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ABSTRACT: Exclusive differential spectra in color-singlet processes at hadron colliders are
benchmark observables that have been studied to high precision in theory and experiment.
We present an effective-theory framework utilizing soft-collinear effective theory to incorpo-
rate massive (bottom) quark effects into resummed differential distributions, accounting for
both heavy-quark initiated primary contributions to the hard scattering process as well as
secondary effects from gluons splitting into heavy-quark pairs. To be specific, we focus on
the Drell-Yan process and consider the vector-boson transverse momentum, gy, and beam
thrust, 7, as examples of exclusive observables. The theoretical description depends on the
hierarchy between the hard, mass, and the g (or 7)) scales, ranging from the decoupling
limit gr < m to the massless limit m < gr. The phenomenologically relevant intermedi-
ate regime m ~ g requires in particular quark-mass dependent beam and soft functions.
We calculate all ingredients for the description of primary and secondary mass effects re-
quired at NNLL’ resummation order (combining NNLL evolution with NNLO boundary
conditions) for gr and 7 in all relevant hierarchies. For the ¢r distribution the rapidity
divergences are different from the massless case and we discuss features of the resulting
rapidity evolution. Our results will allow for a detailed investigation of quark-mass effects
in the ratio of W and Z boson spectra at small g, which is important for the precision
measurement of the W-boson mass at the LHC.
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1 Introduction

Differential cross sections for the production of color-singlet states (e.g. electroweak vector
bosons or the Higgs boson) represent benchmark observables at the LHC. For the Drell-Yan
process, the measurements of the transverse momentum (gr) spectrum of the vector boson
(and related variables) have reached uncertainties below the percent level [1-6], allowing
for stringent tests of theoretical predictions from both analytic resummed calculations and
parton-shower Monte-Carlo programs. An accurate description of the gp spectrum is also a
key ingredient for a precise measurement of the W-boson mass at the LHC, which requires
a thorough understanding of the W-boson and Z-boson spectra and in particular their
ratio [7—10]. The associated uncertainties are one of the dominant theoretical uncertainties
in the recent my, determination by the ATLAS collaboration [11].



So far, mass effects from charm and bottom quarks in the initial state have been
discussed extensively for inclusive heavy-quark induced cross sections, leading to the de-
velopment of several variable-flavor number schemes in deep inelastic scattering and pp
collisions (see e.g. refs. [12-18]). On the other hand, analogous heavy-quark mass effects
from initial-state radiation have received little attention so far in the context of resummed
exclusive (differential) cross sections, i.e. where the measurement of an additional (differ-
ential) observable restricts the QCD radiation into the soft-collinear regime requiring the
resummation of the associated logarithms. While e.g. for m < gr the mass effects in the
resummed g7 distribution are simply encoded by the matching between the parton distri-
bution functions across a flavor threshold (e.g. matching four-flavor PDFs onto five-flavor
PDFs including a b-quark PDF at the scale my, which happens much below the scale ¢r),
this description breaks down for gp ~ m or gr < m. A comprehensive treatment of these
regimes in resummed predictions has been missing so far. This concerns in particular also
parton-shower Monte-Carlo generators, which include massive quark effects primarily as
kinematic effects and by using massive splitting functions. Since heavy-quark initiated
corrections are one of the main differences between the W and Z boson spectra, this issue
can play therefore an important role for my, measurements at the LHC.

In general, one can distinguish two types of mass effects as illustrated in figure 1,
which have different characteristics: contributions where the heavy-quark enters the hard
interaction process are called primary mass effects. Contributions from a gluon splitting
into a massive quark-antiquark pair with light quarks entering the hard interaction are
called secondary. For the qr spectrum, earlier treatments of the heavy-quark initiated
primary contributions for m < g have been given in refs. [19-21], essentially combining the
ACOT scheme with the standard CSS ¢p resummation. A complete setup also requires to
account for secondary mass effects. Their systematic description for differential spectra in
the various relevant hierarchies between mass and other physical scales has been established
in the context of event shapes in ete™ collisions [22, 23] and for threshold resummation
in DIS [24], see also refs. [25, 26] for a recent utilization in the context of boosted heavy
quark initiated jets. The application to differential spectra in pp collisions will be part of
the present paper.

We present a systematic effective-theory treatment of quark mass effects including both
types of mass effects and all possible scale hierarchies using soft-collinear effective theory
(SCET) [27-30]. We focus on the Drell-Yan process, pp — Z/v* — ¢4~ and consider two
types of observables that resolve additional QCD radiation and are used to constrain the
process to the exclusive region, namely the transverse momentum ¢y of the gauge boson
and beam thrust [31],

qr = |qr| = [Pre + pril = ‘Zﬁﬂ , T =) _ min{ngpinppi}. (1.1)
i i

Here, p; are all hadronic final-state momenta (i.e. excluding the color-singlet final state),

and n!, = (1,42) are lightlike vectors along the beam axes. Due to transverse momen-

tum conservation gy measures the total transverse momentum of the final state hadronic

radiation, while beam thrust measures the momentum projections of all hadronic particles
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Figure 1. Primary (a) and secondary (b) heavy-quark mass effects for Z-boson production.

onto the beam axis. The exclusive regime we are interested in corresponds to qr < @ or
T < Q, where QQ = \/qi2 is the dilepton invariant mass. These two observables restrict
the allowed QCD radiation into the collinear and soft regime in different ways, leading
to different effective-theory setups with distinct factorization and resummation properties,
which are well-known in the massless limit up to high orders in the logarithmic counting
(see e.g. refs. [32-42] and refs. [31, 43, 44]). These two cases provide simple prototypical
examples, which cover the essential features of the factorization with massive quarks that
will also be relevant for including massive quark effects for other more complicated jet
resolution variables whose factorization is known in the massless limit. Throughout the
paper we always consider the limit Aqep < ¢r, T allowing for a perturbative description
of the physics at these kinematic scales. We then consider all relevant relative hierarchies
between the heavy-quark mass m and the kinematic scales set by the measurement of gp
or T, respectively.

In the second part of the paper, we explicitly compute all required ingredients for incor-
porating my, effects at NNLL’ order, which combines NNLL evolution with the full NNLO
singular boundary conditions (hard, beam, and soft functions). For Z-boson production at

NNLL/, primary effects contribute via O(a;) X O(ay) heavy-quark initiated contributions,

2

illustrated in figure 1(a). Secondary effects contribute as O(a

) corrections to light-quark
initiated hard interactions, illustrated in figure 1(b). Due to the strong CKM suppression
primary my-effects do not play any significant role for W-production, which represents a key
difference to Z-boson production. Primary mc-effects enter W-production in the (sizeable)
cs-channel, where they start already at NLL' via O(as) x O(1) corrections. For this case,
our explicit results for the regime gr ~ m, allows for up to NNLL resummation. (Here,
the resummation at NNLL/ would require the O(a?) primary massive contributions.)

The paper is organized as follows: we first discuss in detail the effective field theory
setup for the different parametric regimes for the case of ¢p in section 2 and for 7 in
section 3. Here, we elaborate on the relevant mode setup in SCET, the resulting factoriza-
tion formulae, and all-order relations between the factorization ingredients in the different
regimes. In section 4, we give the O(a;) and O(a?) results for the various ingredients
for NNLL' resummation. We also verify the consistency of our results with the associated
results in the massless limit. Further details on all calculations are given in the appen-
dices, where we also give the analytic results at fixed-order for the massive quark effects



in the ¢r and T distributions in the singular limit ¢r, 7 < @. In section 5, we discuss the
consequences of the secondary mass effects on the rapidity evolution, in particular for the
gr distribution in the regime g7 ~ mjp. As an outlook we provide in section 6 an estimate
of the potential size of the bottom quark effects for low-g; Drell-Yan measurements. In
section 7 we conclude.

2 Factorization of quark mass effects for the g spectrum

2.1 Factorization for massless quarks

Before discussing the massive quark corrections, we first briefly summarize the EFT setup
and factorization for massless quarks. The relevant modes for the measurement of ¢r in
the limit ¢r < Q are ng-collinear, ng-collinear, and soft modes with the scaling

2
ng-collinear: pl ~ (%7 Q, c1T> ;

np-collinear:  pl ~ (Q, Q,QT>

soft: pl; ~ (QTa qr, QT) ) (21)

which we have written in terms of light-cone coordinates along the beam axis,

n nk _
P = na-pg” + nb'pf +p = (nap,npp,pl) = 0,07, pL), (2.2)

with n, = ny. Besides these perturbative modes there are also nonperturbative collinear
modes with the scaling (AE)CD/Q, Q,Aqcp) and (Q,AéCD/Q, Aqcp), which describe the
initial-state protons at the scale u ~ Aqcp, and which are unrelated to the specific jet
resolution measurement. The typical invariant mass of the soft modes is parametrically
the same as for the collinear modes, p%a ~ p%b ~ p? o~ q%, which is the characteristic
feature of a SCETyy theory. The soft and collinear modes are only separated in rapidity
leading to the emergence of rapidity divergences and associated rapidity logarithms. The
traditional approach for their resummation in QCD relies on the work by Collins, Soper, and
Sterman [32-34]. In SCET the factorization and resummation were devised in refs. [39-42].
Here we will use the rapidity renormalization approach of refs. [40, 41], where the
rapidity divergences are regularized by a symmetric regulator and are renormalized by
appropriate counterterms (by a MS-type subtraction). The rapidity logarithms are then
resummed by solving the associated rapidity renormalization group equations. Within this
framework the factorized differential cross section with n; massless quarks reads!

> H(nf s 1) /dsza Ppry &prs 6(a7 — |Pra + Pro + brsl”)  (2.3)
i,j€{a,q}

B( H(pTa,xa,,lh *)B( f)(pr,a:b,,u, )S( D (Frs, i, v )[H—(’)(%)},

dg2. dQ2 v

n principle there is also a corresponding contribution for a gluon initiated hard interaction. However,
taking into account the decay of the electroweak boson into massless leptons this correction vanishes for
onshell gluons and only contributes to the power suppressed terms of O(qr/Q).



where

=Qe¥, wp=Qe Y, .p= Wab , (2.4)
" Eem
with Y denoting the rapidity of the color-singlet state.

In eq. (2.3), the superscript (ns) on all functions indicates that the associated EFT
operators and the strong coupling constant in these functions are renormalized with n; ac-
tive quark flavors, which matters for the evolution already at LL. H;; denotes the process-
dependent (but measurement-independent) hard function. It encodes the tree-level result
and hard virtual corrections of the partonic process ij — Z/W/~* at the scale u ~ Q. Fol-
lowing refs. [31, 45, 46], the renormalized transverse-momentum dependent (TMD) beam
functions B;, which are essentially equivalent to TMDPDFs, can be matched onto PDFs as

B( )(pT’x oot Z/ pT,z [, — )fk”f (z u) |:1—|—O<A_2(?CD>:|

[pr|?

—Zzz(kf (P, 5 1y — )®xf ( S 1) (2.5)
k

where the perturbative matching coefficients Z;;, describe the collinear initial-state radiation
at the invariant mass scale yu ~ ¢p and rapidity scale v ~ @, and the nonperturbative
parton distribution functions (PDFs) are denoted by f. In the following, we abbreviate
the Mellin-type convolution in x as in the second line above. Finally, the soft function S
describes the wide-angle soft radiation at the invariant mass and rapidity scale p ~ v ~ gp.
The matching coefficients Z;;, and the soft function are process-independent and have been
computed to O(a?) in refs. [47-50] allowing for a full NNLL’ analysis of Drell-Yan for
massless quarks. The three-loop noncusp rapidity anomalous dimension required for the
resummation at N3LL has recently become available [51-53].

In eq. (2.3), the logarithms of ¢r/Q are resummed by evaluating all functions at their
characteristic renormalization scales and evolving them to common final scales p and v by
solving the set of coupled evolution equations

S HS Q) =@ HS Qo).

uCiB( )<p e ) el (u, )B(f<pT,x u,’/),

45" o pev) = 77 () 8@ @, 1, v)

1

d n n n
u@f,-( N, 1) = Zvj(c,ii)(w,u) @0 £ (@, 11),
k

ViB( 7) (pT,a: 1L, ) /koT ’ylg f)(pT — kT, )Bz-(nf) (E@&/L, g) ,

d . o
V@S("f)(pmu, v) = /deT’Y,E (i — ko, 1) SO0 (i, 1, v) (2.6)



Only the evolution of the PDF leads to flavor mixing. Consistency of RG running im-
plies that

(ny) (ng)( V. (ng)( YV (ny) _
Yy (Q, 1) + v (m wa) + 75 (u, wb) +v¢ 7 (1,v) =0,

28 (B, 1) + 1od (o) = 0,

28 B ) = v o o) 8(r) = ATl (0] ) (27
Note that in practice, the evolution is usually performed in Fourier space, such that one
actually resums the conjugate logarithms In(bu) where b = \I;T\ ~ 1/qr is the Fourier-
conjugate variable to gr. The ¢ spectrum is then obtained as the inverse Fourier transform
of the resummed b-spectrum. The exact solution and evolution directly in gr space, which
directly resums the (distributional) logarithms in ¢r, has been recently discussed in [54]
(see also ref. [55]), and turns out to be significantly more involved due to the intrinsic
two-dimensional nature of gp.

In the following subsections, we discuss how the mode and factorization setup changes
when massive quark flavors are involved. These lead to the appearance of additional modes
related to fluctuations around the mass shell as discussed extensively in refs. [22, 23]. For
the different hierarchies between the mass scale m and the scales () and ¢ the relevant
modes are illustrated in figure 2. In the first case, gy < m ~ @, the massive flavor is
integrated out at the hard scale, which leads to the above massless case with n; massless
flavors, as discussed in section 2.2. The second case, gy < m < @), where the quark mass is
larger than the jet resolution variable, is analogous to the corresponding case for thrust in
ete™ — dijets in refs. [22, 23] and DIS in the x — 1 limit [24]. We refer to these papers for
details and only summarize briefly the main features for this regime in section 2.3. Our main
focus is on the hierarchies g7 ~ m < @ and m < gr < @, which are important for bottom
and charm quark mass effects at the LHC, and which are discussed in sections 2.4 and 2.5.

2.2 Quark mass effects for m ~ Q

If the quark mass represents a large scale ~ @ (which concerns the top quark at the
LHC), this quark flavor does not play a dynamic role in the low-energy effective theory
and is integrated out at the hard scale in the matching from QCD to SCET. The relevant
modes are shown in figure 2(a). The massive quark only contributes via mass-dependent
contributions to the hard function. This yields the factorization theorem

do . . .
2 d0rdy > Hiy(Q,m, p) /dQPTad2prd2st 8(¢7 — |Pra + Pro + Prs|?) (2.8)
T ije{a.a}
2
() ( Y\ )~ Y\ o) (s qr 4r
XB@ (pTa’xOA’/’L? wa>BJ (praxan‘v Wb)S (stmu’a V) |:]-+O<m27 Q)

which is essentially equivalent to the massless case in the previous subsection with n; mass-
less flavors. The hard function H;;(Q, m, 1) can be evaluated either in the (ny = n;) or the
(ny = ny+1) flavor scheme for as, where n; is the number of light (massless) quark flavors.
The associated massive quark corrections are directly related to the virtual contributions



m~Q Q
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Figure 2. Effective theory modes for the ¢r spectrum with massive quarks for ¢r < @ and
m > AQCD-

to the quark form factors, e.g. given at O(a?) by the virtual diagrams in figure 1(b). In
general both primary and secondary corrections contribute for initial (massless) quarks.
Using the (n;) flavor scheme for oy these vanish as O(Q?/m?) in the decoupling limit
m > @ for the conserved vector current. For the axial-vector current, contributing to
Z-boson production, there are in addition also anomaly corrections starting at O(a?) from
the massive quark triangle in figure 1(a) that do not decouple.? Since the massive quark
does not appear as a dynamic flavor in the EFT below the hard scale @, the entire RG
evolution to sum the logarithms of ¢ is performed with n; massless flavors as in eq. (2.3).

Instead, for m > Q the heavy quark can be integrated out around its mass scale and the axial current
can be evolved between m and @ to resum the associated logarithms In(m/Q).



2.3 Quark mass effects for g < m <€ Q)

Next, we consider the hierarchies where the quark mass is parametrically smaller than
the hard scale, m < ). These require a different factorization setup than m ~ @ since
fluctuations around the mass-shell are now parametrically separated from hard fluctuations,
which would lead to large unresummed logarithms inside the hard function H;;(Q,m, ).
In this subsection, we start with the case where the transverse momentum is much smaller
than the mass, gr < m < Q, while g7 ~ m < @ and m < qr < @ are considered in the
following subsections.

In a first step the QCD current is matched onto the SCET current with n; +1 dynamic
quark flavors at the scale u ~ Q. Since m < @ this matching can be performed (at
leading order in the expansion parameter m/(Q)) only with massless quarks, leading to
the hard function with n; + 1 massless flavors, Hi(]mH), with the strong coupling inside
it renormalized with n; + 1 flavors. The matching is performed onto SCET containing

ng-collinear, ny-collinear, and soft mass modes with the scaling

m2
ng-collinear MM:  ph, |, ~ (6’ Qﬂn) )
m2
np-collinear MM: pﬁ%nb ~ (Q, 6, m) )
soft MM:  pf, o ~ (m,m,m), (2.9)

as illustrated in figure 2(b). These mass-shell fluctuations arise here purely from secondary
virtual contributions.

