CZ?O(RS) such that || Hy — Hi||x < €/100. Then we have

| M) - W) < |mGTio) - T
o LIGO R AN AON
= | WTie) - e+ 5

and

|7 - mWBe)| | < [mETio) - BT
+ | AWT) - WO
+ | W) - WO

NN

for all T, T, € I again by the fundamental theorem of calculus. Consequently, we may
choose |77 — T»| so small that

| MTiO) — BT <

=5+Ce
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This proves the continuity of /. Finally, from the above it is obvious that

e, lix < Ihlly + VT =11 S hlly +1T = 11,

4.4 Global existence for the modified equation

Now we turn to the solution of Eq. (4.1). As an intermediate step we consider the Cauchy
problem
{ dsp(s) = Lo (s) + N(@(s))
¢0)=f

for given small f € X. We employ Duhamel’s principle to obtain the weak formulation

4.2)

Ps) =L f + /0 CTEN(P(s"))ds. (4.3)

As a matter of fact, this equation does not have global solutions for arbitrary f due to the
unstable subspace of the semigroup ¢*“. Thus, we modify Eq. (4.3) by adding a correction
term that stabilizes the evolution. In order to obtain this term, we formally project the evolution
to the unstable subspace. That is to say, we define the projection operator P : H — H by

Pr = (FIV0 2 @s -

Note that by [3], ¥ (x) = f6(|x|)/||f6(| . |)||L% @5y satisfies the assumptions of Lemma 4.7
and thus, P has values in X. Furthermore, by Lemma 3.12, P|y is a bounded projection
on X. Applying P to Eq. (4.3) and using the fact that Pe*Z f = ¢*P f, we obtain (at least
formally)

Pp(s) =e*Pf + e / ' e_S/PN'(¢(s/))ds’.
0

This suggests to subtract the term e*C(®, f), where

o0

C@, f)=Pf+ / e~ PN ($(s))ds'.
0
In order to put this on a sound functional analytic footing, we introduce the Banach space
X :={¢ € C([0,00), X) : [[$llx < o0}
with the norm

@llx = sup e[l (s)llx,

s>0

where wg > 0 is the constant from Theorem 3.14. Furthermore, for § > 0, we set

Xy :={peX:lolx =35}

Now we define £ : X x X — X by

K@, )(s) = & f + /0 SEN (G (s))ds — ¢ C(@, f)

and show that KC(-, f) is a contraction on Xj, provided f € X is sufficiently small.
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Lemma 4.10 There exists a constant ¢ > 0 such that K(¢, f) € Xs for all ¢ € X5 and all
f € Xsyc, provided § > 0 is sufficiently small.

Proof By definition, we have

PR, f)(s) = —e* / e PN (p(s)))ds’

and thus, by Lemma 4.6,

o0
IPK@, fH$)lx < e / e NP (HIZds” S e208 g5 S 8e 2,
N

Similarly,
(1 =P)K(g, /)(s) = “(1=P)f + /0 T IE( - PN (BN’
and thus,
I =P)K@, H®)x S e N fllx + /0 o) (s |3 ds

K
’
5 ge—wos + ”¢”3(e—wos/ e~ 08" 4y’
0
g ge—wos + 826—(4)0:

by Theorem 3.14 and Lemma 4.6. In summary, this yields [|K(¢, f)lx < g + 8% and by

choosing ¢ > 0 large enough and § > 0 small enough, we obtain ||K(¢, f)||x <. O

Lemma 4.11 Let § > 0 be sufficiently small. Then we have the bound

1K@, )= K@, PHllx < 3l —vlx
Jorall g,y € Xsandall f € X.

Proof We have

PK@, £)(s) = PKW, f)(s) = —€' / N e PN (9(s) — Ny (s")]ds’
and Lemma 4.6 yields
IPK@, £)(s) = PEW, H$)llx S 8>l — ¥l|x,
cf. the proof of Lemma 4.10. Similarly,
(1 =P)K@, f)(s) — (1 = PIKW, f)s) = /0 TetIE() - PN (@ (s")) = N (¥ (s")]ds’

and thus,

11 =P)K@, f)(s) = A =P)KW, H($)lx < e Nl — Yl

In summary, we infer

IK(, ) = K@, Hllx S8l —vllx

and by choosing § > 0 sufficiently small, we arrive at the claim. O
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Based on the above, it is now easy to construct a global solution to the modified equation

b(s) = “UM,T) + fs STEN (9 (s")ds' — e5C(p, U, T)). (4.4)
0

Corollary 4.12 Let M > 0 be sufficiently large and § > 0 sufficiently small. Then, for every
h €Y and every T > 0 satisfying

ally +1T =11 < 3.
there exists a unique ¢y 7 € Xs such that
onr = K(p,r, U, T)).
In particular, ¢y, 1 is a solution to Eq. (4.4). Furthermore, the solution map (h, T) — ¢n.1

s continuous.

