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1 Introduction and Preliminaries

Let H be a real Hilbert space with inner product (-, -) and associated norm || - ||. Let f :
H — R = R U {200} be a proper, convex, and lower semicontinuous function, and 4 :
H — R and g : H — R be convex and differentiable functions with Lipschitz continuous
gradients with positive Lipschitz constants Lj, and L, respectively. We consider the bilevel
optimization problem

min  f(x) + h(x) ()

xeargmin g
and assume that the set
S :=argmin{ f(x) + h(x) : x € argmin g}

is nonempty. We also assume without loss of generality that min g = 0.

The work of Attouch and Czarnecki [5] has represented the starting point of a series
of articles approaching the minimization of a smooth or (sometimes) a complexly struc-
tured nonsmooth objective function subject to the set of minimzers of another function,
from either a discrete perspective through iterative numerical algorithms or a continuous
one through dynamical systems (see [4-8, 11, 17-19, 24-27, 30, 37, 39]). The function
determining the feasible set is evaluated in both settings in the spirit of penalty methods
and contributes to the convergence of the generated sequences, in the discrete setting, and
to the asymptotic convergence of the generated trajectories, in the continuous setting, to an
optimal solution of the underlying bilevel optimization problem. We emphasize in particu-
lar the proximal-gradient algorithm with penalty term which has been introduced in [8] and
for which weak ergodic convergence has been proved.

In this paper, we consider this algorithm in the context of solving problem (1) and we
enhance it with inertial and memory effects. Our aim is to provide suitable choices for the
step sizes and the penalization parameters, such that the generated iterates weakly converge
to an optimal solution of the problem (1), while the objective function values converge to
its optimal objective value. Algorithms of inertial type follow by time discretization of dif-
ferential inclusions of second-order type (see [1, 3]) and have been first investigated in the
context of the minimization of a differentiable function by Polyak in [40] and Bertsekas
in [14]. In the last two decades, intensive research efforts dedicated to algorithms of iner-
tial type and to their convergence behavior can be noticed (see [1-3, 10, 20-23, 28, 29,
31-36, 38]). For a variety of situations, in particular in the context of solving real-world
problems, the presence of inertial terms improves the convergence behavior of the gener-
ated sequences. It is also well-known (see [9, 13]) that enhancing the proximal-gradient
algorithm with inertial effects may lead to a considerable improvement of the convergence
behavior of the sequence of objective function values.

The proximal-gradient algorithm with penalization terms and inertial and memory effects
we propose for solving (1) is the following.

Algorithm 1 [nitialization: Choose positive sequences {1,},2 |, {8,}.2 . and a nonnegative

constant & € [0, 1). Take arbitrary xo, x; € H.
Iterative step: For every n > 1 and given current iterates x,_1, x, € H define x,,+| € H by

Xn41 = Prox, r (xp + o (xy — xp—1) — A VA(Xn) — 1, B Vg (xp)) .
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For x € H we denote by prox;, ¢(x) the proximal point of the function f of parameter
Ay at x, which is the unique optimal solution of the optimization problem

. 1 2
Jnf, {f(y) + oy =l }

In Algorithm 1, {A,}°° , denotes the sequence of step sizes, {$,};° the sequence of
penalization parameters, and @ € [0, 1) the parameter that controls the inertial terms.

The proposed numerical scheme recovers, when o = 0, the algorithm investigated in
[37] and, under the additional assumption f = 0, the gradient method of penalty type from
[39]. In the case f = 0, Algorithm 1 gives rise to the gradient method of penalty type with
inertial and memory effects introduced and studied in [30].

We prove weak convergence for the generated iterates to an optimal solution of (1), by
making use of generalized Fejér monotonicity techniques and of the Opial lemma. The
performed analysis allows us also to show the convergence of the objective function values
to the optimal objective value of (1).

In the remaining of this section we recall some elements of convex analysis. For a func-
tion f : H — R we denote bydom f = {x € H : f(x) < +o0} its effective domain and
say that f is proper, if dom f # @ and f(x) # —oo forall x € H. Let f* : H — R,
f*(u) = sup, e {{u, x) — f(x)} for all u € H, be the conjugate function of f. The sub-
differential of f at x € H, with f(x) € R, is the set 3f(x) := {v € H : f(y) >
fx) 4+ (v,y — x) Yy € H}. We take by convention 9f (x) := @, if f(x) € {Zoo}. We
also denote by min f := infycy f(x) the optimal objective value of the function f and by
argmin f := {x € H : f(x) = min f} its set of global minima.