In a second step at the scale p ~ m, the mass modes are integrated out and the SCET
with n; massless and one massive flavor is matched onto SCET with n; massless flavors with
the usual scaling as in the massless case in eq. (2.1). Since the soft and collinear mass modes
have the same invariant mass set by the quark mass and are only separated in rapidity, there
are rapidity divergences in their (unrenormalized) collinear and soft contributions. Their
renormalization and the resummation of the associated logarithms can be again handled
using the rapidity RG approach in refs. [40, 41], which has been explicitly carried out in
ref. [56].> In addition, all renormalized parameters like the strong coupling constant are
matched at the mass scale from n; + 1 to n; flavors taking into account that the massive
flavor is removed as a dynamic degree of freedom.

After these steps, the factorization at the low scale ~ ¢p proceeds as in the massless
case with all operator matrix elements depending on the n; massless flavors, which yields

3The matching in ref. [56] was performed with massive primary quarks yielding the matching functions
denoted as Hup,n, Hm,n and Hy, s there. However, this does not affect the structure of the rapidity loga-
rithms arising from the secondary mass effects, which are independent of the primary quarks being massive
or massless.



the factorization theorem

n v 14
Z H( l+1 Q ,U,> (muua 7)H0<mvu7 7>H5(m, 22 V)
Wq Wy

i,5€{q,q}

— — — — v
X /d2pTa *pry d®prs 6(a — |Pra + Pro + brs|?) Bfnl) (me Ty by ;)
a

dg2 dQ2 ay

2

x B{™) (ﬁTb,mb,,u, wib) SO0 (5. 1, v) [1 n O(‘g qg%)] . (2.10)
Here H. and H, denote the hard functions that arise from the matching at the mass scale
i ~ m. Their natural rapidity scales are v ~ @Q for the collinear contributions and v ~ m
for the soft ones. They can be evaluated in either the (n;) or (n; + 1) scheme for as. We
will give their expressions at O(a?) in section 4.1. The resummation of all logarithms of
ratios of ¢r, m, and @ is achieved by performing the evolution in p and v of all functions
appearing in eq. (2.10) from their natural scales.

In principle, the p evolution can be performed by evolving all functions with their
respective number of quark flavors without switching the flavor scheme, i.e. with n; + 1
flavors for H, n; flavors for B and S and an additional evolution for the collinear and
soft matching functions H. and Hs. The consistency of RG running for the factorization
theorems in egs. (2.10) and (2.8), and eq. (2.7) with n; massless flavors, implies that
the p-dependence of the mass-dependent hard functions H, and Hj is precisely given by
the difference between n; and n; + 1 active quark flavors in the evolution of the hard
function H;j,

YH. <m7M7 5) +’7Hc (mau7 5})) +7Hs<mvu7 V) - (Q /'L) nl""l (Q ,U,) (211)

a

where vg'f ) is defined in eq. (2.6), and g, and g, are defined analogously. At two loops

this relation can be checked explicitly using the results in egs. (4.11), (4.13) and (A.2).
As a result, the pu evolution for the hard functions can be conveniently implemented as
illustrated in figure 3(a), by carrying out the u evolution with n; active quark flavors below
the matching scale p,, ~ m and with n; + 1 flavors above p,,, providing in this sense a
“variable-flavor number scheme” [23, 24]. (This effectively corresponds to using operator
running for the hard scattering current, which is renormalized with n; + 1 flavors above the
mass scale and with n; flavors below the mass scale.) In addition there is also a rapidity
evolution, which is carried out at p,, = m, i.e. at the border between the (n;+ 1) and (n;)-
flavor theories (see ref. [56]), which is governed by the mass-dependent rapidity anomalous
dimensions for Hg and H,,

Vo, (M, 1) = =279, 77, (m, 1) = In Hy(m, p,v). (2.12)

dlnv

2.4 Quark mass effects for gy ~ m < Q

If the gr scale is of the order of the quark mass, gr ~ m, the massive quark becomes a
dynamic degree of freedom, which contributes to the g spectrum via real radiation effects.
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Figure 3. Illustration of the renormalization group evolution for gr of the hard, beam, soft, and
parton distribution functions in invariant mass and rapidity. The anomalous dimensions for each
evolution step involve the displayed number of active quark flavors. The label m indicates that the
corresponding evolution is mass dependent.

The mass modes in eq. (2.9) are now the same as the usual massless SCET; modes for
the gr measurement in eq. (2.1), since their parametrically scaling coincides for gp ~ m,
as illustrated in figure 2(c). In this case, there is only a single matching at the hard
scale  ~ @ from QCD onto SCET with these common soft and collinear modes. This
hard matching gives again rise to the (mass-independent) hard function H 2.(J’.”+1) for ng +1
massless flavors. The SCET operator matrix elements at the scale u ~ qr, i.e. the beam
and soft functions, now encode the effects of the massive quark. They are now renormalized
with n; + 1 quark flavors and contain an explicit dependence on the quark mass. When
integrating out the modes with the virtuality gr also the massive quark is integrated out
and the collinear matching functions Z;; between the beam functions and the PDF's thus

also contain the effect from changing from n; 4+ 1 to n; flavors, i.e.

A2 A2
n, — v — 1% n
Bl( ) (pTa m,x, W, 7) = Z ik (pT7m7x7,U’7 7) Rz f]i l)(fﬁaﬂ) |:]-+O< QCQDv Q2CD>] .
w - w m qr
ke{a,q,9}
(2.13)

Written out explicitly, the factorization theorem reads

do n = . o
m = Z ) HZ'(]' l+1)(Q7 1) /d2pTa d*pry d*prs 5(Q% — |Pra + D10 +st’2)
T i.7€{¢.0.Q.Q}
N v n
X |: Z Izk <pTa7m7xanu“7 ;) Rz ]5 l)(xavu)]
ke{a,q.0} ¢

X [ Z Ijk(ﬁTb,m,xb,,u, wlb) ®z f,ﬁ"”(xb,u)]

ke{q,q,9}

X S(ﬁT&mvﬂ?V) |:1+O<

2 2
gr m* Agep AQCD)] (2.14)
Q Y QZ) m2 9y q% Y
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where i,j = @Q, Q denotes the massive quark flavor in the sum over flavors. We stress that
the renormalization of the bare soft and beam function with n; massless and one massive
flavor is carried out in the n; + 1 flavor scheme for ag, while the strong coupling in the
PDFs (which are defined in the lower theory with n; massless flavors) is renormalized with
n; flavors. The renormalized soft function and beam function coefficients Z;, can then be
expressed in terms of either the (n;+1) or the (n;) flavor scheme for o without introducing
large logarithms.

In this hierarchy quark mass effects enter in eq. (2.14) at O(a?) in two ways: there
are secondary radiation effects appearing in the two-loop soft function S and the flavor-

(2)

diagonal beam function matching coeflicients qu . In addition, there are primary mass
effects arising from a massive-quark initiated hard process. For Z/4* production, this
requires the production of the massive quarks via gluon splitting in both collinear sectors,
which manifests itself in two one-loop collinear matching coefficients Iéglg) X Ic(,?lg)' For W-

boson production, primary charm quark effects enter already at O(ay) from a single Ig g)

with @ = c.

The resummation of logarithms In(gr /@) and In(m/Q) is again obtained by performing
the RG evolution for eq. (2.14), which is illustrated in figure 3(b). While the evolution of
the PDF's proceeds in n; flavors, the p-evolution for the hard, beam, and soft functions
above the scale m is now carried out purely with n; + 1 flavors. Consistency of RG running
for eq. (2.13) implies that the matching coefficients Z;;, satisfy

d o v ny+1 o v n R v
M@-’Zlk <pT7 m, z, [, ;) = |:7(le ) X Ilk:| <pT7 m, z, W, ;) _' Z_ |:ZZ] ®7J(f’jl]3;:| <pT7 m, z, W, ;) .
JGQ7q?g
(2.15)

Since the renormalization of the beam functions does not involve parton mixing, the one-
loop primary mass contributions to IS ; cannot give rise to rapidity divergences and associ-
ated logarithms. On the other hand, the secondary mass effects change the rapidity evolu-
tion. In particular, the beam and soft v-anomalous dimensions become mass dependent,?

d n n — 7 n 7
l/d B’L( s (ﬁT:malua K) = /koT ’Y;E é_‘_l)(pT - kT7m7:u') B'L( ) (kT7m7/J'7 K) )
14 w ’ w

d . ), )
v ST (i, m, a,v) = / hy D (@ — Fp,m, p) ST By, m ). (2.16)

We discuss the implications of the mass dependence for the rapidity evolution in section 5.

2.5 Quark mass effects for m < gy € Q

If g7 is much larger than the mass, the fluctuations around the mass-shell take place at a
different scale than the jet resolution measurement. There are no relevant soft fluctuations
scaling like pi, s ~ (m,m,m), since the measurement of g is IR safe and is thus insensitive
to the lower mass scale. (In other words, if we were to explicitly distinguish such soft mass
modes their contribution would cancel as for an inclusive observable since they are not

4The fact that quark masses can affect the evolution was already pointed out in ref. [34].
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constrained by the gr-measurement.) This means that the soft modes are described by a
soft function with n;+1 massless flavors at the scale p ~ gr. Due to the collinear sensitivity
of the initial-state radiation there are still relevant collinear mass modes scaling like ph, n, ~
(m?/Q,Q,m) and phn, ~ (Q,m?/Q,m), as illustrated in figure 2(d). Thus there are
collinear modes in SCET at different invariant mass scales, which can be disentangled
by a multistage matching. First, the beam functions are matched onto the PDFs with n;
massless and one massive flavor. Since this matching takes place at the scale ug ~ gr > m
this gives just the matching coefficients Z;; for n; 4+ 1 massless flavors,

R B S AP PO ) e o)
kE{q,qu,Qy} (2.17)

In a second step, at the mass scale u,, ~ m, the PDFs including the massive quark effects
are matched onto PDFs with n; massless quarks, and with «g in the (n;) flavor scheme,

A2
D@m= N Mae,mp) @0 £ (@, ) [1 + C’)( T%SD)} : (2.18)

ke{q,3,9}

The PDF matching functions M, can be expressed in either the (n;) or the (n; + 1) flavor
scheme for «.

In total, the factorization theorem reads

do

e i+l /dz o 2pry Apre 8(2 — |Pra + 7 7 |2
g2 dQ2dY E ij (Q, 1) pra A°pre d°prs 6(¢7 — |PTa + P + P1s|”)

1,7€{¢,4,Q,Q}
X |: Z Z Inﬁ_l (pTayxaaﬂv >®x Mkl(xmm /~L)®a: fl ($a7,u/):|

ke{q,3,Q,Q.9} 1€{a:3,9}

X [ > > Inl (pr,wb,,u, )®x M (xp, m, 1) @y fl l)(fﬁb,ﬂ)]
kG{quQg}IE{qqg}

m? AZ
x ST (B i, )[1+O(g, o ;iczDﬂ . (2.19)
T

As in section 2.4, massive quark corrections can arise at O(a?) either via primary mass
effects involving the product of two one-loop PDF matching corrections MS; (for Z/~*)
generating a massive quark-antiquark pair that initiates the hard interaction, or via sec-
ondary mass effects involving one two-loop contribution /\/l((]?]). Note that also the running
of the light quark and gluon PDFs above p,, generates an effective massive quark PDF
via evolution factors UJ(C Ok )(MB, tm ), which for large hierarchies m < gr can give O(1)
contributions.

The evolution of the hard, beam, and soft functions can be performed purely with
n; + 1 massless flavors, while the PDF's are evolved with n; flavor below u,, ~ m and with

n;+ 1 flavors above pi,, ~ m, see figure 3(c), as usual in any variable-flavor number scheme.
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gr&mn~Q qgr<m<Q  qr~m<Q m<Legr<qQ 1

hard+m hard, ;41 - u~Q

— H~dr

— n~Aqcop

Figure 4. Relevant modes for the gr spectrum with ¢r < @ for different hierarchies between the
quark mass m and the scales gr and ). The arrows indicate the relations between the modes and
their associated contributions.

The g, dependence is canceled order-by-order by the matching factors M;;,

%Mik(m,z,u)z S e e M om,zm = S0 [My @2 m,z ).

7€{0:3,Q,Q.9} ie{a.a.9}

1

(2.20)

The absence of soft mass modes in this regime implies there is no rapidity evolution at the
mass scale, while the rapidity evolution between beam and soft functions is the same as
for n; + 1 massless flavors.

In this regime, the mass dependence is thus fully contained in the collinear sectors.
Within each collinear sector, the EFT setup is completely analogous to that of the heavy-
quark induced inclusive cross section discussed in detail in ref. [18], with the beam functions
here playing the role of the inclusive cross section there and the gr scale here playing the
role of the hard scale there.

2.6 Relations between hierarchies

After discussing all hierarchies separately, we now show how the ingredients in each of
the associated factorization theorems are related to each other. This will also make it
obvious how the mass-dependent fixed-order corrections that are kept in one hierarchy but
are dropped in another can be combined with the resummation of logarithms to obtain a
systematic inclusion of the mass effects over the whole ¢ spectrum. The relations between
the modes and their contributions between the different regimes are summarized in figure 4.
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The hard functions appearing in the hierarchy ¢r < m < @ in eq. (2.10) are related
to the hard function for ¢r < m ~ @ in section 2.2 as follows®

2

Q)= (@) He () (s ) ) 1+ 0 ()] 221

In the product of functions on the right-hand side, which appear in eq. (2.10), the loga-
rithms In(m/@Q) can be resummed to all orders. One can construct a smooth description
of the cross section for gr < m that resums these logarithms and also includes the associ-
ated mass-dependent O(m?/Q?) power corrections by simply adding the latter to the hard
function H™+D(Q, 1) at the scale u ~ Q.

The fixed-order contributions to the operator matrix elements appearing in the hier-
archy gr <« m are encoded in the ones for ¢y ~ m. The mass-dependent beam function
matching coefficients for gy ~ m are related to those for ¢r < m and the collinear mass-
mode function H,. by

2

iﬁ)} . (2.22)

Similarly, the mass-dependent soft function for gz ~ m is related to the one for ¢ < m

- v v R 14
Iik (pTu Ly 1, [y ;) = Hc (m7 12 ;) IZ(]:”) (pTu Z, W, ;) |:1 + O(

and the soft mass-mode function H; by

2
S(Br,m, p,v) = Hy(m, p,v) S™ (pr, p,v) [1 + o(ﬁ;)] . (2.23)
In the products on the right-hand sides, which appear in eq. (2.10), logarithms In(gp/m)
are resummed to all orders in the limit gr < m. One can include the associated O(g%/m?)
power corrections that are important for gr ~ m, by obtaining them from the fixed-order
expansions of egs. (2.22) and (2.23) and adding them to the (n;)-flavor beam function
coefficients and soft function at the scale pu ~ qr.

Finally, the fixed-order contributions for the operator matrix elements appearing in
the hierarchy m < gp are also encoded in the corresponding ones for ¢y ~ m. Hence, the
mass-dependent beam function matching coefficients are related to those for m < gr and
the PDF matching functions by

2
Lik (pT,m x, [, ) Z Inl+1 (p x, [, > Rz M (m, z, 1) [1 + (’)(nﬂ;)} . (2.24)
br
=449
Similarly, the mass-dependent and massless soft function are related by

1 m?
S m. ) = S o) |1+ 0( %) | (229
T

SHere and in the following it is implied that at a specific fixed order the functions on both sides have to
be expanded in the same renormalization scheme for a,. Since Hfjn Y g generically written with n; + 1
(massless) flavors, the (n; + 1)-flavor scheme is most convenient here and also to extract the O(m?/Q?)
power corrections on the right-hand side of eq. (2.21) from its fixed-order expansion.
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since there are no relevant soft IR fluctuations below the mass scale. In the functions on
the right-hand sides, which appear in eq. (2.19), logarithms In(m/qr) can be resummed
to all orders in the limit m < gz. This can be combined with the associated O(m?/¢3.)
power corrections relevant for gr ~ m, by obtaining them from the fixed-order expansions
of egs. (2.24) and (2.25) and adding them to the (n; + 1)-flavor beam function matching
coefficients and soft function at the scale pu ~ qr.

By including the various power corrections, one combines the factorization theorems
in the different hierarchies and obtains a theoretical description that is valid across the
whole g7 spectrum and includes the resummation of logarithms in all relevant limits. This
can be considered a variable-flavor scheme for the resummed ¢p spectrum. (In addition
one should of course also include the usual g7 /Q nonsingular corrections to reproduce the
full fixed-order result for qr ~ Q.)

We stress that different specific ways of how to incorporate the various power correc-
tions are formally equivalent as long as the correct fixed-order expansion and the correct
resummation is reproduced in each limit. Any differences then amount to resummation
effects at power-suppressed level and are thus beyond the formal (leading-power) resum-
mation accuracy.

A particular scheme (“S-ACOT”) to merge the m < ¢ and gr ~ m regimes was
discussed in ref. [19] for the primary massive quark corrections. In practice, for the nu-
merical study of b-quark mass effects at low gr < m < @ the off-diagonal evolution factor
Ufpg and thus the effective b-quark PDF at the scale g are still quite small, so that one
may effectively count fp(up) ~ O(as). In particular, this counting facilitates the seamless
combination with the nonsingular corrections for m ~ gr encoded in the beam function
matching coefficients in eq. (2.14). This was discussed in ref. [18] in the context of the
inclusive bbH production cross section, and the analogous discussion applies here as well.
In refs. [23, 24], the power corrections were included implicitly in the construction of the
variable-flavor number schemes for thrust in ete™ and DIS in the endpoint region by ap-
plying different renormalization schemes for the massive quark contributions to the EFT
operators above and below the mass scale.