Proof By Lemma 4.9, we can achieve

lUh, T)Ix <@

- C

for any given ¢ > 0 by choosing M sufficiently large. Thus, the existence and uniqueness of
¢n,7 1s a consequence of Lemmas 4.10 and 4.11, and the contraction mapping principle.
For the continuity of the solution map we note that

Pn,, 10 = Pny, 1ol = 1K (@py 1y, UL, T1)) — K@y, 15, U2, T2)) [ x
< I1K(Pn,, 1y, Uht, T1)) — KDy, 15 Uht, T1)) | x
+ 1K (@ny, 1, U1, T1)) — K(@ny, 15, U2, T2)) | x
< 3l¢n.1 = dm.1llx + ClUG, T1) = Uha, To)1x
by Lemma 4.11 since
1@, 13 U1, T(S) = Ky 75, UCh2, T)(5) 1 x
= lle"* (1 = P)[U(h1, T1) — Ulh2, T)]llx
S e U, T —Uhy, )l x
by Theorem 3.14. Consequently, Lemma 4.9 finishes the proof. O
Corollary 4.12 provides us with a solution to the modified Eq. (4.4). Thus, in order to
obtain a (mild) solution to Eq. (4.1), we have to get rid of the correction term C(¢, U (h, T)).
So far, h and T can be chosen freely, subject to the smallness conditions in Corollary 4.12.

In the last step of the construction we now show that for any small 4 € Y there exists in fact
a T, > 0 such that C(¢y,1,, U(h, T)) = 0.

Lemma 4.13 Let M > 0 be sufficiently large and § > 0 sufficiently small. Then, for every
h € Y satisfying ||h|y < S there exists a Tp €1 — %, 1+ %] such that

W;
C(¢n1,,UCh, Ty)) = 0.

Proof For brevity we set Iy s = [1 — %, 1+ %]. The map C has values in (1) and thus,
it suffices to consider the real-valued function F}, : Ips 5 — R given by

Fh(T) = (C(¢h,Tau(ha T))IW])[%(RS)'
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By Corollary 4.12, F}, is continuous. Furthermore, by noting that

Jo («/TIXI)

| = 20D = 210 Dz yr(o)
T=1

we obtain by a Taylor expansion the representation

Uh, TY(x) = 3(T = DIl fo(l - Dll 2. @s)¥1 () + (T = D? fr(x) + AT |x])/ x|

where T +— fr : Iy s — X is continuous and || fr||x < 1 forall T € Iy s. This yields
Fi(T) = (C(@n1 U, TH]V1) 1 s,

= (PZ/{(h, T)|¢I)L§(Rs) +A E_S/(PN(¢]1,T(S,))|W])L[zT(R5)dS/
= 3(T = DI ol - Dll2@s) + Oz T + 08T,

Consequently, by setting I:"h(T) =2 fo(| - )Fh(T), we infer

—1
DI us

Fy(T) =T =1+ 03T + 0(8°T°)

and Fh (T) = 0isequivalentto T — 1 = G(T) for a continuous function G : I s — R that

satisfies

IG(T)] < CL> +C8°

for all T € Iy 5. By choosing M > 0 sufficiently large and § > O sufficiently small,
can achieve |G(T)| < % forall T € Iy s and thus, 1 4 G is a continuous self-map of the

interval Iy s which necessarily has a fixed point 7), € I 5.

4.5 Proof of Theorem 1.2

we

m}

Without loss of generality we set 7o = 1. Lemma 4.13 yields a strong solution wy (y, s) =

én,1,(5)(ver) of Eq. (2.5) with T = Tj, and

lwa(l -1, )llx < de™ .

By construction, see Sect. 2,

r r r
up(r,t) .= fo(\/Th—t>+\/Th—twh (m,—log(Th—t)—i-logTh)

is a solution of Eq. (1.1) with initial data u;,(r, 0) = u7(0, r) 4+ h(r). By scaling, we infer

_1 [ -]
lun(.t) —uwy, CoOlly = (T — 1)~ 2 |wp (7 —log(Ty, — 1) + log Th)
T VT —t X
5
S (T =07 lwp (|- |, —log(Ty — 1) + log Tp) |l x

S 8T, —n it

for all + € [0, T},). Furthermore, from Corollary 4.8 it follows that fj belongs to Y and the

blowup speed of u’}h inYis
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- -1 )
u* .,[ — . 1 <7
llu7, ¢ Olly HI I~ fo =)l
_1 _ _3 _
=T =07 17 fol - Dlgesy + T = D717 foll - DIl gages)
~ Ty -1
Consequently, the statement of Theorem 1.2 follows by choosing M sufficiently large.
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