A convex and differentiable function g : H — R has a Lipschitz continuous gradient
with Lipschitz constant L, > 0, if [[Vg(x) — Vg(»)|| < Lgllx — y| for all x,y € H.
It is well-known (see, for instance, [12, Theorem 18.15]) that this is equivalent to Vg is

Lig-cocoercive, namely, (x —y, Vg(x) —Vg(y)) > L%{HVg(x) — Vg |?forallx,y € H.

Let M C H be a nonempty set. The indicator function of M, 83y : H — R, is the func-
tion which takes the value 0 on M and +o00 otherwise. The subdifferential of the indicator
function is the normal cone of M, that is Nyy(x) = {u € H : (u,y —x) < 0Vy € M},
if x € M and Ny(x) = 0 for x ¢ M. For x € M, we have that u € Ny (x) if and
only if oy (u) = (u, x), where oy is the support function of M, defined by oy : H —
R, op(u) = SUpyepr (Y, u). Finally, ran(Nys) denotes the range of the normal cone Ny, that
is, p € ran(Nyy) if and only if there exists x € M, such that p € Nps(x).

2 Technical Lemmas

The setting in which we will carry out the convergence analysis for Algorithm 1 is settled
by the following hypotheses.

Assumption 1 (I) The subdifferential sum formula 9(f + Sargming) = 0f + Nargming
holds;

(IT) The objective function f + A is bounded from below;

(III) There exist positive constants ng, a, b, K and ¢ > 1, such that for every n > 1:

2 Ly+BiLy , o1

0 <A <b ,
<a= n,3n = < Lg(l —|—770)2 ) )"n

<—-(1+2a)K —c

@ Springer



56 R. 1. Botetal.

and
170
Brnt1 — Bn < K———Xuy1But1;
1+no
V) (Ao, € 22\ ¢! and (x,,lﬁ — ﬁ) o <2foreveryn > 1;

V) X2 AnBn [g* (ﬂ%) — Oargming (/SL,,)]< +o0 for every p € ran(Nargmin g)-

Remark 1 For conditions which guarantee exact convex subdifferential sum formulas, we
refer to [12, 15, 16, 41]. One of these conditions, which is frequently fulfilled in applica-
tions, asks for the continuity of the function f and thus does not require any knowledge of
the set of minimizers of g.

The assumption in (V) originates from the work of Attouch and Czarnecki [5]; we refer
to [4-8, 11, 17-19, 24-27, 30, 37, 39] for other variants, generalizations to monotone
operators, and concrete examples for which this condition is satisfied (see also Remark 2).

The aim of the following three results is to derive a generalized Fejér-type inequality in
the spirit of the one in the hypotheses of Lemma 4. This will be achieved in terms of the
sequence (I';),,>1, defined before Lemma 3, and which can be seen as a Lyapunov sequence
equal to the sum of the objective function and a penalization of the function g both at the
current iterate, and the distance of the current iterate to a fixed optimal solution.

Lemma 1 Let u € S. According to the first-order optimality conditions, there exist v €
of (u) and p € Naggming (), such that 0 = v + Vh(u) + p. Set ¢, := ||x, — ul|? for every
n > 1. Then, for everyn > 1 and n > 0, it holds that

On+r1 — On — &(Pn — Pn—1) + AnBn |: -1+ n))\ilﬁn:l ||Vg(xn)||2

Ls(1+n)
n
+ B8 () < 20l — X1 I* + X1 — X2
1+
41 +
+%A3|Wh(u) +o)?

v [4(1“7);% _ 2] IVA(x,) — V)|
n L

2 2
+L)“n/3n g* 7 P — Oargmin g nip .(2)
1+n mﬂn mﬁn

Proof Set y, = x, + a(x, — x,—1) for every n > 1. Since y, — xp41 — Ay Vh(x,) —
M BnVg(x,) € Apdf (x,41) and v € df (1), the monotonicity of f guarantees that

(= Xnt1 = 2 VH(E) = AaBuVE(Xn) = hn¥, Xppt — ) = 0 Vn > 1
or, equivalently,
2(yn = Xnt1, 4 = Xpt1) < 2hp(u — Xnt1, VA(xp) + B Vg(xn) +v) Vo >1. (3)
We notice that for every n > 0

20X = Xn 1y U — Xnt1) = Gl — Pn + X1 — 0| 4
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and so for every n > 1

200(xp — Xp—1, U — Xp41) = 20(Xp — Xp—1, U — Xp) + 200(Xp — Xp—1, Xn — Xn+1)

> a(|lxn—r — ull* =[x — ull* = lIxn — xn—111%)
+a(—lxn = xa=tlI* = Xn41 — X011

(Pt — @n) — 20tl|xy — X1 1?