3 Factorization of mass effects for beam thrust

3.1 Factorization for massless quarks

For the measurement of beam thrust with 7 < @) the relevant EFT modes are n,-collinear,
np-collinear and usoft modes with the scaling

ng-collinear:  ph ~ <T, Q, \/QiT) )

np-collinear:  pj, ~ <Q,T, vV QT> )
usoft: ph, ~ (T,7T,T). (3.1)

The usoft and collinear modes are now separated in invariant mass, p2, ~ T2 < p,%a ~
pib ~ Q7T , which is the characteristic feature of a SCET theory. In this case, there are no
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rapidity logarithms and the renormalization and evolution is solely in invariant mass. The
resulting factorization formula reads [31]

do n . .
@ = 2 5@ [ dtaat B o) B )
i.j€{q,q}
ta t T
(ng) _fa % 1 s 9
x 8 (T " W“)[ +O(Q)] (3.2)

This as well as the expressions including mass effects in the subsequent subsections are valid
for the primary hard scattering, and do not account for spectator forward (multiparton)
scattering effects, since the Glauber Lagrangian of ref. [57] has been neglected. (There
are also corrections from perturbative Glauber effects starting at O(a?) [58, 59], which are
well beyond the order we are interested in, but can be calculated and included using the
Glauber operator framework of ref. [57].) This is sufficient for our purposes of discussing
the mass effects in a prototypical SCETT scenario. Our results are also directly relevant to
include massive quark effects in the Geneva Monte-Carlo program [60, 61], which employs
T as the jet resolution variable for the primary interaction and where multiparton effects
are included [62] via the combination with Pythia8 and its MPI model [63-65].

The hard function H;; in eq. (3.2) is measurement independent and the same as in
eq. (2.3). The beam and soft functions depend on the measurement and are different
from those in eq. (2.3). The virtuality-dependent beam functions B; can be factorized
into perturbative matching coefficients Z; at the scale u ~ t ~ /QT and the standard
nonperturbative PDFs [31, 66]

A2
B( (t,z,pu) = ZI f)t:z:u ®sz f)(l‘ ,u)[1+(9< QtCD>]. (3.3)

The matching coefficients Z;; have been calculated to O(a2) [67, 68]. The soft func-
tion at the scale p ~ T is equivalent to the thrust soft function [69], which is known
to O(a?) [70, 71]. The noncusp anomalous dimensions required at N3*LL are available from
existing results [66].

The resummation of logarithms In(7/Q) is performed by evaluating all functions at
their characteristic scales and evolving them to a common final scale y using the solutions

of the RGEs
d n n n
M@BZ( f)(t7xau) :/dt 7( f)(t ):U’) Bz( f)(t/7l‘,,l,l,)7
d n n
pg S = [ e SO ). (3.4)

In contrast to eq. (2.3), there is no rapidity evolution in SCET] for massless quarks. Con-
sistency of the RG evolution implies that

war 3 (wall 1) + wiy o (@l 1) + 75 (8, 1) = A5(Q, 1) 8(0). (3.5)

For beam thrust the number of possible scale hierarchies with a massive quark is larger
due to the fact that the (massless) collinear and soft modes have different invariant mass
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Figure 5. Effective theory modes for the beam thrust spectrum with massive quarks for m?/Q <
T < @ and m > Aqcp.

scales. The discussion for the hierarchies with /QT < m where the massive quark cannot
be produced via real emissions, is completely identical to ¢y < m, since the quark mass
effects in these cases are independent of the low-energy measurement. For m ~ @, all
mass effects are encoded by using the mass-dependent hard function from section 2.2 in
eq. (3.2) together with ny = n; everywhere else. Similarly, the case QT < m < @ is
described by using eq. (3.2) with ny = n;, and replacing the hard function by the product
of massless (n; + 1)-flavor hard function and the soft and collinear mass-mode functions Hy
and H., as for the case qr < m < Q in section 2.3. We therefore proceed directly to the
hierarchies m < +/QT, where the massive quark can be produced in collinear and/or soft
real radiation. The four possible hierarchies and the relevant EF'T modes in the p™p~-plane
are illustrated in figure 5, and are discussed in the following subsections.

17 -



3.2 Quark mass effects for VQT ~m < Q

For /QT ~ m < @ massive quarks can be produced via collinear initial-state radiation,
but not via soft real radiation. After the hard matching, carried out with n; + 1 massless
quark flavors as discussed in section 2.3, the degrees of freedom in the EFT are collinear
and soft modes with the scaling

2
ng-collinear + MM: ph ~ (T,Q,\/QT) ~ (%, Q,m) ,
m2
np-collinear + MM:  pf, ~ (Q, T,/ QT) ~ (Q, 6,772) ,
soft MM:  pk ~ (m,m,m),
usoft: pty ~ (T,7,7), (3.6)

as illustrated in figure 5(a). While the usual usoft modes live at a lower virtuality scale
than the collinear modes, the soft mass-modes are separated from the collinear modes only
in rapidity, leading to a mix of SCET| and SCETy; features. In particular, there will be
mass-related rapidity divergences.

At the scale p ~ /QT ~ m this theory with n; + 1 dynamical quark flavors is
matched onto a theory with n; flavors integrating out also fluctuations related to initial-
state collinear radiation of massless particles. The matching in the collinear sectors leads
to mass-dependent beam function coefficients Z;,

B (tmoz i 7) - {Z i (tmo, ) @0 () [1 + o(Aj?LED, A‘%CD)] ,
€19:4,9

analogous to eq. (2.13). The dependence on the rapidity scale v here arises due to virtual
secondary massive quark corrections and is the same as for the collinear mass-mode function
H,. in eq. (2.10), i.e.,

V(%Bi(nlﬂ) <t,m,x,u, g) = Yo,1,(m, 1) BZ-(WH) (t,m,x, I, g) : (3.8)
In the soft sector the soft mass modes are integrated out, leaving only the usoft modes.
This gives exactly the soft mass-mode function Hy in eq. (2.10), which encodes the effects
of virtual secondary massive quark radiation. As usual, also the strong coupling constant
has to be matched from n; + 1 to n; flavors. The remaining contributions at the lower
scales, the soft function and the PDF's, are given in terms of n; massless flavors and in the
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(ng)-scheme for ag. The resulting factorized cross section reads

do _ (ny+1) /

1,5€{¢,3,Q,Q}
X[E:Ld%m%%)&ﬂwmwﬂ

ke{q,q.9}
X |: Z I]k (tbam Ty, by ) Bz fk (:Ubalu):|

ke{q,q.9}

t t T m? 72 A
nz) _ e _ i 1 2QCD
(T b b ) [ +0(Q I )] (3.9)

The resummation of logarithms in eq. (3.9) is obtained by evolving all functions from
their natural scales, as illustrated in figure 6(a). The mass-dependent v evolution, which
resums the rapidity logarithms In(Q/m), is identical to the one for the hard functions
H, and Hy in section 2.3. The p evolution can be conveniently carried out by evolving
the hard, beam, and soft functions with n; + 1 active flavors above the mass scale and
with n; active flavors below the mass scale, which automatically takes into account the p
dependence of Hg. To see this, the consistency of RG running for eq. (3.9) together with
the consistency relation for n; + 1 massless quarks in eq. (3.5) implies

n v n
wa’Y(B i:l) (wa£7 m, W, ;) +w ’Y(B fn—’i_ ) (wa m, W, ) + 7,% )(Ev N) + IYHS,,LL(ma 122 V) 5(€)

a

= worg" ™ (wat, 1) + wry g (wrl ) + qu”l“)(& ", (3.10)
where ’yé ), ’yg”ﬂ), 71(;[“) are the anomalous dimensions for the soft and beam functions
with n; and n; + 1 massless flavors as defined in eq. (3.4), and v(nlﬂ)(t, m, p,v/w) is the

anomalous dimension of the mass-dependent beam function,

,ujﬂBfnﬁl) (t,m,x,u, g) /dt’ (nlﬂ) (t —t',m, u, )B(nlJrl) (t' m,x, i, g) . (3.11)

The consistency relation in eq. (3.10) can be confirmed explicitly at two loops with the
expressions in egs. (A.10), (A.16), (4.11), and (4.25). Note that this relation does not
imply that fy(n’+1)(t m, p,v/w) and 7(m+1)(t, ) are the same, which is indeed not the case
for the massive quark corrections as we will see explicitly in section 4.2. The reason is
that the presence of the quark mass leads to a SCET1-type theory, in which the required
rapidity regularization redistributes the p anomalous dimension between soft and collinear
corrections with individually regularization scheme dependent pieces. Only their sum, as
given on the left-hand side of eq. (3.10), is independent of the regularization scheme and
yields the combined running for beam and soft functions with n; + 1 massless flavors above
fm ~ m, as on the right-hand side of eq. (3.10).

3.3 Quark mass effects for T < m < VQT

When the beam scale becomes larger than the mass scale, but the soft scale is still larger
than the mass, which happens for m?/Q < T < m, the beam function matching coeffi-
cients Z;; encode only fluctuations related to initial-state collinear radiation with n; + 1
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Figure 6. Illustration of the renormalization group evolution for beam thrust of the hard, beam,
soft, and parton distribution function in invariant mass and rapidity. The anomalous dimensions
for each evolution step involve the displayed number of active quark flavors. The label m indicates
that the corresponding evolution is mass dependent.

massless quarks. The EFT below /QT contains the usual collinear and soft mass modes
scaling as phyn, ~ (M?/Q,Q,m), P, ~ (Q,m?/Q,m), and pi, s ~ (m, m,m), which do
not contribute to the beam thrust measurement. However, besides these there are also ad-
ditional modes with fluctuations around the mass scale which can have a dynamic impact
on the 7 spectrum in this hierarchy, as illustrated in figure 5(b). Their scaling is precisely
determined by this condition and the on-shell constraint, yielding the scaling

ng-csoft MM:  pl |~ (’T, m7,m> ,
m2
np-csoft MM:  ph .~ (?, T, m) . (3.12)

We refer to these intermediate modes as collinear-soft (csoft), since they are simultaneously
boosted (by a factor m/7T) but are softer than the standard collinear modes, thus coupling
to the latter via Wilson lines and leading to a SCET . theory [72]. This type of intermedi-
ate SCET modes have appeared in various contexts [72-75]. The setup here is similar to
the case of double-differential distributions with a simultaneous gy and beam thrust mea-
surement discussed in ref. [73]. Also there, several hierarchies are possible ranging from a
SCET; regime for qr ~ T to a SCET] regime for g7 ~ +/QT with a SCET, regime in
between. The csoft modes in their SCET, regime are separated from the collinear modes
only in rapidity. In our case here, the csoft mass modes are separated in invariant mass
from the standard SCET] soft and collinear modes and in rapidity from their SCET1-type
soft mass-mode cousins.

The matching in the collinear sector can be performed in two steps as in eqgs. (2.17)
and (2.18). After integrating out all of the mass modes, the PDF and the soft function are
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still given in a (n;)-flavor theory. Thus the factorization formula reads

do

n;+1
0Zaydr Z Hi(j (Q, 1) Hy(m, i, l/)/dka dky Sc(ka,m, p, v) Se(ky, m, p, )

1,7€{9,3,Q,Q}
x /dta[ 3 Zzf:””(ta,aza,mxMkl<xa,m,u>®xf,i“”(:ca,u)]

ke{q,3,Q,Q.9} 1€{a.q,9}

X/dtb[ ) S T (b, w0, 1) @0 M (3, 1) @a fﬁnl)(xb,/ﬁ)]

ke{q,3,Q,Q.9} 1€{a,q,9}

T m? T? AQCD)}
Q QT ' m2> T '

The functions S, here are the csoft matching functions encoding the interactions of the

x 5 (7' ————— ko — ko, u) [1 + 0( (3.13)

collinear-soft radiation at the invariant mass scale y ~ m and the rapidity scale v ~ m?/T.
The M;; correspond to the well-known PDF matching correction incorporating the effect
of the collinear mass modes, as in eq. (2.19). The virtual soft massive quark corrections
are still described by the function H at the rapidity scale v ~ m as in eq. (3.9).

The RG evolution for eq. (3.13) is illustrated in figure 6(b). The csoft function satisfies
the same rapidity RGE as the collinear mass-mode function H,. in eq. (2.10) and the massive
beam functions in eq. (3.8), i.e

d
VaSc(k:, m, i, V) = Yy m,(m, 1) Sc(k, m, p,v). (3.14)

The only difference with respect to the rapidity evolution in eq. (3.9) is that it now happens
between Hy and S, with vs, ~ m?/T rather than between Hy and the beam functions with
vp ~ @, such that now the (smaller) rapidity logarithms In(m/7T) are resummed. The y
evolution can be performed with n; +1 flavors for the hard function H;;, the beam and soft
function above the mass scale and with n; flavors below. This automatically accounts for
the p dependence of S, and H, above p,,, ~ m, which precisely gives the difference between
the evolution of the soft function with n; + 1 and n; flavors, as implied by the consistency
of RG running for eq. (3.13) and the relation in eq. (3.5) with n; + 1 massless quarks,

5 ) + 2, (6, v) + 80 v, (my s v) = 8" (), (3.15)
where
,u(fMSc(k‘, m, p, V) = /dk/ vs.(k — K m, p,v) Se(k,m, p,v) . (3.16)

At two loops, the consistency relation eq. (3.15) can be explicitly confirmed with the
expressions in egs. (A.16), (4.32), and (4.11).

3.4 Quark mass effects for 7 ~m and m < T

For T ~ m the csoft and soft mass modes in the previous section merge with the usual
usoft modes,
2

usoft:  pt ~ (T,T,T) ~ (7', m7,m> ~ (m,m,m). (3.17)
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In this hierarchy massive quarks can be also produced in soft real radiation leading to a
soft function at the scale y ~ 7T that depends on the quark mass. In addition, there are
the usual collinear modes as well as the collinear mass modes, as illustrated in figure 5(c).
Since we still have m < /QT, the matching in the collinear sectors is the same as in the
previous subsection. The factorization formula reads

do .
awar - 7I(Q, ) / dt, diy
ZJG{%@Q:Q}

X |: Z Z I(nl+1) ta; La, M) ®ZE Mkl(l’a, m, ,U) ®I f;gm)(fUa’ M):|
ke{q,4,Q,Q.9} 1€{a,q,9}

x [ Z Z I(er) (ty, b, 1) Qg Mg (xp, M, 1) g f,ﬁ"l)(wb,u)]

ke{q,4,Q,Q.9} 1€{a.4.9}

as(T- B [reo(D 2 ta Ty gy

Wy Q’ QT T m?2

Now all rapidity divergences cancel within the soft function and do not leave behind any
potentially large rapidity logarithms. The RG evolution for this case is illustrated in
figure 6(c).

Finally, for m < T the mass dependence in the IR insensitive soft function vanishes,
if expressed in terms of the (n; + 1)-flavor scheme for a;. Otherwise, eq. (3.18) remains
unchanged, such that now the only dependence on the mass scale arises in the PDF match-
ing corrections M;;. The hard, beam, and soft functions can now be always evolved with
n; + 1 massless flavors and only the evolution of the PDF changes, when crossing the flavor
threshold.

3.5 Relations between hierarchies

We now discuss how the ingredients appearing in the different factorization formulae are
related to each other. The relations between the modes and their contributions are illus-
trated in figure 7 for the different possible hierarchies. As in section 2.6, these relations
show how one can combine the resummation of logarithms relevant in one regime with the
power-suppressed fixed-order content that becomes important in the neighboring regimes,
enabling a systematic inclusion of mass corrections across the entire 7 spectrum.

Similar to eq. (2.22), the mass-dependent beam function coefficients appearing for
VQT ~ m (incorporating massive quark fluctuation as discussed in section 3.2) are related
to those for /QT < m with n; massless quarks and the collinear mass-mode function
H. by

Lik (t, m, T, i, g) = H, (m, i, g) Il.(:l)(t, T, 1) [1 + (9(%)} ) (3.19)

At the same time, the mass-dependent beam function also encodes information about the
fixed-order content for 7 <« m < /Q7T. Comparing eqgs. (3.9) and (3.13), they are
related to those with n; + 1 massless flavors, the PDF matching functions, and the csoft
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Figure 7. Relevant modes for the beam thrust spectrum with 7 < @ for different hierarchies
between the quark mass m and the scales 7, Q7 and . The arrows indicate the relations
between the modes and their associated contributions.

function S, by

14 n
Iik (tv m,T, [, a) = Z /dezz(j vy (t - an z, M) Rz M]k(.%', m, M) SC(E, m, [, V)

j:{q7q_7Q7Q7g}
2

x [1 + O(Z;—T)] . (3.20)

The mass-dependent soft function for 7 ~ m in eq. (3.18) contains massive quark
fluctuations that for 7 < m get split into the massless soft function with n; flavors, the
soft mass mode function Hy, and the csoft function S, in eq. (3.13) as

2
S(6,m, ) = Hy(m, i, v) / A0 ST (0 — ' 1) Sul(l', m, 1, v) [1 n o(%)] . (3.21)

Finally, as already mentioned below eq. (3.18), the soft function approaches its massless
limit for m < T,

S0, m, 1) = STV (0, ) [1 + 0(?—;)] . (3.22)

3.6 Relation to previous literature

Here, we briefly comment on the connection of the factorization setup presented here for
beam thrust to the closely related SCET] setup in refs. [22, 23] for thrust in ete™-collisions
(or similarly also for DIS with  — 1 [24]). Besides the fact that the jet functions appearing
for thrust in ete™ are replaced by virtuality-dependent beam functions for beam thrust
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in pp collisions, there are also some differences in the description of the different regimes.
While we have discussed each possible hierarchy in a strict EFT sense identifying a single
operator matrix element or matching function with each EFT mode, refs. [22, 23] already
set up their factorization theorems in a way that they apply for neighboring hierarchies
(e.g. T <m~+/QT and T < m < +/QT). Using appropriate renormalization conditions,
the mass dependent corrections to the jet and soft functions were assigned such that they
directly give the massless results in the small mass limit and decouple in the infinite mass
limit. In addition, the factorization theorems contained mass mode matching functions for
hard, jet, and soft function, whenever the evolution of one of the matrix elements crossed
the mass scale. In our setup this essentially amounts to a specific practical choice how to
incorporate the power corrections in egs. (3.19)—(3.22). Although the final outcome is thus
essentially the same once the correct rapidity scales are chosen in the mass mode matching
functions, it is perhaps more transparent conceptionally to first distinguish all hierarchies
with the associated modes as we do here, and separately discuss the possible ways to add
the nonsingular corrections later. In particular, for the hierarchy 7 < m < /QT, this
leads us to identify the csoft modes as a relevant degree of freedom with a corresponding
function evaluated naturally at the rapidity scale v ~ m?/T. In contrast, refs. [22, 23] the
corresponding corrections appeared inside the mass mode matching functions as soft-bin
contributions that had to be evaluated at this rapidity scale to minimize large rapidity
logarithms.