— allxps1 — Xl )

By employing (4) and (5) in inequality (3), we obtain for every n > 1

1 = @n = @@ = @n-1) + (L= @ lbxngt = xal® = 23y — 21>
2hn{u — Xpt1, VR(xX0) + Bn Vg (xn) + v)
= 2hn(u — Xpt1, BaVE(xn)) + 20 (u — xpy1, Vh(xn) + v)
= 2hn(u — xp, BpV8(Xn)) + 2hn(Xn — Xn41, Bn Vg (Xn))
+ 21, (u — xp41, VA(xp) + v). 6)

IA

Next, we evaluate the first two terms on the right-hand side in the above statement. Since
Vgis Li—cocoercive, we have
8

1
(VgCrn) = Ve), xn —u) = 7= Ve(xn) - Vew)|* Vn>1,
8
and from here, since Vg(u) = 0,
1
(V). ut — x,) < —L—||Vg<xn>||2 Vn > 1. (7)
8

On the other hand, since g is convex and differentiable, we have
0=2g@) = glxn) +(Vgxn),u —x) Vn=1

or, equivalently,
(Vg(xn),u —xp) < —g(x,) Vn>1. ®

From (7) and (8) we obtain for all n > 1

2
DBl VI =~ rBug ). (9)

2\ v U — < -
nBn{Vgxn), u —x,) < Lg(1+77) 1+7

For the term 24, 8, (x, — xp+1, Vg (x,)) in (6) we have for all n > 1 the following estimate

220 B (Xn — X1, V(X)) < %01 — xall* + (L +DA2B2IVE )2 (10)

T 1+
Employing the inequalities (9) and (10) in (6), we obtain for every n > 1 that
Gt = @n = pn = @n—1) + (1 = )1 = xnl* = 2ty — 1|12

2
DBl VI =~ Bug ()

5_7
Ls(1+n) L+n

1
X1 — Xall> + (L DA2B2 Ve () |

1+7
+ 200 (. — Xpy1, VR(xy) +v),
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and further

Ont1 — On — al@p —@p—1) + |: -1+ n))\nﬂn:l AnBn ”Vg(xn)”2

Ls(1+1n)
< 2y — 5wt 12 = 2 B i)
1+
1 2
+ [m +a— 11| ”anrl — Xl
420 (1 — X1, VA(xR) + ). an

Not least,

20t — Xpt1, VA(xXp) +v) = 2051 — X, Vh(xn) + v)
+2)\n (xn — Xn+1, Vh(xn) + v)
2xn{u — x5, Vh(x,) + v)

IA

n 2
+ —-|x — X
201 m I n+1 all

21 + 1)
+ 5209 () + o)

IA

20 {u — xu, Vh(xy) + v)
n 2
+ ——xXn+1 — Xn
20y et =l
A(1 +
n %Aﬁ V() — VA

4(1 +
+Mxﬁ||v11(u) +ol?

and by employing this estimate in (11), we deduce that for every n > 1

On+1 — On — @(@n — Pn—1) + AP |: -1+ n))tn,gn] ||Vg(xn)||2

Le(1+1n)
+ lixnﬂng(xn) < 2allxy — X412
+n
1 n 2

+l—+———+a—1|lxpp1 —x
[l+n T }u il — Xul
41 +n)

+Txﬁ IVA(x,) — Vh(u)|?

4(1+n)
+—— 22| Vhu) +v|?

e BugCn) + 2hn (1t — Xp, V() + ). (12)
1+n
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By using the —-cocoercivity of Vh we obtain for every n > 1 that

n
20 (1 — xp, Vh(xy) +v) — ——AuBrg(xpn)
I+n

20 {u — x5, Vh(x,) — Vh(u)) 4+ 2, {(u — x,,, Vh(u) +v) — 1 + —— A Bng(xn)

n
M VA(xn) = V@) 4 200 (4 = X, —p) — ——AnBug (xn),
L, I+n

while, since p € Naggming (), it holds that

IA

_Z)Ln<u — Xn, P) r)“ ﬂng(xn)
= 200 (X, p) — lixnﬁngm) — 20, {u. p)
+n

I 2p 2p
= 7}%/3:1 Xns —g(xy) — <u7 >:|
1+n _< 1_7_,’,3n> T Bn
I 2p 2p
S rknlgn g* (7]}3 ) - <M, IB >}
L L o l+n "
n « 2P 2p
= — ) — 0. ; Vn > 1.
147 nBn _g (&,ﬂn) argmlng(lgﬂn)] =

By combining these two inequalities with (12), it follows for every n > 1 that

Ont1l — On — a(Pn — @n—1) + AP |: -+ ﬂ))\nﬁn] ||Vg(xn)||2

Ls(1+1n)

n
+ A Bug () < 2a[lxy — xn1|?
14+n

1 n 2

bl ——— o= 1|1 —x

|:]+77 2(1+77) i||| n+1 n”
401 +

+%Ainw<u>+vn2

[MX - i]
n L

+hn IVA(xn) — Vh(u)|*

n « 2p 2p
+——nBu | g — Garemine | —— ) |-
B [ (Hriﬁ”) “g“““g(&%ﬂn)}

Since o € [0, 1) and n > 0, it holds that ﬁ + m + o — 1 < 1, which together with
the inequality above lead to the conclusion. O

For simplicity, we will make use of the following notation:

Q,(xp) == f(xp) +h(xy) + Bug(xn) Vn > 1

Lemma 2 For every n > 1 it holds that

@ 1, LitBils
2An  Ag 2

Q1 (1) — L (xn) < |: ] llxn+1 — xn”2

" o
2hn

10 — Xn—1 17 + But1 — B)gCxnsr1).  (13)
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60 R. 1. Botetal.

Proof Recall that for every n > 1 we have M Vh(xp) — Bng(xs) € df (xn11), which
implies

FGn) > flrs) + <%

n

— Vh(xn) — Bug(xn)s Xn — xn+l>~

From here, it follows that for every n > 1 we have

A

1 o
FGng1) = Fn) < ——lxnt1 — Xall® + — (Xn — Xn—1, Xng1 — Xn)
An An

+(Vh(xp), xn — Xnt1) + B (Vg(xn)a Xp = Xpt1)

o 1
< [un x,,] nt = xal® + ZM
+{(Vh(xn), xn — xn+1) + Bu(Vg(xn), Xn — Xu+1)- (14)
From the Descent Lemma (see for example [12, Theorem 18.15]), we obtain for every n > 1
that

2
lxn — xn—1ll

L
g(nt1) < g(xn) + (VE(Xn), Xnt1 — Xn) + 78||xn+1 — xll?,

and L
h
hCng1) < hC) + (VAGR), Xst = Xn) + - a1 = 5l
By combining these relations with inequality (14), we finally obtain the inequality in the
statement of the lemma. O

For the forthcoming statements, we fix an element u € S. For a simpler formulation of
these results, we will use the following notation:

10
I, = Q,(x,) — 1 knﬂng(xn)vLKwn
+
= f(xn) + h(Xn) + (1 — 1 _7_0 )“n> ﬂng(Xn) + K(p" Vn > 1.
0

Lemma 3 Let u € S. According to the first-order optimality conditions, there exist v €
of (u) and p € Nygming (W), such that 0 = v + Vh(u) + p. Then, for every n > 2, it holds
that

o1 —Tn —a(@y —Thoy) + KApBy |:

o 1 Ly + BuLg 2
< - —+—— = 4+K —
I:Z)L o + B + lxn+1 — xnll

T (A + 0B IV |
Lo +n0) (1 +no) ﬂ}ll gxn)ll

A2\ Vh(u) + v]|?

AK (1 +
+[ +2aK] ity — xny |2+ 2K H10)
2hn no

4(1 23
K [MA% _ J] VA, — Vhw)|?
10 L

Kno 2 2p
+ ——ABu g* — Oargming
L +no 1+770 Bn 1+'IO Bn

OtKr}()
F+ (2,1 (xp—1) — 2, (xp))+ 1+ 70 AnBngxn) —An—1Bn—18(xn—-1)).

as)
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Proof We write (2) for n := no, multiply it by K, and after combining the resulting
inequality with (13), we obtain for every n > 1 that

Kno
Q1 (1) + Kopp1 — Qpu(xy) — Koy + Tm))\nﬂng(xn)

—a(Kgy — Kgu_1) + K AP [ —(1+ no)knﬂn] Ve (xa)lI*

< (o4 _i Lh+,8nLg+
20y Ag 2
+4K( +770)
10

Lg(1+m0)

K] X1 — Xnll* + [K + 2a1<} [ —

A2IVh@u) +vl> + K [Mxﬁ - 2—”} IV () — Vi(u)|?
1o Ly,

- Bust — B8 i) + 3B L (22 ) — ougming |22
n+1 n)8 Xn+1 1+ 70 nPn | 8 1+n0,3n arg min g 1+,70/3n