4 Results for massive quark corrections

In this section we present our results for the contributions from primary massive quarks
at O(as) and from secondary massive quarks at O(a?) to all components of the various
factorization theorems discussed in sections 2 and 3, providing all required ingredients
for the Drell-Yan spectrum at NNLL’. The results in this section are only given for a
single massive quark flavor and with the rapidity divergences regularized by the symmetric
Wilson line regulator introduced in refs. [40, 41]. The actual computations of the primary
and secondary massive quark corrections to the beam and soft functions are carried out
in some detail in appendix B. In section 4.4, we show explicitly that the results satisfy
the small and large mass limits, and illustrate the numerical size of the mass-dependent
corrections for the case of b quarks.

The fixed-order results for the mass-dependent corrections can be expanded either in
terms of the (n;)-flavor or (n; + 1)-flavor scheme for as. For definiteness we expand in this

section any function F'(m) using agmﬂ),

00 a(nlJrl) n
F(m)=Y_ <(“)> F™(m) . (4.1)

n=0

The different two-loop contributions to F(?)(m) are written as

F®(m) = Tpny FOD 4 TpFCM (m) + .., (4.2)
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where F2h) contains all mass dependent two-loop corrections and F2! the associated
contributions for massless flavors. The expansion of F' in terms of a&"l) can be easily
obtained by using the matching relation for as,

~Ly +0(a?) ], (4.3)

o) (1) = oM () |1 - B 2

where here and in the following we abbreviate
2

Lmzlnm—

T (4.4)

4.1 Hard matching functions

All hard matching functions, i.e. the hard function H at the scale ) and the mass mode
matching functions H. and Hg at the scale m < @, are insensitive to the measurement
performed at a lower scale and are therefore the same for ¢y and beam thrust 7. Since
the QCD and SCET currents are the same as for eTe™ — 2 jets, the results can be read
off from the corresponding ones in refs. [23, 56].

4.1.1 Massive quark corrections to the hard function

The secondary massive quark corrections to the hard function in eq. (2.8) read

2
Q2

where H(® denotes the tree-level normalization and H(®) the massless one-loop contribution

(@) = HOQ Crtin (53) + 31 HO@.10 (45)

given in eq. (A.1). The function Ay contains the O(a2CrTr) virtual massive quark bubble
correction in full QCD shown in figure 1. It has been calculated in refs. [76, 77] and is
given by

hyirg(z) = (16$2 - g) [4Li3(r — 1) — 1ln3 r-l + Eln r-l + 4C3]

r+1 3 r+1 3 r+1
+r<@x+76> 411 ( _1>+lnzr_1 —2—7T2 —i—(ﬁx—%—lom)lnx
9 9 \r+1 r+1 3 9 27
1904 6710
SR 2 4.
9 T+ g (4.6)

with 7 = \/1+ 4x. For m — oo the massive quark decouples such that hyii(x) — 0 for
T — 00.

For Z-boson production there is an additional primary massive quark contribution to
the axial vector current, namely the massive quark triangle correction in figure 1, which we
denote by Ah,yial With the same prefactor as for hyir¢ using the narrow width approximation
for notational simplicity. It has been computed in refs. [78-80] and is given by

2 2 2
Ahaar (@, 1) = Ui“‘f; [31 0% —0+ T+ 0@~ am) 61 ()
2
+0(4m? — Q2)G2<Q2)} (4.7)
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where the vector and axial vector couplings for up- and down-type quarks are proportional
to v, = 1 —8/3sin? Oy, vg = —14+4/3sin? Oy, a, = 1, ag = —1. The functions G and G
are given in egs. (2.8) and (2.9) of ref. [79]. In the small mass limit m < @ the function
G1(m?/Q?) vanishes, such that Ahaya gives the same result as for a massless flavor in
the loop,

8agqag Q? m?
Ahaial(Qm, ) = 222 |31 = 9 0( ) 48
a al(Q m M) vg +ag|: ,U + + Qz ( )
For a massless isospin partner this correction is thus canceled within the SU(2);, doublet,
while for different masses (as for m; < my) there is a (u-independent) remainder. Note
that for Q < m the function Ah,yia gives a nonvanishing contribution

8agqag Q?
Ahiat (Q,m, 1) = —2a%Q 17 o() 4.9
axial (@, M0, 1) Ug—l-a[ H+2+ m2 (4.9)
In this case one would integrate out the heavy quark at the scale p,, ~ m and evolve the
axial current to gy ~ @ to resum logarithms In(m?/Q?).

4.1.2 Soft and collinear mass-mode matching functions

The contributions to the mass-mode matching functions originate only from secondary
radiation. The soft mass-mode function Hy appearing in egs. (2.10), (3.9), and (3.13) has
been computed at two loops with the symmetric n-regulator in ref. [56]. It is given by

a?CpTrp 16 160 448 8 40
H, =14 == L? Lpy+—)In—+-L3 L?
(m, pv) =14 =5 [ (3 mt g +27) p Tgtm gt
448  4r? 656  10m2  56(3 3
— )Ly — - — - == . 4.1
(27 9 ) TR T T o ]JFO(%) (4.10)

Since there are no O(as) corrections, the flavor scheme for oy does not affect the results
at O(a?). Tts anomalous dimensions are

a2CrTr [ /64 320 v 448 8rx?
== (=L, In=- — — 4+ 22 3
’VHs(mauay) 1672 |:( 3 + 9 ) 1 27 + 9 :| + O(as)7
2CrTrp[ 16, 160 448
v (mp) = =" -—L2 - L. ——|+0(). 4.11

The rapidity anomalous dimension is even known at O(a?2), see ref. [24].
The result for the collinear mass-mode function H. in eq. (2.10) can be inferred at
O(a?) from the computations in refs. [23, 56] and reads

20T, 8 80 224
Hc(”%/-%%) :1+W|:< L2 7Lm+ >an

672 [\37™ " 79 27
2 82 732072 8G
212 S+ =)Ly, + — 3. 4.12
+ m+<3+9> 18 a7 3} Olas) (4.12)
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Figure 8. Feynman diagram for the massive quark beam function at one loop.

Its anomalous dimensions are

2 2
v o:CrTr (32 160) v 4 16w 3
—)=———|—-(—=L —)In——-8L,, — - —
fYHc<m7N7w) 167T2 |: 3 m + 9 nw 8 m 3 9 +O(C¥s),
Q2CpTr (8,5 80 224 3
Yo, (M, 1) = 48167r2 <3Lm + 9 Ly, + 57 ) +O(a). (4.13)

One can easily verify that the relation in eq. (2.21) between the massive hard function
in eq. (4.5), the hard function contribution for a massless flavor in eq. (A.1), and the two
mass-mode functions in egs. (4.10) and (4.12) is satisfied,

2
(2.h) _ (21 ) v ) v 2) m-
HY5M(Q,m,p)=H'""(Q, p)+H, (m,u,w )+Hc (m,u,wb>+Hs (m,u,V)JrO(Qg)-

a
(4.14)
4.2 Beam functions

Here we give our results for the massive quark beam function coeflicient Zg, at O(a;) and
the secondary massive quark corrections to the light-quark coefficients Z,, at O (a?), which
appear in eqs. (2.14) and (3.9) for the ¢p and beam thrust measurement. We also give the
massive quark contributions to the beam function anomalous dimensions. We also give the
well-known results for the corresponding PDF matching coefficients Mg, at O(a,) and
My, at O(a?) appearing in egs. (2.19), (3.13) and (3.18).

4.2.1 TMD beam function coeflficients

The matching coefficient Zg, generating a massive beam function from a gluon splitting is
calculated at O(as) in section B.1 and corresponds to the diagram shown in figure 8. The
result reads (p2 = |pr|?)

. . asTp 2 2m2z(1—2) 9
Zog(Pr,sm, 2)= Lo, (Pr,m, 2) = 12 0(z) 0(1_2)W qu(z)+W +0(a3),
(4.15)
with the splitting function
Py(2) =22+ (1—2)%. (4.16)

This result is equivalent to the Fourier transform of the mass-dependent matching functions
Ch/q in ref. [19]. After performing an appropriate crossing it also agrees with the massive
final-state splitting functions [81, 82] or fragmenting jet function [83].
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Figure 9. Secondary massive quark corrections for the light-quark beam function at O(a?). In
addition, also the wave-function renormalization correction and the mirror diagrams for (b) and (c)
have to be included.

The contributions from secondary massive quarks to the matching coefficient Z,, are
computed in section B.3 at O(a?). The corresponding diagrams are shown in figure 9. The
result is given by

2h)( o, 2, 2 )

8 80 224 v 2 82
@ 1— L2 L mY 4212 4 (24+5)L
=6(z )CF{5 () o( z)[(3 m—l-g m+27>nw—|— m+<3+ 9) -
73 207?28
73 20w 8
18 ' 27 3
_ _ _ Z . ~ 2 022 c+1
+97Tp2T[£0(1 z) =1 Z)lnw][ 5+ 120 + 3e(1 — 2*) In — }
16 3 d+1
— 01— 2) | ————[(1+ 221 +2m? 4n2%(=5 + 62 — 522)] In ——
+97rp2T( Z)[Qd(l—z)[( +29)(1 4+ 2mz) + 4m*2* (=5 + 62 Zﬂnd—l
1—2m2 1
_ 3 m)lnc—i— +1—|—4z+3m2(—4—|—z—5z2)]}
1—z2 c—1
4 v
* W (7 v
+ SLmIqq (pT7zvu7 (JJ) ? (417)
where

=" c=1+4m?, d=+1+4m?z, (4.18)

) s

and the one-loop term I(q is given in eq. (A.4). Here £, (1 — z) denotes the standard plus
distribution as defined in appendix D.

In the (n; + 1)-flavor scheme for a; there is also a correction from a virtual massive
quark loop to the flavor-nondiagonal matching coefficient I(gz). This contribution is trivial,
since it factorizes into a vacuum polarization correction corresponding to the matching of

o between the (n;) and (n; 4+ 1)-flavor schemes, and the one-loop contribution, such that

TN (pr,m, 2, p) = ngzg;NﬁT,z,m, (4.19)

h)

with I,g;) given in eq. (A.3). In the (n;)-flavor scheme for o the I,gg’ contribution vanishes.



The contributions from a massive flavor to the beam function anomalous dimensions are

B) [V 160. v 4 1672
B0(2) =0 (~gmE -5 - 1),

w 3 9
N 16 . . 8 80 224
V) (g, m, ) = Cp { == Lin Lo (i, 1) + 63 (5r) (*L?n + —Lpy + 7)
’ 3 3 9 27
16 ~9 .2 c+1
—— (5 —-12 —3c(1 -2 1 . 4.20
+97rp%[ m o m)nc_l]} ( )

The Lo(pr, p) distribution is defined in appendix D. The p anomalous dimension here is the
same as for a massless quark flavor, 'yg’h) = ’yg’l) [see eq. (A.7)]. The rapidity anomalous
dimension is explicitly mass dependent and only reproduces the result for a massless flavor

in the limit m < pp.

4.2.2 Virtuality-dependent beam function coefficients

The massive quark-gluon virtuality beam function matching coefficient at O(a;) shown in
figure 8 is given by

o Ty 2m?z2

Toy(t,m, z) = pp

0(t) 0(2) 0 [t(l —2) _ m2] 2

=] 2+ 2] ot

The contributions from secondary massive quarks to the light-quark coefficient at

O(a?) as shown in figure 9 are given by

I(zh)(t’ ’ K)
qq m,z, i, w

8 80 224 2 872
- H(Z)Cp{é(t) 5(1— 2) [(SL; + 5L+ W) 1n£ v oI 4 (g + %)Lm

7 208G
18 27 3

u—"v

4m22 8 3 2 2 4 2 2
— — (1 1—2n —4n 2 — |
+9<t 1—z>9t(1—z)[ u[( + 27)( miz) —4m;2°(2 — 32+ bz )} n

2(11 — 212 4 2922 — 1523)
1—=2

U+ v

4
— v [4 —3z+42%2 + th } + 5 Lm It zop),  (4.22)

with

m 42z
Ny = — =4/1 — 4m? S — 4.23
my i u =4/ miz, v =/ T (4.23)

and the one-loop term Ié;) is given in eq. (A.8).
In the (n;+1)-flavor scheme for g there is also the analogous contribution to eq. (4.19)
to the flavor-nondiagonal coefficient

4
oM (t,m, 2, 1) = 3Lm I (t, 2, 1), (4.24)

2,h)
g

with Ié;) given in eq. (A.8). In the (n;)-flavor scheme for a5 the Iq( contribution vanishes.
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The contribution from the massive flavor to the p anomalous dimension at O(a?) is
given by

v 160, v 4 1672
A2 (t, ;) — Cré(t) <— In—— o - ) : (4.25)

We emphasize that the massive quark contribution to the g anomalous dimension is not
the same as for a massless flavor, but is in fact the same as for the TMD beam function
in eq. (4.20). This is required by consistency with the large mass limit Q7,qr < m,
where the massive flavor can only contribute to the (local) running of the common current
operators, which are independent of the measurement. Only in combination with the soft
mass-mode function H, and the soft function, the combined p evolution above the mass
scale is the same as for n; + 1 massless flavors as discussed in eq. (3.10).

The secondary massive quarks introduce rapidity divergences and associated loga-
rithms also in the virtuality-dependent beam function. The v anomalous dimension induced
by the secondary massive effects is the same as for the collinear mass-mode function, see
eq. (3.8), given in eq. (4.13).

4.2.3 PDF matching coefficients

The matching coefficients relating the PDF's in the (n;41) and the (n;)-flavor scheme are all
known at two loops [84] and partially beyond (see e.g. refs. [85-87] and references therein).
The matching coefficient for a primary massive quark originating from an initial-state gluon
at O(as) is

a1y
T d4r

The matching coefficient coming from secondary massive quark corrections to the light-
quark PDFs reads up to O(a?)

Mog(m, z,p) = 0(1 — 2)0(2) 2Pyg(2) Ly, + O(a2) . (4.26)

a2CrTr 8 80 224
=14 27" 1—2)(=-L% + =L, +—
Myq(m, z, 1) + 62 H(z){ﬁo( z)<3 o+ 5 m + 27)
2 8r? 73 20w 8(3
5(1 — 2)|2L? S+ =)L, -+ =
+4 Z)[ m+<3+9) USTREET: 3]

4 8 88 81422 21+ 22
1—2)|—=L2(1 Lin(=——24 - 1 - In?
+ 6 Z){ glm(1+2)+ (9 0 31— nz>+31—z ne
Inz (44 16 44 ,\ 44 268 5
a4+ — — == . 4.2
<9 3% 9z>+27 272]}+(9(a$) (4.27)

1—2z

The matching coefficient between the gluon PDF in the (n;) and (n; + 1)-flavor schemes at
O(a), which is also required for Drell-Yan at O(a?), is equivalent to the matching relation
for o

aTr

Myg(m, 2 1) = (1 — =) + 22F 51— 2) ng +0(d). (4.28)

Note that taking into account the nondiagonal evolution of the PDFs the known O(a?)
corrections for all matching factors M;; become relevant at NNLL'.
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Figure 10. Corrections from secondary massive quarks to the (c)soft function. Also the mirror
diagrams need to be included.

4.3 Soft and collinear-soft functions

Here we give all massive quark corrections at O(a2) to the soft and csoft functions. They
arise exclusively from secondary radiation. Note that the soft functions satisfy Casimir
scaling at this order and can be thus applied also to color-singlet production in gluon-
fusion by replacing an overall Cp — Cj4.

4.3.1 TMD soft function

The contributions from secondary massive quarks to the TMD soft function, which appears
in eq. (2.14) for gy ~ m, are calculated in appendix B.4 at O(a?) and correspond to the
diagrams shown in figure 10. The result reads

1 1 44
S (5, m, p,v) = Cr {5<2><ﬁT> {(—Gﬁ -~ )

8 40

Lm— 2 )InZ + 213 + =12
448  4n? 656 1072 56

( - ’]T)Lm‘i‘i—77r —<3:|

w9 ™9

3™ 9 27
27 9 27 27 9

1 1
+ 2{%—5+um?+&u—2m%mc+ pnl
9mp7 -1 m
. —1)? c+1 mfc+1) =2
3e(1 — 22 [Lin (C=12 1oy 1 -
+ 3¢ " )[ 12<(c—i-1)2)+ feo1 T 2 6
1 4
+d5—mm%mcjl+8mﬂ}+3Lm$”@fuw% (4.29)

where 1 = m/pr and ¢ = v/1+ 4?2 as in eq. (4.18) and the one-loop soft function S
given in eq. (A.11).
The massive quark contributions to the anomalous dimensions of the soft function are

2
(2,h) [ = —C 3201 K B 448 8
Vs (pT7H7 V) F < 9 nM 27 + 9 )
. 32 . . 16 160 448
7,%“ (Fr,m, ) = Cp 3 o= Lin Lo(Fr, 1) + 6 (Fr) | - LE — L — —
' 3 3 9 27
32 1
+ 22 b 1202 4 3e(1 — 20 I | L (4.30)
I p7 c—1
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. . . " 2,h
The p anomalous dimension here is the same as for an additional massless flavor, ’yg’ ) =

Véz’l) [see eq. (A.13)]. The rapidity anomalous dimension is explicitly mass dependent and

only reduces to the result for a massless flavor in the limit m < pr.