In view of Assumption 1(III), we deduce that

Kno
Q1 (1) + Kopr1 — Qp(xy) — Koy + m)\nﬂng(xn)

—a(Kpy — Kgp—1) + Krp By |: -+ nO))Lnﬂn] ||Vg(xn)||2

< (04 _ i Ly + ,BnLg
2 Ag 2

Lg(1+m0)

+ K} xXn41 = xall® + [K + 20!1(] %0 = X011

4K (1 + no) 4(1 + no)
+ —— 2 Vh@) + o) + K | ——22 — A VA, — VA)|?
n n Ly
Kno
+ 7)Vn+]:8n+lg(xn+])
1+no

Kno 2 2
+ AnbBn | 8" b — Oargming =P Vn > 1
1+ no 1+,70 Bn 1+770 Bn

and further

Fp1 — Ty —a(Kop — Kop—1)

KA — — (1 A \% 2
+ nﬁ”|:Lg(1+770) (I'+no) nﬂn:| Vg xn)ll
o 1 L+ B,L,
=< |:2)\n —E +#+Ki| lxn+1 — xn” +|:7+205Ki| ||xn_xn71||2

AK(1 +
+ %AﬁHVh(u) +uP+K

[H’WA5 _ 2"} IVh(xn) — VA
0 Ly

Kno 2 2p
+ =" 5B | g — Gargming | —— | | ¥n=2.
1+ 10 nPn |: 1+n0 ﬁn arg min g 1-7_(;’0 B,

In order to obtain (15), we only have to add o(2,—1(xp—1) — 2,(x,)) and

O{_Ii;’g (M Brng(xn) — An_1Bu_18(x,_1)) to both sides of the above inequality. O
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62 R. 1. Botetal.

The following results is a very useful tool in the convergence analysis of inertial
algorithms (see [1, 2, 20]).

Lemma 4 Let {a,};2 ), {bn},2 | and {c,};2 | be real sequences and a € [0, 1) be a given

real number. Assume that {a,}.> | is bounded from below, {b,};° | is nonnegative and

Y2, cn < 400, such that

An+1 — ap — @y —ap—1) + by < ¢, Vn > 1.
Then the following statements hold:

1) Yolilan — an—1l4+ < +o0, where [t]4 := max{t, 0};
(i) {an}?2, converges and y .2 | b, < +oc.

The results presented in Lemma 5 related to the convergence of the generated iterates
and in Lemma 6 related to the convergence of the objective function values will be used
in the next section in the proof of the main theorem in combination with the Opial lemma
stated in Lemma 7.

Lemma 5 Let u € S. According to the first-order optimality conditions there exist v €
0f (u) and p € Nargming (), such that 0 = v + Vh(u) + p. Then the following statements
are true:

(i) The sequence {1",,};:001 is bounded from below;

(i) Y52 1 — xall < 4007

(iii)  1imy— 400 Ty exists and 32 h Bl Vg (xu) |12 < +o00;

(v)  limy— oo Xy — ull exists, Z;il[(pn — @u—1]y < +00 and Zzil)\nﬂng(xn) < +00;

) limy,— 400 2, (xy) exists;

(vi) limg, 100 g(x,) = 0 and every sequential weak cluster point of {x,}°, lies in
argmin g.

Proof (i) According to Assumption 1(III) we have that

Lh+ﬂnLg+a—

1
<~ 420K —c.
2 n = UK —c

which implies that 1 > KA, and further

Kno
I- ) Bng(xn) 20 Vn > 1. (16)
14+ no
By using the definition of I', and Assumption 1(II), we easily derive that {I",}2 is
bounded from below.
(ii) For every n > 2, we set

1
Mp i=Tp —aly_1 + < +2K> allx, _xn71”2

2 n

and

W = (1 (Tn_1) — 2 () + —

K0 (3 onBg (i) = Ant Br18 (Ea1)-
1+ no
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An Inertial Proximal-Gradient Penalization Scheme for Constrained... 63

For a fixed natural number Ny > 2, it holds that

0 m) Bre(x1) — f(xny) — h(xng)

1 X
&;wn = f(x1)+h(x1)+<1— T

(1= K100 BregGeny)-
1+n0 0 0 0

Since f + h is bounded from below and relation (16) is true, we obtain that {wn}floz 118
summable.
For every n > 1, we set

1
Sy = (2)% +2K>a+c.

Consequently, according Assumption 1(III), it follows that

Ly + BnLg o 1
ShtPeZe L XL K <—5, Va1 17
2 o T, TRET Tmz an

Further, for every n > 1, it holds

o+ ( 1 +2K) “( : 1)
- a == e
" 2An+41 2 \ A1 A

which, together with Assumption 1(IV), implies that

1
) 2K ) <1-— 18
n+a<2)¥n+l+ )_ ‘ (15

and so
Sus1 < O+ 1. (19)

On the other hand, by Assumption 1(III), we also have for every n > 1

2 2
O<—— —(1+ b<————(1+ M Bn 20
<Lg(1+no) (1 +no) SLg(1+n0) (1 + no)AnB (20)
and so
Ki | ———— (1 MnBn| = 0.
§ [Lg(lJrﬂo) (1m0 ﬂ]>
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64 R. 1. Botetal.