4.3.2 Csoft function for beam thrust

The csoft function is a matching coefficient between an eikonal matrix element in the n;+ 1
and n; flavor theories appearing for the hierarchy 7 < m < QT in eq. (3.13). The
relevant diagrams at O(a?) are shown in figure 10 and are calculated in section B.5. The
result is given by

a?CrTr (v luy /8 80 224
8 40 448 4rx? 656  10m?  56(3
5(0)|-SL3, — =2 (_i —)L -0 2053
+()[9m9m o7 t o )t T ar T ar Ty

+ 0(a?).

We can see that with the scale choices p ~ m and v ~ p?/f ~ m?/T all large logarithms
(including the implicit one inside the plus distribution) are minimized. The p anomalous
dimensions of the csoft matching function is given by

Q2CrTp[ v . flvy (32 160 448 87 3
tse(bmopv) = e [;ﬂﬁo(;ﬂ) (G tm+g) +00(5 - 9)} +0(e5).
(4.32)

The v anomalous dimension is the same as for the collinear mass mode function in eq. (4.13),
T,Sc = Vv,H,-
4.3.3 (Beam) thrust soft function

The secondary massive quark corrections to the (beam) thrust soft function at O(a?) were
calculated in ref. [88] and are given by

1, 70\ (16 160 448
(2,h) — Lol =12 + 2 il
S (0 m, 1) CF{M'CO(M><3 g m+27>
8 40 448  4x? 656 1072 56
S(O)|—2L3 — — L2 4+ (-2 + — )L — —— + —— 4 —
+()[9m 9m+( 27+9> o7 T T

1[64 (w—l) E121—w 641 1_wlnfng

00— 2m) = | = L S—w 0
O =2m) g g Lis( 7 )+ It e i

160 1—w (896+256A2> 1672
——I— —w|—— + ——m —_—
9 14w 271 21 ¢ 9

4
+ A8 (6m) + 5 L SV ), (4.33)

where

mgz%, w=/1—4m2, (4.34)
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and the one-loop soft function S™) is given in eq. (A.14). The term AS,(¢,m) contains
the correction from two real final-state emissions entering two opposite hemispheres, which
vanishes both for £ < m and m < ¢ and is currently only known numerically. The integral
expression for this numerically small contribution is given in eq. (61) of ref. [88], and a
precise parametrization can be found in ref. [23].

The massive quark contribution to the anomalous dimension is the same as for a

massless flavor, 'yg?’h) L p) = ’yg’l)(ﬁ, w), given in eq. (A.16).

4.4 Small and large mass limits

In sections 2.6 and 3.5 we explained how the ingredients in the factorization theorems for
different hierarchies are related to each other. Here we verify these relations for the beam
and soft functions up to O(a?). We also scrutinize the numerical impact of the power
corrections for these functions. We focus in particular on the O(m?/¢%) corrections the gr
spectrum for b quarks, which are contained in the factorization theorem eq. (2.14) for gp ~
m but not in the massless limit for m < ¢p in eq. (2.19), as these are phenomenologically
important hierarchies for b-quark mass effects at the LHC.

For the numerical results we use the MMHT2014 NNLO PDF's [89] and evaluate the
contributions for u = mp = 4.8 GeV, w = my, and E.y = 13TeV. The main qualitative
features of the results do not depend on these specific input parameters.

4.4.1 Limiting behavior for ¢r

We first consider the primary mass effects at one loop, which are encoded in the TMD

beam function matching coefficient 183

massive quarks decouple, which is manifest in the result,

in eq. (4.15). In the limit pr < m the primary

2
1)/ p
18) (r,m, 2) = o(ﬁg) . (4.35)

On the other hand, in the opposite limit m < pr it becomes

Igg) (ﬁTa m, Z)

m2
= T 8(1 = 2)0(2) { 2Pog (2) Lo(Br, 1) + 8P (Br) | ~2Pyg (2) L + 42(1 = 2)| + o(pQT ) }
pr

confirming that the relation in eq. (2.24) is satisfied at O(a;). The massless one-loop
matching coefficient Ig;) can be found in eq. (A.3) and the PDF matching coefficient MS;
in eq. (4.26). To account for the correct distributive structure in pr that emerges in the
massless limit, one can integrate the expressions with massive quarks and identify the
distributions at the cumulant level.

In figure 11 we show the result for the massive quark beam function B(Q1 ) = Zg g) ®z fg

at O(as) as function of pr using the full massive matching coefficient Z(Eglg) (solid orange)

and its small mass limit in eq. (4.36). Note that the results differential in pr are not
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Figure 11. Massive b-quark beam function (left panel) and its cumulant (right panel) together
with its m — 0 limit. The input parameters are described in the text.
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Figure 12. Convolution of two massive b-quark beam functions together with the result in the
m — 0 limit differential in the total pr = |pr| (left panel) and the corresponding cumulant (right
panel). This is proportional to the primary massive quark correction to the Z-boson spectrum at

O(a?).

S

explicitly pu-dependent at O(ay). In the right panel we show the corresponding results for
the cumulant

Bq(pf,m) = / d*pr Bg(pr,m), (4.37)

- cut

pr|<pG

which also includes the §) () constant contribution. We can see that in both cases the
small mass limit is correctly approached for pgﬁm) > my, while for pgfm) < my the primary
mass effects decouple with the result going to zero. The corrections to the small mass limit
become sizeable for pr ~ my and vanish quite fast for larger pr.

In figure 12 we show the result for the convolution between two massive quark beam

functions,

B @ By Grom) = [ @ BY Gr 5. m) BY (5,m). (4.39)
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which enters the result for Z-boson production at O(a?T2) and NNLL'. The analytic
expression for the convolution between the two one-loop mass-dependent coefficients is
given in eq. (C.6). We see that now the corrections to small-mass limit remain nonnegligible
even for larger values of pp. This is due to the fact that the pr-convolution generates a
logarithmic dependence in the spectrum, such that the power corrections of O(m?/p%)
become enhanced by logarithms In(p2./m?).

Next, we consider the secondary massive quark corrections at O(O&?C’FTF). The result
for the mass-dependent TMD beam function coefficient Iég’h) (pr,m, z) is given in eq. (4.17).
In the decoupling limit pr < m all its terms without distributions in pr give O(p2./m?)
power-suppressed contributions. Combining its remaining distributional terms with the
contributions arising from changing the «s scheme from n; + 1 to n; flavors yields

4 2
i (PT,m z, s )— 3Lm mZiy) <pT7Z s ) 03 (pr) 5(1—2)H) (m s >+O< >

(4.39)
confirming the relation in eq. (2.22) at this order. The massless one-loop coefficient I(g) and
the collinear mass-mode function H* can be found in eqs. (A.4) and (4.12), respectively.
On the other hand, in the limit m < pr we get

7 (pT,m - ) 70 <pT,z 1, )+52(5T) M (m, 2, ) +0<7;2) , (4.40)
T

such that all infrared mass dependence is given by the PDF matching, as required by
the relation in eq. (2.24). The results for the massless coefficient and the PDF matching
coefficient are given in eqs. (A.6) and (4.27), respectively.

For the coefficient Ig]’h) at O(a2T?2) the limiting behavior is trivial, since it vanishes
identically in the (n;)-flavor scheme for as, and in the (n; + 1)-flavor scheme for oy it is
exactly

TF -’Zé?h) (ﬁT? m,z, ,u) = Iégly) (ﬁT? 2, :u) Xz Mg}) (ma Z, ,u) . (441)

The mass-dependent TMD soft function is given in eq. (4.29). In the limit pr < m
all its terms without distributions in pr become (’)(p%/ m?) power suppressed, just as for
the beam function. Combining its remaining distributional terms with the contributions
arising from changing the scheme of the strong coupling from n; + 1 to n; flavors yields

4 2
5(2 P (pT’ m, @, v ) 7LmS(1) (ﬁTv W, V) = 5(2) (ﬁT) Hs(2) (mv K, V) +0 (%) ’ (442)

3
confirming the relation in eq. (2.23). The massless one-loop TMD soft function SV and
the softmass-mode function H? are given in egs. (A.11) and (4.10), respectively. Since
the soft function is free of IR singularities, the limit m < pr just yields the massless soft
function in eq. (A.12),

2
S@M (G m, v) = S@D (Fp v )+o<%). (4.43)
T
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Figure 13. Secondary massive bottom quark corrections to the u-quark beam function (left panel)
and its cumulant (right panel) at O(a?CrTr) (including the square-root of the soft function here)
for p = my as a function of qr.

We now discuss the numerical impact of the O(m?/p2) terms from secondary mass
effects. Since the individual results for the beam and soft functions depend on the specific
regularization scheme, we consider their symmetrized combination

~ . . v >
Bq<pT7m7w7x7:u’) = /dQP{T Bq (pT - p’_'/[17m7x7,u/7 ;) S<pé’7m7,u7 V) ) (444)

which is independent of . The O(a2CrTFr) corrections explicitly depend on u and the
flavor-number scheme, but the difference between the full result and the small mass limits
given in eqs. (4.40) and (4.43) do not. In figure 13 we show the result for the O(a2CrTF)
corrections (with ay = ozgnl“)) to the u-quark beam function, both differential in pr
and the corresponding cumulant. We see that the full mass dependent results correctly
reproduce the small and large mass limits. The corrections to the massless are much
larger than for the primary mass effects. In particular, they are still of O(100%) for
pgfm) ~ 10 GeV. This clearly indicates that for secondary radiation involving two massive

quarks in the final state the corrections are rather of O(4m?/p%), as one might expect.

4.4.2 Limiting behavior for T

We carry out the discussion for beam thrust in close analogy. The virtuality-dependent
massive quark beam function coefficient at one loop is given in eq. (4.21). In the limit
t < m? the primary massive quarks correctly decouple,

t
1'8; (t,m,z) = O(W) . (4.45)

5This combination is sometimes used as definition of a TMD PDF. Bq contains large rapidity logarithms,
which are resummed once the soft and beam functions are evaluated at their natural rapidity scales and
evolved to a common scale v. For demonstrating the size of the power corrections here, we evaluate it at
fixed order.
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Figure 14. Massive b-quark beam function (left panel) and the convolution between two of these
(right panel) together with the m — 0 limit as a function of v/t ~ QT .

In the opposite limit m? < t we get

Ty (tm. 2) = T 0(1 - z)e(z){2qu(2) :250 (;f2> +4(t) [2qu(z) (_Lm tlnt e z>

v o]} o ()
2

m

as required by the relation (3.20). The massless one-loop matching coefficient Iéé) and the
PDF matching coefficient MS; are given in egs. (A.8) and (4.26), respectively.

The secondary massive quark corrections to the virtuality-dependent beam function
are given in eq. (4.22). In the decoupling limit ¢+ < m? all its nondistributional terms
become O(t/m?) power suppressed. Combining the remaining distributional terms in ¢
with the contributions arising from changing the scheme of the strong coupling from n; + 1
to n; flavors yields

Iég’h) (t, m, z, [t g) — fLmIéé) (t,z,p1) = 6(1)0(1 — 2) HC(Q) <m, L, g) + O(%) ., (4.47)

in agreement with eq. (3.19). The massless result for Ié;) and the collinear mass-mode
(2)

function H:” are given in eqs. (A.8) and (4.12), respectively. In the limit m? < t we get
2,h v
Iq(q ) <t7 m,z, K, ;)
" 2

1
= TRt 2, 1) + 8(8) M (m, 2, 0) +0(1 = 2) = 8P (Zymy v ) +0(T-) . (4.48)

All infrared mass dependence is contained in the PDF matching coefficient and the csoft
function, as required by eq. (3.20). The functions on the right-hand side are given in
egs. (A.9), (4.27), and (4.31), respectively.
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Figure 15. Secondary massive b-quark corrections to the u-quark beam function for Y = 0 (left
panel) and the soft function (right panel) at O(a2CrTr) for u = my as functions of vt ~ /QT
and ¢ ~ T, respectively.

The mass-dependent corrections to the (beam) thrust soft function are given in
eq. (4.33). In the limit £ < m all its nondistributional terms become O(£?/m?) power
suppressed. Combining the remaining distributional terms with the contributions arising
from changing the scheme of the strong coupling from n; + 1 to n; flavors yields

2
SEM(0.m, ) — %Lmsm (€, 1) = 6(0) HP (m, 1, v) + SO (6, m, i, v) + O(%) , (4.49)

in agreement with eq. (3.21). The massless one-loop thrust soft function S @) the soft
mass-mode function HS(Z), and the csoft function S{% can be found in egs. (A.14), (4.10),
and (4.31), respectively. For m < ¢ the correct massless result is recovered,

2
S, ) = SEO(E ) + 0T ). (4:50)

which was already checked in ref. [88].

In figure 14, we show the numerical results for the one-loop massive beam function and
the convolution between two of these (which is the leading order correction from primary
massive quarks for the Z-boson production) as a function of v/t ~ /QT. The mass effects
become relevant for v/t ~ my ~ 5GeV (corresponding to T < 1GeV for Q = myz). The
corrections to the massless limit for the convolution of two beam functions is nonnegligible
also for larger values. In figure 15, we show the result for the secondary O(a2CpTr)
corrections to the beam and soft function. The corrections to the massless limit for the
beam function remain sizeable even for v/t > 2my;,. For the soft function, the mass effects
are important for 7 ~ £ ~ my and become small for £ > 10 GeV ~ 2m,. Note that the
small bump in the soft function in figure 15 originates from the correction term AS; in
eq. (4.33). The associated correction in the massless limit is fully contained in the §(¢) term.
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5 Rapidity evolution

Here, we discuss the solutions of the rapidity RGEs in eq. (2.12), or equivalently egs. (3.8)
and (3.14), and in particular the rapidity evolution for the mass-dependent soft function in
eq. (2.16) for gp ~ m, where the massive quark corrections give rise to a different running
than for massless flavors. Our primary aim here is to highlight the different features with
respect to the massless case, while leaving the practical implementation for future work.

The rapidity evolution for the mass-mode matching functions Hg and H. according to
eq. (2.12) has been discussed in ref. [56]. The evolution for the beam thrust beam function
and csoft function according to egs. (3.8) and (3.14) is completely analogous. For example,
the v-evolved soft matching function Hy is given by

Hs(m7 Ky V) = V(mnu’u v, VO) Hs(muu’a VO) ’ (51)

n n v
V(m, p,v,v0) = exp{ [4n§ D po(m), ) — 40 (o (m), 1) + .11, (m, uo(m))] In VO} :
The evolution function nr is defined by
n # d,u/ n n
o o) = [ S TERL ). (52)
Ho

and resums the p-dependent logarithms inside the v anomalous dimension as required by
consistency with the g evolution to maintain the path independence in p-v-space [41].
With the canonical scale choice

po(m) =m, (5.3)

all logarithmic terms in the boundary condition =, g, (m, po(m)) are minimized.

The solution of the rapidity RGE for the soft function is substantially more involved
due to its two-dimensional convolution structure on pr. The formal solution of the rapidity
RGE for massless quarks in eq. (2.6) is most conveniently found by Fourier transforming
to impact parameter space with b = |5|, where the rapidity RGE becomes multiplicative

SO0, 1) = AL (0, 10) S0 (b, 1), (5.4)

The consistency (path independence) between p and v evolution requires the rapidity

anomalous dimension in Fourier space to satisfy

d ~n n
g s () = ~ATauplad ()] (5.5)
Its solution is given by

78 (b, 1) = a0 (o (0), 1) + 704 (b, 1o (b)) (5.6)

The logarithms of In(u b €72 /2) in the second boundary term are eliminated by the canonical
scale choice

26_’YE
my () = =—. (5.7)
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With this choice, the v evolution of the soft function in Fourier space at any given scale u
is given by

S, p,v) = 8(b, 11, o) exp [aﬁfgf)(b, 1) In ,ﬂ . (5.8)
As is well known, the rapidity evolution kernel becomes intrinsically nonperturbative at
1/b < Aqcp [32-34]. This nonperturbative sensitivity appears through the resummed
rapidity anomalous dimension, which with the canonical scale choice in eq. (5.7) gets eval-
uated at ag(1/b). It is important to note that this is not an artefact of performing the
evolution in Fourier space. Rather this is a physical effect, which also happens when the
v evolution is consistently performed in momentum space. As shown in ref. [54], in this
case the appropriate resummed result for ~, s(pr, 1) explicitly depends on a4(pr), which
means it becomes nonperturbative for pr < Aqcp.
For the massive quark corrections in the regime gr ~ m the u dependence of the
rapidity anomalous dimension is the same as for the massless quarks, i.e. eq. (5.5), such that

7%, m, 1) = 40 (no(b,m), 1) — Ant" T (po(b,m), 1) +33(0,m, o (b,m)) . (5.9)

(h)

Here 7, & denotes only the contributions of the massive flavor to the full anomalous dimen-
sion. The explicit mass dependence arises in the p-independent boundary contribution,
which depends on both b and m. From the relations in eqs. (2.25) and (2.23) we can
directly infer the limiting behavior to the anomalous dimension,

. () 1
o5 (b, ) = 008 (0, 1) + Yoot (1) + O (5 ) (5.10)

. . . ~(h .
This means that the massive quark corrections 'y£ ; are the same as for a massless flavor in

the limit m < 1/b and are the same as the rapidity anomalous dimension of the soft mass
mode function Hy in the limit 1/b < m, provided one uses the (n; + 1) and (n;)-flavor
scheme for ay, respectively. To eliminate the logarithms inside ’yl(fs, the canonical scale
choice po(b, m) should behave like the massless case for m < 1/b and like the choice for
the mass-mode matching functions for m > 1/b,

—YE
) 0,m) ~ ) ) = 2 for 1/b— oo,

u(()h)(b,m) ~m for 1/b—0. (5.11)

Since ,u(()h)(b,m) freezes out naturally at the perturbative mass scale for 1/b — 0, the

nonperturbative sensitivity in the v evolution gets regulated by the quark mass for the
massive quark contributions.