By employing the last inequality in Lemma 3 we obtain for every n > 2

1
M1 —Mp = 1 =Ty —a (T =Ty + (2)\

n+1
1
—a <2M + 2K) 20 — %11

« 1 Ly+PBalg
2An An 2
4K (1 +
n (I'+no)
no

K [Mﬁ 2 ] IVAGn) — V)|
no L

Kno 2 2
+ 7 InBn | &* — Gargming e +wn
1+ no 1+’I0 /3n 1+7]0 Bn

4K (1 +
(1 = Ollxart — xalI* + %ksllwl(u) +v?

41 + A
+K [wkg J:| IVA(xn) — Vh(u)|?
no Ly

AnBn — Oargming Wp s
T+m + T ﬂ" TP

where for the last inequality we use (17) and (18). Since A, —> 0 as n — +o00, there exists
N1 € N, such that for every n > Nj, we have 4(1+"0) An 7 < 0. This implies that for
every n > Nj

+ 21<) %041 — Xn|I*

IA

+K+a< +2K>] B

2)"l’l+1

A2 Vh@u) + v|?

IA

g1 — fn < (1= )| Xnt1 — Xnl A2 Vh@u) + v)?

Kno 2 2
+ 7’7)%:371 g* — Oargmin g =P + wp.
L+ no 1+770 Bn 1+770 Bn

Summing up this inequality for n = Ny, ..., N, where N is a natural number with N, >
N1, we obtain that

2+4K(1+770)
n

Ny
K (1 + no)
oyt = iy < (1=¢) Y [xgn — xall* + AL Ghw) + o) Z A
n=N 0 n=N
Ny
Kno 2p 2p
+ AP | & < ) — Oargming <
I+ mo gz\:z. [ T P g P
Ny
+ Z Wy . 21
n=N;
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This means that {1, }7 , is bounded from above (we take into account that ¢ > 1). Let M
be a positive upper bound of {u, 3‘;2. Observing that ', — o'y, < 41 < M, thus
I'yy1 <ol + M for every n > Nj, we obtain

n—Nj
M
Ty <o MOy, +M Y o' <" My, + T Tz N+L
— o
k=1

Since {Fn};’f:] is bounded from below, there exists C € R, such that

1
—UNy+1 = —T'ny41 +aly, — (M +2K) allxn,+1 — xn, 12

Nr+1

M
< aly, +C <o MHipy 4 % +C VN, > Ny.

Thus, from the inequality (21), by taking into account that ¢ > 1, we deduce that

+00

2
D g1 = xall* < +oc.

n=1

(iii) From Lemma 3, by using (17), (19), and (20), we obtain

Ch1 —Tp —a(Ty = Tht) + KApBa |:Lg(1+770) -+ nO)b] ||Vg(xn)||2

4K (1
( +770)A2

< —Sulxns1 — Xnll> + Sntllxn — Xp—1l1> + 21V R (u) + vl

1o

Kno 2p 2p
+ AonBn g* 0 — Oargming | ~79 o +w, Vn>Nj.
L+mno T+n0 Bn T4 P

Since {I",}°2 , is bounded from below, by using Lemma 4, it follows that (iii) is true.

(iv) The statement follows from Lemma 1 and Lemma 4.

(v) Thanks to (iii), (iv) and '), = Q,,(x,) — K%Anﬁng(xn) + K¢, foreveryn > 1,
we obtain that lim,—, 4 o0 €2, (x;,) exists.

(vi) Since 1,8, > a > 0 for every n > 1, we have le:“f g(xp) < +oo and so
lim,,—, 0 g(x,) = 0.