We first illustrate this behavior in a simple one-loop toy example: we consider the
radiation of a massive gluon (with mass M) having the same couplings as a (massless)
gluon in QCD, which exhibits the main features of the full results for secondary massive
quarks. The associated corrections are obtained in the calculations of appendix B.4.1 as
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intermediate results for the two-loop case. In b-space the one-loop rapidity anomalous
dimensions for massless and massive gluons are given by

“?,%(b’#) = —Cp8Ly,

526, M, ) = Cr [SLM + 16K, (bM)] (5.12)
where Ky denotes the modified Bessel function of the second kind and
b2u2€2’yE M2

The mass-dependent result has the limiting behavior
706, M, ) = —Cp 8Ly + O(M?V?),

5050, M, 1) = Cr 8Las + 0( (5.14)

1
M2b2> ’
in close analogy to eq. (5.10). A natural choice to eliminate any large terms in eq. (5.12)
in both limits is

) (b, M) = M eKo®M) (5.15)

for which &glgg(b, M, ,u(()h)(b, M)) just vanishes. The behavior of this choice as a function of
b compared to the massless result is shown in figure 16.
For the full secondary massive quark corrections at O(a?) the Fourier transform of

eq. (4.30) reads (expanded in terms of ol as in eq. (4.1))

@ B 32 16, 160 148
fyI/,S (b,m,,u) = CF {_BLbLm — ng — ?Lm — ?

8/ sof 3 2,2 50 2 2,2
VT30 2 ‘ p2) + G302 ‘ b : 5.16
T3 { 173<0,0,0m T E00,0,11™ (5.16)

— 41 —



where G denotes a Meijer G function. This result has the limiting behavior

16 160 448
5575 (b, ) = Ce <3L§ + Lo+ 27) +Om’),

3 (., 1) — S L0, ) = Cr (—136L2n - Pk - 42478) O(—g). (G17)
Hence, the correct massless limit is recovered, while in the large-mass limit one obtains
the anomalous dimension in eq. (4.11). Note that one needs to perform a change for the
strong coupling between the n; + 1 and n; flavor schemes to obtain both limits correctly.
To minimize the logarithms for any regime one should thus adopt a canonical scale choice

that satisfies eq. (5.11), as for example in eq. (5.15).

6 Outlook: phenomenological impact for Drell-Yan

Our results can be applied to properly take into account bottom quark mass effects for the
Drell-Yan g7 spectrum at NNLL'. While a full resummation analysis is beyond the scope
of this paper, we can estimate the potential size of the quark-mass effects by looking at
the fixed-order gr spectrum.

In figure 17, we show separately the contributions from primary and secondary massive
quarks to the cross section at O(a?), normalized to the O(a;) spectrum do including
all flavors (treating the charm as a massless flavor). We utilize the MMHT2014 NNLO
PDFs [89] and evaluate the contributions for p = m, = 4.8GeV, Q = mz, ¥ = 0,
and E., = 13TeV. Note that the secondary mass contributions at O(a?) are explicitly
p-dependent and scheme-dependent, the nonsingular mass correction, i.e. the difference
between the full massive result for p ~ m; and the massless limit (encoded partially in a
massive PDF), is p independent at this order. As can be seen, the relative contribution
of the bb-initiated channel grows with larger g, while the impact of the secondary con-
tributions including the full mass dependence is at the sub-percent level throughout the
spectrum. As expected, the nonsingular mass corrections are very small for my < qr, but
can reach the order of percent for gr ~ my, which roughly corresponds to the peak region
of the distribution where the cross section is largest.

The same can also be seen in figure 18, where we show the mass nonsingular corrections
to the massless limit for primary and secondary contributions as well as their sum. They
are shown for 1 = my on the left and for ¢ = ¢ on the right. We see that these corrections
are (at fixed order) indeed only weakly dependent on the value of p (for ¢r 2 2GeV). All
in all, the bottom quark mass can have a relevant effect for high precision predictions of
the gp-spectrum at the order of percent around the peak of the distribution (~ 5GeV).
Below the peak of the distribution the fixed-order result is of course not expected to
give a reliable quantitative result, and furthermore nonperturbative corrections become
important in this regime. Nevertheless, we expect the qualitative features like the sign and
order of magnitude of the mass effects to provide an indication for the behaviour of the
full resummed result.

For W production sizable corrections from bottom quark effects arise only through sec-
ondary contributions (due to the strong CKM suppression of the primary contributions),

— 492 —



0.10r — T . 0.041 — ]
0.08 F —— Full mass dependence - 0.03F —— Full mass dependence ]
_ TTE---m—0 1 = E - m—0 E
db é 0.06 - mass—nonsing. _ = = :b é 0'025 ----- mass —nonsing. E
S £ = 1 =7 0.01F =
0.04 ” ] C i 5
\ e ] \ = — e — o
ol o 0.02F 4 2 | 0.00 - f
sy Eo 1 aée', g -0.01- -7 E
° 0'00; S B B X 01 s E
-0.02 :*// m = 4.8 GeV E _0.03; // m = 4.8 GeV é
_0.047 L [ P P | —0.04F a | P P -

0 5 10 15 20 0 5 10 15 20

qr/GeV qr/GeV
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Figure 18. Different types of mass nonsingular corrections for Z-boson production at p = my, (left
panel) and p = gp (right panel).

which have a similar impact as for Z-production. On the other hand, charm-initiated pro-
duction plays an important role and enters already at O(as). Estimating the nonsingular
mass corrections for ¢r ~ m,. is more subtle, since higher-order corrections in the strong
coupling and nonperturbative effects are likely to dominate the effect from the known
beam function at O(ay) at these low scales. Thus, we do not attempt to determine their
characteristic size here and leave this to future work. An analysis based on the leading-

order matrix element and its potential impact on the determination of my, can be found
in ref. [20].

7 Conclusions

Massive quark effects provide a challenge for high-precision predictions at colliders. Using a
SCET-based factorization framework, we have discussed how to systematically incorporate
massive quark corrections into exclusive differential cross sections at the LHC, using the
measurement of the transverse momentum ¢y and beam thrust for Drell-Yan production as
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prototypical examples. We have discussed the relevant factorization setup for the different
hierarchies between the mass scale and the other relevant kinematic scales. We find that
the presence of (secondary) massive quarks can lead to the emergence or alteration of
rapidity logarithms thus changing the resummation structure in a nontrivial way.

The generic framework for the description of mass effects generalizes to other exclusive
cross sections with different jet-resolution measurements and final-state kinematic cuts,
which will require additional calculations of the relevant factorization ingredients. Our
results for the beam thrust spectrum allow for a systematic inclusion of massive quark
effects into the Geneva Monte-Carlo program [60, 61] at NNLL’+NNLO in its underlying jet
resolution variable. Several of our results are also immediately relevant for other processes
besides Drell-Yan. The massive quark beam functions are relevant for any heavy-quark
initiated process, for example exclusive bbH-production. The mass-dependent soft function
and rapidity anomalous dimension at O(a?) satisfy Casimir scaling and can be therefore
also utilized for the description of gluon-fusion processes, e.g. the Higgs gpr-spectrum.

An important application of our framework is to the precise theoretical description of
the Drell-Yan gr spectrum. To this end, we have computed all required mass-dependent
beam and soft functions up to O(a?) allowing for the description of massive quark effects
in the Drell-Yan ¢r spectrum at NNLL’. In particular, our results provide an important
ingredient for a detailed investigation of quark-mass effects in the ratio of W and Z boson
spectra at small ¢p, which is important for the precision measurement of the W-boson
mass at the LHC.
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A Results for massless quarks

Here we summarize the relevant results with massless quarks for the hard, beam, and soft
functions.

A.1 Hard function

The massless quark hard function is directly related to the QCD form factor and has
been computed at O(a?) in ref. [90]. The O(as) and O(a?CrTr) corrections read in an
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expansion in terms of oy = ag f)(,u) in analogy to eq. (4.1) (with Lo = In(Q?/u?))

2
8 76 836 1672 4085 1827° | 8¢
(2,0) _ g7(0) 9.3 2 OO0 LU ©63
H*(Q,n)=H (Q)CF[ olot 5l (27 9 )LQ 81 27 9 |

where H(® is the tree-level contribution. Note that for a single quark flavor there is in
addition a nonvanishing correction to the axial current contribution relevant for Z-boson
production, but cancels within an isospin doublet for massless quarks.

The anomalous dimensions are

VS)(Q, p) =Cr (8Lg —12),
160 520 87r2>

(2,0 o oY

A.2 Beam functions
A.2.1 TMD beam function

The matching coefficients entering the TMD beam function have been computed at O(a?)
in various schemes [47-49, 91] and are obtained for the symmetric n-regulator in ref. [50].
The results at O(ay) are

0 (r, 2 1) = 0(2)0(1 = 2) Tr |2Pyg(2) Lo(Fr, p) +42(1 = 2)6P(Fr)|,  (A3)
70 (ﬁT, o g) —0(2) Cp {L‘o(ﬁT, 0) [— (4 lng + 3)5(1 )+ 2qu(z)}
+26@ (5r) 0(1 — 2)(1 — z)} . (A.4)

The splitting functions are
3
Py(2) =224+ (1—2)%,  Pulz) =2Lo(1—2) + 501 —=2)=0(1-2)(1+2). (A5)

At O(a2CrTr) the massless matching coefficient is given by

Iq(?/”(ﬁm’uag) ()CF{El(pT, ){ Lo(1- z)—1:))—611155(1—2)—%9(1—,2)(1“)

W

+ Lo(pr, 1 )[—Eo (1-2) +—ln—5(1—z)

81+ 22 +E+%
31 9 9
4

22 224 v
@) |22 Lo(1—2) — S In—6(1 —
+0 2) o7 nwé( 2)

2 2. 201+22 148 762
1‘Z<3 Yy 1_z1“‘27‘27>]}- (4.6)
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The anomalous dimensions of the massless quark TMD beam function, as defined in
eq. (2.6), are given at O(as) and O(a2CpTr) by

() = 9).
280 (2) = (_@lnz 4 167T2> |
w
’Yl(,,%(ﬁ:rv ) = —CrALo(Pr, 1),

) 16 . 80 . B
@) = Co | = ealr ) + ol - TP (a)

A.2.2 Virtuality-dependent beam function

The virtuality-dependent beam functions for massless quarks are known to two loop or-
der [67, 68]. The matching coefficients at O(a) read

IS (t, 2, 1) = 0(2)0(1 — 2) T {2qu(z)/;£0</;) L) [2qu(z) w7 - Z)} } |

z

Izg)(tv Zs M) = 9(2) CF {;12»61 (;2)5(1 - Z) + :2[,0<:2> |:2qu(2) — 35(1 — 2)}

+8(t) [451(1 — ) 7;25(1 —2)

+6(1—2) [2(1 —2—=2(142z)In(1 —2) — 211+ZZ2 In zH } . (A.8)

The massless matching coefficient at order O(a?CrTr) for one quark flavor reads

ZED(t, 2, 1) (A.9)
= 0(2) CF{;;/LQ(/;) 5(1 - 2)

+ :251 (;) [13650(1 )= 61— )~ 26021+ z)}

N :250(;2) [1;,51(1 _ - %0110(1 )41 — z)(% - %f)

L1 —z)<—§(1—|—z)ln(1—z) - meéﬂ%)]

+6(¢) [252(1 - %51(1 St Lo(1— z)(% - %72)

2 2
$601-2) (-2 + 10+ ) 01 - 2) (—8(1 ) L1 - )

4 16(1 + 22) 10 (1 + 22)
- -1 In?(1—2) — ———=1In(1 - 2)1 — " In?
3( +2)In*(1 — 2) 31—2) n(l—z)lnz+ 501=2) n-z
16 64z 4(5 — 2z + 72%) 148 76z  4r?
—+—")In(1 - Inz— — — == 1 :
+(9+ 9)n( Dt Ty P T T R
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The anomalous dimension of the massless quark beam function at order O(as) and
O(a2CrTr) are given by

) o8, t
B (tnu) - C'F|: /,LZEO(/J,2) + 65(t):| )
2.) _ 1601 ./t 484 872
v (t, 1) = Cr [9 : £0<M2) +3t)(~ 5 —5) |- (A.10)

A.3 Soft functions
A.3.1 TMD soft function

The TMD soft function for massless quarks with the symmetric n-regulator has been com-
puted at two loops in ref. [50]. At O(as) and O(a2CrTF) it is given by

2
SO, p,v) = CF[—4£1(5T, p) -+ 8 Lo(Pr, ) — -0 (ﬁT)] : (A1)
16 32 v 80 160 . v 8x2
2,0 (= _ Y — - 0a YooYy — [t zoen
S (pr, p,v) CF[ 3E2(pT,u)+£1(pT,M)(3 lnu+ 9> Eo(pT,u)( 9 1HM+ 5 )
448 v 656 10m2 8¢
@) (7 (230, v 026 _ 86
+6 (pT)( st e g )} (A.12)

The corresponding anomalous dimensions are
v v) = —Cr16m 2
1

1§ ) = Cr

V3 1) = Cr8Lo(Fr. 1),

N 32 . 160 448
73 (e, ) = Cp [Sﬁl(pT, )

— = Lo(7 ——6@(pr)| . Al
o Lolpr, 1) + 50 (pr) (A.13)
A.3.2 Thrust soft function
The thrust soft function is known to two loops [70, 71]. At O(as) and O(a2CrTr) it is
given by
1 l 2
SV, p) = Cp |[-16=Ly(— ) + —-d(¢ A4
()= Cr | <1601 ) + 5000 (A.14)

SO, 1) = Cr [—64152(6) #oa() o) (o )

80 74m? 232
+6(0) (8—1 + 2—777 - 9@,)} . (A.15)

The corresponding p anomalous dimension is given by

Wy = 1600 Lro (L
1) =16Cr Lo ().

(2.0) _ 3201 0 448 8’ Al
Yg (&M)—CF[ 5 MEO(M>+5(€><27 9) : (A.16)
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B Calculations of massive quark corrections

We calculate the quark mass dependent beam and soft functions for primary and secondary
contributions at one and two loops, respectively. The final renormalized results are given
and discussed in section 4. For the computation of the collinear massive quark corrections
we use the Feynman rules determined from the collinear massive quark Lagrangian [92-94].
For the secondary corrections we use in practice regular QCD Feynman rules, since the
collinear sector is essentially just a boosted version of QCD. (The interactions of the mas-
sive quarks in the soft sector are anyway given by the usual QCD Feynman rules.) First,
we calculate the massive quark beam function in section B.1, before discussing the com-
putation of the secondary corrections for the massless quark beam and soft functions in
sections B.2-B.5. All computations are carried out in Feynman gauge.

B.1 Massive quark beam function at O(as)

The massive quark beam function operator for a measurement function M is defined as
(see e.g. refs. [31, 41, 66, 95])

OQ({(M}.w0.m) = Xy VM. 5) £ [5(00 = Pr)asm(0)] B.)

where X, indicates a massive collinear quark field, P# is the label momentum operator,
and pT extracts the residual momentum component n - k. For the transverse momen-
tum dependent (TMD), virtuality dependent, and fully differential case the measurement
functions are

My =8P (G —PL), Myr =8t —wpt), My =D (@p —PL)ot —wpt). (B.2)

For convenience we discuss also the fully differential case here, from which the other two
cases can be obtained by an integration over the respective other variable. The beam
functions are proton matrix elements of the operators Og. To compute the (perturba-
tive) matching coefficients onto the PDFs, we take matrix elements with partonic states,
denoting e.g.

Boy ({M).m.2 = ) = (0.0)|0q({M}.0.m)lg(p)). (B.3)

for an initial collinear gluon state with momentum p* = p~n* /2.

At O(as) the only contribution to the massive quark beam function originates from
an initial collinear gluon splitting into a heavy quark-antiquark pair. The corresponding
diagram is given in figure 19. The kinematics of the on-shell final state is fully constrained
at one loop, so that the diagram can be evaluated without performing any integration. For
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Figure 19. One-loop diagram contributing to the massive quark beam function.

the fully differential case we obtain

Ak [kLP[(p7)? = 200 — k)kT] +mP(p)?
Boy(t, i = 8ras Ty O(w) O(t
Q!J( 7pT,m7Z) o) 8ro TR (w) ()/(271_)4 (p*)Q(k+)2k*
X 6(w—p 4+ k7)o" — k) 0P (Fr — kL) 2w8(k* — m?)
_aTF s  tl—2) 2\ 2 2m? 2>
= S50 5 (ph - S+ m?) T (Pugl2) + T2
Qg o
= o)t Pr,m, ), (B.4)

where Py (2) = 2% + (1 — 2)? is the leading-order gluon-quark splitting function. The
correction Bg, at O(cy) is UV and IR finite. It corresponds directly to the matching
coefficient Igg), given as the one-loop coefficient in an expansion in terms of ay as in
eq. (4.1). The matching coefficients for the TMD and virtuality-dependent beam functions

can be obtained here by a trivial integration of this result,
78 (5r,m, 2) = / IOt prm, ), T (tm, 2) = / @pr I (¢, Fr,m, ), (B.5)

which yields the results in eqgs. (4.15) and (4.21). Note that in general, this integration
has to be performed for the bare result with the full dependence on the UV and rapidity
regulator. However, in this case all matrix elements are finite and do not require any
renormalization at this order.