Finally, let y € H be a sequential weak cluster point of {x,};2, and {x,,j};’.’;l be a
subsequence of {x,};Z,, such that x,, weakly converges to y as j — +oo. Since g is
weakly lower semicontinuous, we obtain that

g(y) <liminfg(x,;) < lim g(x,) =0,
Jj—+oo n—+0o
which means that y € argmin g. O

Lemma 6 Letu € S. Then, we have

—00 < Y [Qut1 (n1) — (f ) + h(u))] < +o0.
n=1
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Proof For every n > 1, we have that

Q1 (ne1) — (F () + h(w)) = fxng1) + () + Brg(xn) — (f ) + h(u))
+ (h(xp41) — h(xn)) + (Bpt1 — Bn) 8 (xn+1)
+ B (g (xn+1) — g(xn))
< fng1) + h(xn) + Brg(xn) — (f W) + h(u))

Kng

+ (h(xpt1) — h(xp)) + ——— A1 Bur18(Xnt1)
L+mno

+ Bn(g(xn+1) — g(xn))

and so

A[S2n4+1(nt1) — (F @) + h@))] < Anlf Cong1) + A (xn) + Bug(xn) — (f () + h(u))]
+ Al (B (n1) — h(xp)]
Kno
1+ no
+ AnBulg(en+1) — g(xn)l

According to the Descent Lemma we have for every n > 1

+ AnAn+1Bu+18 (Xn+1)

AnLp
Alh(ns1) = hG)] < A (VE(XR), Xng1 — Xn) + —— X1 — Xn |l

)\2
< ;uw(xn)n%

14+ 1Ly
2

A

2
lxn4+1 — xnll

and

)\nﬂnLg
2

A

AnBulgxns1) — g(xn)] < AnBu(Veg(xn), Xpt1 — xn) + 1xXn+1 — Xn ”2

Qﬂn + AnPnLyg
2

IA

Vg Q)2 4! %041 — Xl

which give rise to the following estimate

Mn[Rn41Ceng1) — (f () + h(u))] alf Geng1) + h(xn) + Brg(xn) — (f ) + h(u))]
A% 2
+ 7||Vh(xn)||

+ 24+ A (Lp + ﬁnLg)

2
lxn+1 — xnll

2
Kno
+ )\n)\nJrl/gnJrlg(anrl)
1+n
2[32
Ve (xa)|? Vn > L. (22)

Further, we notice that for every n > 1

n

FGns1) — flu) < <y;7x“ — V) = BaV (), Xnpt — u>

or, equivalently,

— X
<ynk7n+], u — xn+l> - <Vl’l(-xn), u — x,,H) — ﬂn(Vg(_xn), u — xn+l)

= f@) = fQang1). (23)
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On the other hand, since g(u) = 0, we have for every n > 1

0=g) > gy +(Vglxn), u — xp)

or, equivalently,
— Bu(Vgxn), u — xp11) = Bng(xn) + Bn(Veg(xn), Xnt1 — Xn). (24)
Similarly, we have for every n > 1
h(u) = h(xp) + (VA(x), u — xp),
which implies that
—(Vh(xp), u — Xpt1) = h(xy) —h(u) + (Vh(xy), X1 — Xn). (25)
By summing up the inequalities in (23)—(25), we obtain for every n > 1
20 f Cepge1) + A (xn) + Brg(xn) — (f(w) +h())] < 2(yn — Xnt1, Xnt1 — U)
+2X0Bu{Vg(xn), Xn — Xnt1)
+2X0(Vh(xp), Xp — Xn1)
< 2<yn — Xn+1, Xn+1 — u)
22 2 2
+ 2,8 IVgxi)ll” + 2l|xn — xn41l
+ 0 IVA ). (26)
Not least, according to (4) and (5), we obtain for every n > 1
2{¥n — X1, Xng1 — U) = 2{Xp — Xp41, Xpp1 — U) + 200(xp — Xp—1, Xpg1 — U)
< @n — On+1 + (@n — @n—1)
+ 2010 — X117 A+ (@ = Dllxng1 — 217
< On = Gnt1 +(@n — @u1) + 20)lxn — X0 |17,

which, combined with (26) and Lemma 5(iv), implies that

Z)‘n[f(xn+l) + h(xn) + Bug(xn) — (f ) + h(u))] < +oo0.

n=1

The conclusion follows by taking into account (22). O

3 Convergence of the Iterates and of the Objective Function Values

In this section, we will prove the main result of this paper. This addresses the convergence
of both the sequence of iterates {x,}° ; generated by Algorithm 1 and of the sequence of
objective values { f (x,) + h(x,)}02 ;.

The Opial lemma, which we state next and for which we refer to [12, Lemma 2.39], will

play a crucial role in the convergence analysis.

Lemma 7 Let H be a real Hilbert space, C C H a nonempty set and {x,}°

sequence, such that:

| a given

(i) Foreveryz € C, limy,_, 1 ||X, — 2|| exists.
(i) Every sequential weak cluster point of {x,},2 | lies in C.

o0

Then, the sequence {x,}.2 | converges weakly to a point in C.
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Theorem 1 Let {x,};2 | be the sequence generated by Algorithm 1. Then:

(i) the sequence {x,}2 | converges weakly to a point in S;

(ii) the sequence {f(x;) + h()c,,)}flozl converges to the optimal objective value of the
optimization problem (1).

Proof (i) We know that lim,,_, 1 oo ||x, — u|| exists for all u € S (see Lemma 5(iv)); hence,
in view of the Opial lemma, it is sufficient to show that all sequential weak cluster points
of {x,}°2, are in S. Since {A,}7° | ¢ 2" and lim,,_, 40 2, (x,,) exists, from Lemma 6, we
obtain that

nlir-il:loo Qu(xy) < fu) +h(u) YueS.

Let x* € H be a sequential weak cluster point of {xn}goz] and {x,, }1?O=1 be a subsequence of
{xn };’; 1» such that x,, converges weakly to x* as k — 4o00. From here, by Lemma 5(vi),
we obtain that x* € argmin g. Take an arbitrary u € S. The weak lower semicontinuity of
f and h implies that

&)+ h(x*) < liminf f(xp,) + iminf 2 (x,,)
k—+00 k——+00

< liminf [ £ (on,) + )]
< lim Qu(xp) < fu) + h(u)
n—-+00
= min{f(x) + h(x) : x € argmin g}
which means that x* € S.
(ii) The statement is a direct consequence of the above inequalities. O

We close the paper by a remark which discusses the fulfillment of the conditions stated
in Assumption 1.

Remark 2 We chose

1 1
€ (0, +00), ce(1,400), el=,1), a€e(0,1———=
0 € (0. 700) (4o (2 ) ( 2(1+770)2>
and
1 . 2 3
Yy € 2,m1n - P .
Lg(1 —a)(1+no) Lg Lg(1—a)(1+no)
We set
2(1
K ( +770)’
ano
g, o YL+ 20+ 2K +0)) (I —yLe(+n0)’=1| Kno ,
" 2-ylL, Lg(1+no)? I+no
and
(I-a)y 1
Ap = - 5
Bn ,BnLg(1+770)

for every n > 1.
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. . L S -2
(i) Bytakinga := (1 —a)y GEEmE and b > 0, such thata < b < Latm? Ve
have
0 InBB b 2 Vn>1
<a= < < — n .
e Lg(l + 770)2 h

(ii) Since p, > ULAHUBOKIO] ye paye Litfule M < (1 4+ 20)K — c for

2—yLg
every n > 1. On the other hand, since ’f;” < (1/\ 2 we have that "+ﬁ 2

—(1 +20)K — cforeveryn > 1.
(iii) Forevery n > 1, we also have

Lg+

(1—a)yLg(1+n0)>—1]| Kno
n — Pn = D9 —n
Bn+1 =B [ Lo+ 10) }1+n0((n+ )7 —n9)
- (1 —a)yLg(1+n0)>—1]| Kno
- Lg(1+ n9)? 1+ no
_ Kno
14

(iv) From (iii), it follows that for every n > 1

(1—a)yLg(1+n0)2—1|" L+no

Lg(1 +1m0)° _ km _2
An+1 An (24

1 1
== = (But1 = Bn) [

(v) Due to the fact that g € (%, 1), we have Z:ﬁ?i = +o0 and Z:jﬁl—g < 4o00.
Consequently, {A,}72 | € 2\ e

(vi) Since g < Surgming, it holds that g* > (Sargming)™ = Cargming and 80 g* — Cargming >
0. For a function g : H — R fulfilling g > %distz(-, arg min g) where a > 0, it holds
that g*(x) — Ourgming (¥) < i”x”2 for every x € H. Thus, for every n > 1,

«[ P 14
A Bn [g (E) — Oargmin g (,3>i| = 24, ||P||2 Vp e I"an(Nargmmg)

Since > 02, ﬁ2 < +00, from here it follows that
- P p
Z)Lnﬂn |:g>‘< (*> — Oargming (>j| < +o00.
— B B

4 Conclusions

We investigate the weak (non-ergodic) convergence of an inertial proximal-gradient method
with penalization terms in connection with the solving of a bilevel optimization problem,
having as objective the sum of a convex nonsmooth with a convex smooth function, and
as constrained set the set of minimizers of another convex and differentiable function. The
techniques of the proof combine tools specific to inertial algorithms [3] and penalty type
methods [5, 8]. We show the convergence of both generated iterates and objective function
values.
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