B.2 Dispersive technique for secondary massive quark corrections

For observables where only the sum over the final-state hadronic momenta enters the
measurement, one can use dispersion relations to obtain the results for secondary massive
quark radiation at O(a?) from the corresponding results for “massive gluon” radiation
at O(as). This has been discussed in detail in ref. [23]. The key relation is that the
insertion of a vacuum polarization function for massive quarks II,, (m?, p?) between two
gluon propagators can be written as

_igltp 0 ( 9 2) _igau 1 dM2 —1 (guv — Z%) I [H( 9 MZ)]
Z m = — m m
p2 +ie 7 P p2+ie w ) M?  p2— M2+ e ’

- <gW ~ WTM II(m?,0). (B.6)

p? + i€
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Figure 20. Light-quark beam function diagrams for massive gluon radiation at one loop. In
addition, also the wave function renormalization correction and the mirror diagrams for (b) and (c)
have to be included in the calculation.

The first term contains a gluon propagator with effective mass M and the absorptive part
of the vacuum polarization function, which reads in d = 4 — 2¢ dimensions

Im[II(m?, p?)] = 0(p* — 4m*?)

g (e e ()

1— il
4 F(% —€) et p?
(B.7)

To obtain the first term on the right-hand side in eq. (B.6) the vacuum polarization function
(and thus the strong coupling) was renormalized in the on-shell scheme, i.e., with n; active
quark flavors. The second term in eq. (B.6) translates back to an unrenormalized strong
coupling and consists of a massless gluon propagator and the O(«a;) vacuum polarization
function at zero momentum transfer, which is given by

2,78\ €
II(m2,0) = O‘jl? gr(e)<“ c ) = %HU)(MO). (B.8)

In the following we will first carry out the computation of the beam and soft functions
at O(as) for the radiation of a “massive gluon” and in a second step use the relation
in eq. (B.6) to obtain the associated results for massive quarks at O(a2CrTF). In our
calculations we drop the contributions from the terms proportional to p*p”, which vanish
in total due to gauge invariance.

B.3 Secondary mass effects in light-quark beam functions

We compute the massive quark corrections to the TMD and virtuality-dependent light-
quark beam function at O(a2CrTr) starting with the massive gluon case at O(as). Only
the contributions to the matching coefficient Z,, are nontrivial, so we consider only diagrams
with a quark in the initial state.

B.3.1 Quark beam function with a massive gluon at O(«;)

Contributions to the fully-differential beam function As in section B.1 we start
also here with the computation of the corrections for the fully-differential beam function.
The contributing one-loop diagrams to the matrix element By, with massless quarks in the
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initial state, defined in analogy to eq. (B.3), are displayed in figure 20. They consist of a
purely virtual and a real-radiation part,

B (1, fip, M, w, ) = 8(1 = 2) 8(8) 6 (5r) By vir (M, w) + B o) (8, e, Mo, 2)
(B.9)

The virtual massive gluon contributions in figure 20(c) are the same as for other
collinear quark operators like the current or the PDF and have been computed e.g. in
ref. [41]. Including the wave function renormalization diagrams the d-dimensional result
reads [24]

MZG’YE
M2

2(1—¢)
2—¢€

B(l,bare)(M’w) =Cp (

€ 4 v
foi Jrefd+ant v, -2 =9 voml. @

where H, = (1 + a) + vg is the Harmonic number. Here the rapidity divergences have
been regulated using the symmetric 7 regulator acting on the Wilson lines [40, 41], while
UV divergences are regulated with dimensional regularization as usual. Furthermore, the
gluon mass provides an IR cutoff.

The real radiation contributions in figures 20(a) and 20(b) can be easily evaluated,
since all momentum components are fully determined by the measurement. For the first
diagram we get
d*k ko |2
(2m)* [(p— k)2 + ie]2

x 0P (g — k1) 28 (k> — M?)
asCr 5  t(l—2) o\ 2(t(1 —z) — zM?)
= 0(2)0() 6 (pF — =—= + M) . B.11
12 (2)0(t) o (pr PR (t — 2M2)2 ( )

Since UV divergences do not appear for the real radiation corrections and the gluon mass

S(w—p +k7)o(t —wk™)

B = 8ra,Crp0(w) G(t)/

regulates all IR divergences we do not need to employ dimensional regularization here. The
second diagram in figure 20(b) yields

4 - — k 14
B _ —87TOéSCFp_9(w)0(t)/ ((217:;4 (;p_ k)ZI:_)ie (kj)n

x 0P (g — k1) 278 (k> — M?)

a,C t(l—=z v 221-7
_ 471'2F 6(2) 6(t) 5(p2T _ - ) 4 M2> (w)"(t T (B.12)

While the fully-differential quark beam function itself does not contain any rapidity diver-

S(w—p +k7)6(t —wk™)

gences, we have included here the 71 regulator, since we will use this result to obtain the
TMD beam function by integrating over the virtuality, which results in rapidity divergences
for this real radiation correction. The full real radiation contributions at one loop yield

%B(l,bare) (t7ﬁT7 M, w, Z) _ B(a) + 2B(b)

T qq,real
Cr 1 e
= 22 2 0(2) 0t) 5 (v - L) M?)
™ z

4
2 v\ 22171 (1 — 2) — zM?
— (= . (Ba1
. t—zM2[<w) G T = } (B-13)
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For both virtual and real radiation corrections all soft-bin subtractions are parametrically
power suppressed or scaleless and therefore do not contribute.

Contributions to the TMD beam function. The corrections for the TMD beam
function with a massive gluon can be obtained by integrating the fully-differential beam
function in eq. (B.9) over the virtuality t. We write them again as

BLY) (57, M, ) = 6(1 — 2) 6@ () B (M, w) + BV (5, Myw,z) . (B.14)

where Bé;:g?;te) is given in eq. (B.10) and
;b ~ b -
BLm) (5, Mw, z) = / dt Bos ) (¢, jip, M, 2) (B.15)

- 1 2 p%(l —2) 2z1-m v\"N
=Crb(2)0(1—2) P2+ 2M? [p% Mz T T (5) '

Here it is necessary to keep a nonvanishing value for n in the second term to regularize the
rapidity divergence for z — 1. Expanding for n — 0 we get

(1,bare) , - . 1 4 B o 1 v _
Bl (P, M,w, 2) = Cr () ~ {p% | -e z)(n +In 2 ) + Lo(1 - 2)]
2p%. 1—2z 2 }
+0(1 - - +0O(n) . (B.16
( Z)pQT—i—Z]W2 [p2T+zM2 p%—i—M?} () )

Contributions to the virtuality-dependent beam function. The virtuality-
dependent beam function with a massive gluon can be obtained by integrating the results
for the fully-differential beam function over pr. We decompose the corrections again into
a virtual and real radiation part,

BEPO (1 M, 2) = 6(1 — 2) 6(t) Bovm (M, w) + B (8, M, z) | (B.17)
where B(g(ll’sirte) is given in eq. (B.10) and
1 L (b -

B\ it M, 2) = / A B (¢, fip, M, w, 2) (B.18)

2 < 2z +t(1—z)—zM2)
t—2M2\1 -2 t—2M? ’
with the fully-differential real radiation contributions in eq. (B.13). Here the n regulator

= Cp0(2)0(t) e(t(lz_z) - M2)

has already been dropped, since for the virtuality-dependent beam function no rapidity
divergences arise from the real radiation contributions.

B.3.2 Secondary massive quark effects in the TMD beam function

To obtain the secondary massive quark corrections from the one-loop results with a mas-
sive gluon, we first convolve the one-loop results with the imaginary part of the vacuum
polarization function according to eq. (B.6) and define

T , 1 [dM? '
sl | (2,h,ba e)( ,w) _ d Im[H(mQ,MQ)] X B(Lba e)(M,w) ,

A agvirt P M2 qq,virt
asTr _(2,h,bare) , - 1 [dM? 1,bare) ,
48177 Béq:réaf‘re)(pr_p,m,w,z) = e Im[H(mz,M2)] X B;q:r:;f)(pT,M,w,z) . (B.19)

~52 -



The results from these dispersion integrations are

8 1,16 40 16 80 224
B(2,h.,bare) (m,w) - Cp { ( +1n 7) |: _ (7Lm + ) L2 + —Ly, + —
n €

qq,virt 3e2 3 379 27
472 2 1 4rx? 2 8r?
— S (4L 44— ) +4L2 + (= + — )L
T +0(6)]+e2 6< 377 >+ m+(3+ 9)
732972 8G3
— - = B.2
18 a7 3 } (B-20)
(2,h,bare) 1 16 .9 .9 c+1
B el (PTymyw, z) = C’F%{gné(l—z) 5—12m* — 3¢(1 — 2m )ln(c_1>
2
qgr (M v
breal<p% X2 w)} ) (B21)
with
16 c+1
qar ~2 _ _ A2 9,52
bt (2, 2, w) (=) {{5 1212 — 3¢(1 — 21 )m(c_ 1)]
X <(5(1—z) In ~ —L’o(l—z))
w
+6(1—2) _ 3 [1+ 2% + 2m22(1 + 2%) + 4m*2% (=5 + 62 — 527)] m(@)
2d(1 —z) d—1
3c(1—2m?)  rse+1 5 5
- ln(c_1)+1+4z+3m (—4+2-52)|}, (B.22)

and 7, ¢, d defined in eq. (4.18). Using eq. (B.19) entails that the massive quark corrections
to the strong coupling are renormalized in the on-shell scheme, i.e., the expansion is in terms
of ay = agm). Since the beam function matrix element has to be renormalized entirely in
the n;+1 flavor theory, we need to account for the second term in eq. (B.6) (which switches
back to an unrenormalized a;) and renormalize the massive quark corrections to the strong
coupling in the MS scheme, such that the expansion is in terms of o, = aﬁ”l“). The beam

function operator is renormalized according to

re) (= o D, v D
Oéba °) (pT7 m, w) = /d2p’{l“ ZB (pT - p1,“7 m, [, ;) Oq(p%a m,w, W, V) ) (B23)

where the counterterm encodes also the rapidity divergences. This yields for the renormal-

ized matrix element with initial state quarks at O(a2CrTF) in terms of o, = aﬁ”l“)

B (Fr,m, 21, =) = 60 (5r) 6(1=2) Bl (m,w) + BGni™ (r,m.w.2) (B.24)

4 R 14
_ (H(l)(m ’O) — i) B,g(ll bare)(pT w, Z) 6(1 — Z)Z(BQ’h) (pTvmv H, ;) .

= BSY (r, 2,1, L) +Z< Y(Br s £)6(1 - 2)

where the (bare) vacuum polarization function II(Y) (m?,0) is given in eq. (B.8). The one-
loop counterterm reads

29 (. ) =Cn {5<2>(5T) [717 (% +0() + %(3 + 4l Z)] —717(4+(’)(e)>£0(ﬁ;p,,u)}.
(B.25)
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The two-loop counterterm Zg) absorbs all remaining UV and rapidity divergences in
eq. (B.24) and is given by

2,h) [ = v 178 40 8 80 224
Z(B )<pT,m,u, ;) =CF {5(2)(PT) [77 (@ T T ngn + ij T T 0(6))

1 8 v 1,1 472 40, v 1,16
L+t -l O ) (L, 1 0@) ol
+€2< +gln— 53t5 *t5 nw] 23 m + O(€) ) Lo(pr, 1)

11 1
0 [5 — 122 — 3¢(1 — 2m?) In & J } . (B.26)

7 97rp2T

C —

This yields the anomalous dimensions in eq. (4.20). The renormalized one-loop partonic
beam function Béé)
of the IR regulator.

still contains IR divergences, so its exact form depends on the choice

The beam function matching coefficient Z,, as defined in (2.13) can be now easily
obtained. Note that the PDFs are renormalized in an n;-flavor theory with a; = aﬁ””
in contrast to the beam function. Thus, there is a contribution coming from the scheme

change of a; to n; + 1 flavors for the (renormalized) one-loop PDF correction, i.e.

T (o )= (v £) = 87 S0

=6 (5r) 6(1 = 2) B (m,w) + Borwenr™ (Brym, w, 2)

qq,virt qq,real
4 v v
. . 1)(,..2 _x 1) (= v (2,h) [ > v
o(1 z)[<H (m=,0) 3e>ZB (pT,u,w)JrZB (pT,m,u,u)]
4 N v .

1)/
= Ilgq) (pT %oy 5)

Here the IR divergences cancel between the one-loop beam function and the PDF to
give the finite one-loop matching coefficient Iéé), which is given in eq. (A.4). Using
egs. (B.20), (B.21), (B.25) and (B.26) we obtain the full result for the secondary mas-
sive quark corrections to the beam function matching coefficient given in eq. (4.17).

B.3.3 Secondary massive quark effects in the virtuality-dependent beam func-
tion

We proceed with the virtuality-dependent beam function. While the virtual contributions
are the same as for the TMD beam function given in eq. (B.20), the dispersion integration
for the real radiation terms yields

asTr _(2,n) 1 [dM? 2 22 (1)
ZTB‘](],real(t>m7 z) = P M?2 Im[H(m M )] X qu,real
asTr CF T m2

A n real( n 7Z>7

(t, M, z)

(B.28)
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with

brea,2) = 6(2) 8(0) 9(18—>{‘i i [1“2‘%?z(lﬂ?)—4mé‘z2<2—3z+5z2>

—2v[4—3z+422+z

(11 — 212 + 2922 — 1523) _ 2] }

m; (B.29)

1—2z

and 1y, u, v as in eq. (4.23).

To obtain the quark mass dependent matching coefficient ICSZ’h) we carry out our cal-

culation using a gluon mass A < /QT ~ m as IR regulator. Although the result is
independent of the regulator, this is technically most convenient, since this allows us to
match two SCETyy theories with each other in a straightforward way.” While the SCETyy
theory with n; 4+ 1 flavors (i.e. above the mass scale) contains collinear modes, the SCET
theory with n; flavors (i.e. below the mass scale) contains collinear and csoft modes like in
the mode setup of section 3.3. The matching relation reads

v v
(@é(r;ﬁ-l) (ta m,z, [, ;) - /dezqq (t - wza m,z, K, a) Xz fé;l)(zv M) y(nl)(ga H, V) ) (B3O)

where %’églﬂ) corresponds to the pure SCETy; beam function matrix element and .¥ ()
represents the csoft matrix element.

In close analogy to eq. (B.24) the renormalized SCET; matrix element %(SZZH) is given
at O(a2CpTr) by
v 2,h,b 2,h
BN (t,m, 2, =) = 8(1) 0(1 = 2) B (m,w) + Bl (t.m. 2) (B.31)

4 v
(1,bare) o _ (2,h)
—36) By, (t,z) =0(1 —2)Zy (t,m, I, w) .

= B (2, ) + 20 (4, 2) 5(1 — 2)

_ (H(l)(m2, 0) —

To separate UV, rapidity, and IR divergences properly from each other, we also employ
the SCETy-type IR regulator (here a gluon mass A) for the one-loop expressions, and at
this stage the renormalized matrix elements and the counterterms still depend on this IR
regulator. The matching coefficient Z,, can now be calculated as (in an expansion in terms

7 Alternatively, one can also perform the matching between theories where the fluctuations related to
the n; massless flavors are described within a SCET; theory. In this setup, there is no csoft function on
the right-hand side of the matching relation in contrast to eq. (B.30). However, in this case the zero-bin
subtractions for the collinear fields with respect to the ultrasoft modes in the SCET n; flavor theory yield a
nontrivial contribution to the beam-function matrix element on the left-hand side of the matching relation.
Their contribution is equivalent to the inverse of the csoft function in eq. (B.30), such that the resulting
matching coefficient Zyq is the same.
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Of agnl+1))

qy(@mami)=%$MQmﬁwfﬁ—4L[(ﬁm@wwwu—@ifm(juwﬂ

are i 14
=40(t)o(1 — )B(Mb )( )—i—B( )(t m7z)—Zg’h)(t,m,u,;)6(1—2)

qq,virt qq,real

— (H(l)(mQ,O) — g)ZE%)(t,,u, ;)5(1—2)

+ %Lm {9% (t, 2, 1) — 5(8) £ (2, 1) — 6(1 —z)%y“)(%% y)] . (B.32)

=T (t,2,1)

Here the IR divergences cancel between the one-loop beam function, the PDF, and the csoft
matrix element and yield the finite one-loop matching coefficient Iéé) given in eq. (A.8).
The counterterm Zg in SCETYy is defined via

B (t,m, z) = /dt' zy (t—t’vm, 1, g) B+ (t’vm,z,u, g) (B.33)

Using the results in egs. (B.17) and (B.10) for a massive gluon gives the associated expres-
sion for Z%) (expanded in 1 and ¢)

2
(1)< I/) B 411 A v
Zg (tip,—) =Cpré(t)y - |- —In— —4ln— : B.34
9t 2) =crso{ [t -miy 0]+ Lim 2 3 (B.34)
The two-loop counterterm Zzg’h) cancels all divergences in eq. (B.32) and reads®
2
(2h>< B 1< 8 40 16 A2 8 , 80 224 )
Z t =Crpé(t)y—z=5—=———=Lpn— L L+ —
s b ) CF(){n 30 " gc g lmig tgbn g lnt 5r +00
1 /8. v 40 . v 1 42
~(2mZ 2)—7( In =424 =) b B.
+e2<3 ot \g "ozt } (B-35)

Using egs. (B.10), (B.28), (B.34), (B.35) and (A.8) in eq. (B.32) we obtain the full two-loop
result for the matching coefficient in eq. (4.22).

B.4 Secondary mass effects in the TMD soft function
The TMD soft function is defined as

. 1 = . ~
S(r) = 7 tr (O[T[84(0)53(0)]6®) (Fr — PL)T[5(0)S.(0)]]0) . (B.36)
with the soft Wilson line S,, given by [41]
B g /2

perms
and in analogy for the others. Again we will first calculate the one-loop corrections to the
soft function with a massive gluon, which is used in a second step to obtain the corrections
from secondary massive quarks at O(a2CrTF).

8While the 1/n-divergences in the counterterm of the beam function matrix element still contain IR
sensitivity, this also happens for the counterterm of the csoft matrix element in eq. (B.30), such that the
resulting rapidity anomalous dimension for the running at the boundary between the n; + 1 and n; theory
is IR finite.
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Figure 21. Soft function corrections for a massive gluon at one-loop. The associated mirror
diagrams need to be included in addition.

B.4.1 TMD soft function with a massive gluon at O(a;)

We decompose the soft function with a massive gluon at one loop in terms of virtual and
real radiation corrections,

SO iy, M, p,v) = 6@ () SO (M, 1, v) + SO, (r, M, v) . (B.38)

virt

The virtual contributions from the diagram in figure 21(a) (and its mirror diagram)
are the same as for the Sudakov form factor computed in ref. [41] and yield

207E \ € 8
(1,bare) o p-e o L B
st on = cr (M) T [ - s —ama] 10w (®30)

The UV-finite and IR-finite real radiation diagram in figure 21(b) gives

d*k 1 v -
(b — @) (5n — 2 _ App2
S®) = 87rasCF/ =T 0 (pr — k1) 2mo(k” — M?)

:ascF2r<g>r<12”>< * Y
A W%(p?p—l—Mz) 2V/p2 + M?

After expanding in 1 and adding the mirror diagram, the real radiation contribution to the

(B.40)

TMD soft function at one loop then reads

2

(1,bare) _ 9a) _ asCp 4 2 v
Sreal (P, M) =25 ir 7R+ D) an(p%JrM?) +0(n). (B.41)

B.4.2 Secondary corrections at O(a2CrTF)

To obtain the secondary massive quark corrections from the one-loop results with a mas-
sive gluon, we first convolve the one-loop results with the imaginary part of the vacuum
polarization function,

asTr (2,h,bare) . 1 dM?
A7 virt (m) - ; M2

Im [TT(m?, M?)] x S22 (A1)

virt
asTr 2,h,bare) ; - 1 dM? 1.bare
Ar Steat "™ B, m) = — [ 5 m[fm?, 2%)] x S (pp, M) . (B.42)
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The results from these dispersion integrations are

T 1 1 44 2
ghbare) )y CF{[ Bl (32Lm+80) Pre - 60Lm—8—8ﬂ+(’)(e)}

virt

3€2 3 9 37m 9 27 9
1 v 4 16 20y 1/8 112 272\ 40
pons) e d (e ) G )
X(f““# ta ety )3ty Ty ) gt
448 872 656 1072
=2 - B.43
<27 9) "ot 27 } (B43)
2
(2,h,bare) Cr g, Cct+1 m? v
Sh w1°) (5 T’m>_7TPT{977[ 5+ 122 +3c(1 — m)lnc_1 + s mal(p%’m) ,
(B.44)
with
~ 2 v 16 ~ 2 ~ 92 C+1 14
Sg§a1<m ,m):9{2[5+12m +3c(172m)lnc_1 ln%
—1)? c+1/ c+1 w2
3e(1 — 202 | Liy ( 21 1 ) — =
+ 3¢l m){12<(c+1)2)+ nc—l(n 2¢ +nm> 6}
1
+ 8m?% + ¢(5 — 16/m?) In ”1} , (B.45)
o_

and m and ¢ as in eq. (4.18). Using eq. (B.42) entails that the massive quark corrections to
the strong coupling are renormalized in the on-shell scheme, i.e., the expansion is in terms
of ag = agm). Since the soft function matrix element has to be renormalized entirely in the
n; + 1 flavor theory, we need to account for the second term in eq. (B.6) (which switches

back to an unrenormalized a) and renormalize the massive quark corrections to the strong
(ni+1)

coupling in the MS scheme, such that the expansion is in terms of a, = asy . The soft
function is renormalized according to
S(bare) (ﬁT? m) = / d2p/T ZS' (ﬁT - ﬁé‘v m, [, 1/) S(ﬁ%? m, W, V) . (B46)

This yields for the renormalized matrix element with initial state quarks at O(a2CrTF) in

1
terms of oy = aé’”* )

S(2 h) (pT7 m, g, v ) _ 5(2) (ﬁT) S(?,h,bare) (m) 4 S(Z h, bare)( Br, m) (B.47)

virt real
4
— (MM (m?,0) - 36)5““‘“)(29 ,v) =0(1 = 2) 28 (r,m, pv),

:S(1>(ﬁT7.u’7V)+Z( )(pT7M7V)

where the (bare) vacuum polarization function II()(m?2,0) is given in eq. (B.8) and the
renormalized one-loop soft function S™) is given in eq. (A.11). The one-loop countert-
erm reads

20 Gro) = 0 {620) | L (-2 4 000) + 5 - S| 41 (84 000) Lot |
(B.48)
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The two-loop counterterm Zg) absorbs all remaining UV and IR divergences in eq. (B.47)

and is given by

@h) B @2 [1/ 16 80 16 , 160 448
Z = - - —IL} - —L, - —
4 1,20 16, vy 1, 112 272 80. v 1,32 .
sralgrym )55y 1“)] + ;(?Lm +0(0)) Lol 1)
1 32 1
1.3 5 <—5 +12m2% 4 3¢(1 — 2m2)In & + ) } . (B.49)
n 9P c—1

This yields the anomalous dimensions in eq. (4.30). Using egs. (B.43), (B.44), (B.48),
and (B.49) we obtain the full result for the secondary massive quark corrections to the
TMD soft function in eq. (4.29).

B.5 Csoft function at two loops

We compute the csoft function S, for beam thrust appearing in the hierarchy 7 <« m <«
VQT. As in the computation for the beam function matching coefficient in appendix B.3.3
we carry out the calculation using a SCETyy IR regulator (a gluon mass A < m). In this
context the csoft function is the matching coefficient between the csoft matrix elements in
the n; + 1 and n; flavor SCETY; theories,

f(”lﬂ)(é,m,u, v) = /dﬁ' Sc(b -0 ,m,u,v) y(”l)(ﬁl,,u,u) ) (B.50)
The latter are defined for any direction n as
1 _
S (tm) = = tr (T XDV 0] —n-HT[VOTOXLD©O]l0),  (B.51)

with the csoft Wilson lines given by (see e.g. refs. [72, 73])

B g V2 _ g vz
Xo=> eXp{_n-P(n.P)Tiﬂn'Acs}’ Va= > eXp[_ﬁ-P(n.P)nﬂ"'A“ )

perms

(B.52)

Besides replacing the soft fields by csoft fields we have also expanded the n regulator
according to the soft scaling as in ref. [24].”

B.5.1 Csoft function with a massive gluon at O(as)

We will first calculate the one-loop corrections to the csoft matrix elements . with a
massive gluon, that can then be used to obtain the two-loop corrections with secondary
massive quarks using the dispersion technique described in section B.2. The one-loop
results for the csoft matrix elements can be written as

y(l,bare) (E, M) — (5(6) y(l,bare) (M) + y(l,bare) (f, M) ) (B53)

virt real

9If the regulator is not expanded, nonvanishing soft-bin subtraction appear which eliminate the overlap
with soft mass mode momentum regions, see ref. [96].
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The relevant contributions at one loop are displayed in the diagrams in figure 21, with the
soft Wilson lines S,, and Sy replaced by the csoft Wilson lines X, and V,,. With the choice
of regularization in eq. (B.52) the virtual diagram leads to a scaleless integral, such that

Yv(ilr’tbare) = 0. The real radiation diagram corresponding to figure 21(b) yields
dk 1 VA"
b _ ~2¢ L L o+ 2 a2
4 8rasCrii /(27r)d = (k—) 00 — k7)) 2mwo(k* — M*)

_ asCp2T(e+1) (lﬁew >E(L>’7 9(0) (B.54)
47 T(1+mn) \ M? M2) gi=n ’
Including also the mirror diagram and expanding in 7 the total real radiation contribution
to the csoft matrix element with a massive gluon is

A M) = 270 (B.55)
_ a;Cp ,u2eVE € 1 M? v 157
= i (W) I'(e) [5(£)<U_IH/LQ+H€_1 +Eﬁo<ﬁ>+0(7l) :

B.5.2 Csoft function at O(a?)

We convolve the one-loop results with the imaginary part of the vacuum polarization
function, which yields for the nonvanishing contributions

asTr 2,h,bare 1 dM? 1,bare
ST m) = — [ o T[T, M)] xS (M) (B.56)

The result of this dispersion integral is

ST 0m) = O { [32 - (Pt G + Lot St o 432 + 0(6)}
[0 (2] a0l - 431
SRR R
- % + 187;2 + 8C3] } - (B.57)

Using eq. (B.56) entails that the massive quark corrections to the strong coupling are

renormalized in the on-shell scheme, i.e., the expansion is in terms of ax = a&””. To obtain
the csoft function S. we need to switch to aﬁ”l“) and furthermore subtract the correction
#(2m) (with a strong coupling in the n; flavor scheme) according to eq. (B.50). All purely

massless contributions cancel each other and we obtain for the O(a?) corrections in an

expansion in terms of ag

4
S m. pv) =SB0, p,v) = LS V() (B.58)
are 4
= A4 (4m) — (IO (2, 0) = o )7 0 )
€
- éah) (f’ m, [, V) - %Lmy(l) (67 My V)

= A () — (W 0n2,0) — ) 2D ) = 280 w)
€

real
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Here the SCET]; counterterm is defined via

SO tm) = [0 25— ) SO ). (859

Employing a gluon mass the associated expression for Z;) can be read off from eq. (B.55)
and is given by (expanded in 7 and €)

1) _ L E I BUPNAY
ZW (@, p,v) _4CF{5<5)[77(6 In 5 +Ole )) S|+ u2£0<u2> “t. (B60)
The counterterm Zg’h) absorbs all divergences and is given by!'?
2 _ L8 40 16, AP 8, 80, 2%
ZEM (0, m, p,v) = Cp {5(@[”(362 9 3 lnn g g Lh et +0(e))
4 20 1,112 2w 127 40
“ateate 67‘9ﬂ+ﬁ“(>ha‘ﬁ}- (B-61)

Using egs. (B.57), (B.60) and (B.61) in eq. (B.58) we obtain the full result for the renor-
malized csoft function at two loops in eq. (4.31).

C Massive quark effects at fixed order

The factorization formulae in the sections 2 and 3 contain together all information about
the singular massive quark corrections to the differential cross sections in QCD at fixed
order (for any given hierarchy between the mass and ¢p/7). Here we provide the results
at O(a?) for Drell-Yan for both primary and secondary corrections. We write for each of
these contributions (e = ¢%, T)

do dzg dzp  doyy
dedgray (& @M Ta ) ]Zq:qg/ % ded@2dy (@ mze 2 )

< i(5m) 15(2m) (C.1)

and expand the partonic result in the n;-flavor scheme for o as

dedQ?dY dQ? ay ir  dedQ?dy
(ny) 2 dé (271) dé .@’h)
as ' (p) Tij Tij 3
+ < e ) {Tpnl dedQZdY +1TF dedQZdy +...|+0(), (C.2)

where daég) /(dQ?dY) denotes the Born cross section for the corresponding Drell-Yan pro-

cess q@ — Z/v* — £L. In this context da(o) /(dQQdY) indicates the Born cross section for
a massless quark ¢ with the same charge and isospin as the heavy quark Q.

10The anomalous dimension for the csoft function S. can be obtained from the ratio of Z((}”_H) and Zgﬁ”),
upon which the IR sensitivity cancels.
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C.1 Fixed-order result for the gr spectrum

The singular fixed-order corrections for the gr-spectrum (i.e. for ¢r < Q) at O(a?CrTr)
consist of the virtual (full QCD) contributions encoded in egs. (4.6) and (4.7) and the
secondary collinear and soft real radiation corrections contained in eqs. (4.17) and (4.29).
Setting common scales 4 = pp = up = pus and v = vg = vg yields for the corrections to
virtual photon production

A(Q,h) ~(0)
e “”<%fm4m3&ﬁwu—%wu—m
qu sz dy dQ?dy Q2
1 m? v m? v
+ g b?§al(ﬁ’ Zas ;a) 6(1 - Zb) g b[r]gal ( q% y Zby E) 5(1 - za)
1 gr (M° V qr
+ 7% real(%’ E) 5(1 - Za) 5(1 - Zb) + O<Q>} 5 (03)

where hyire, bI%, and s’7 | are given in egs. (4.6), (B.22) and (B.45). For Z-boson pro-
duction one has to include in addition the anomalous axial current correction in eq. (4.7)
as contribution to the §(¢%)-term (which gives in conjunction with the isospin partner a
p-independent result). Writing out the nontrivial terms in the spectrum explicitly we get

da(2 h) da@ m? 9
94 qaq . _ _
d 2 dQ2 dY (QT7 Q? m Za7 Zb) dQ2 dY 9( ) H(Zb) CF {hwrt ( Q2 > 6(QT) 6(1 Za) 5(1 Zb)

m

6(1 — zp) 80 64A2 16 et o
g [( T+ o+ (L= 2 In ) (Lo(L = 20) +8(1 — z) In )

—i—@(l—za)(?%(f_m[l—i—z + 21 za(1+z)+4m 2(=5 + 624 — b2 )]1 Zaii
_1658:232)lnzti+196+694za+1; (4+za—5z2)>
+5<1—Za)(gdl—2m2)[LiQ(Ezli§z)+21nzt11nm(c2:1) _7:]

+ gc(5 — 16m2)In Z +1 69m2>]

' 6(141_%2) [(Z“ - Zb)] * O<g)} ) (C.4)

where

LN pray s S R v (C.5)

qr

The singular fixed-order corrections for the gy spectrum at O(a?T32) consist of the
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primary collinear real radiation corrections in eq. (4.15) for both beam directions,

~(2,h) (0
do dog 2 )~
m(QTaQ,m Za,yzb) dQ2 dY T /d pT g qT pT,m ZCL)IQg(pT’m7 Zb)
a6 ST
QQ F
dQ2 V% 0(za) 0(2p) 0(1 — 2,) (1 — zp) 7q%c4 {2(1 —2a — 2+ 2242p) (20 + 26 — 2202)

+ 82 [za(1—24) + 2(1—25) — 32azp(1— 24 — 2 + 2a23)] — 16m4zazb(1—za — 2b + Za2p)
1 (1+c+2m2(2+c)+2m4

-1
+cn 24

+ 2m2 (4 - 72(1(1 — Za) - 7Zb(1 - Zb) + 122azb(1 ~Za T 2t ZaZb)>

) [(1 — 224 + 222)(1 — 22 + 227)

8t (2 = 3201 = z) = 32(1 = 2) + 62020(1 — 20— 2+ 207))

+ 16524 2p(1 — 24)(1 — zb)} + (’)((g)} . (C.6)

Depending on the hierarchy between m and ¢r and ) some of the contributions in
egs. (C.4) and (C.6) are power-suppressed and therefore only appear via nonsingular cor-
rections in the factorization formula for the associated parametric regime in section 2.
Note also that virtual corrections are reshuffled among the components of the factoriza-
tion theorem, which are in addition evaluated with «y in different flavor number schemes.
This essentially allows for a consistent factorization and the resummation of logarithms at
higher orders.

C.2 Fixed-order result for the beam thrust spectrum

The singular fixed-order corrections for the 7 spectrum (i.e. for T < Q) at O(a2CrTr)
consist of the virtual (full QCD) contributions encoded in egs. (4.6) and (4.7) and the
secondary collinear and soft real radiation corrections contained in eqs. (4.22) and (4.33).
Setting common scales 4 = pug = pup = pg yields for the corrections to virtual photon

production
(2,h) ~(0)
do g B dogq . m2
ATAQZdY — dQ2dY CF{h“” (@) HT)o(1 = za) 0(1 = 2)
1 T m2
7— breal<77-7 Za) 5(1 - Zb) 7— real( 7— ) (1 - Za)
I 7 m?
+ = steat(T5 ) 91— 2) 6(1 — ) + 0( } (C.7)

where hyirt and b7, are given in eqs. (4.6) and (B.29), respectively, and s’ is given

implicitly by the nondlstrlbutlve terms in eq. (4.33). Again, for Z-boson production the
anomalous axial current correction in eq. (4.7) has to be included in the §(7) term. Writing
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out the nontrivial terms in the spectrum we get

B 15 2
‘1‘1 _ _ . -
Tagray (T @ ms 2 m) = s’y 0 >e<zb>cF{a<T>6<1 20) 81— 2) e (52
5(1—2z) [ O(va) [ 16 Za(11 — 21z, + 2922 — 1523) _,
+ T [1% gva[ll 3za+4z + 12 ma]
1422 — 22z (1 + 22) — dint22(2 — 2y| p L — Ya
3%[ + 25— 2miza(1 4 25) — 4y zs( 3za+5za)] nua+va
32 . qw—1\ 8 ,1—-w 32 1l—-w, .
+5(1—za)<9(T—2m)[3L12( +1)—|—§ln m—?ln1+wlnm7—
80 1-w _w(448+128A2)+87r2 +TAST,m(T,m)
9 1+w o7 a7 "'T 9 2
1 —
+ 5(7_%) [(za,wa > zb,wb)] + O(g)} , (C.8)
where
. m . m - 4m22a
'ma*m, mT—?, =+/1—4AMmgzs, vVe=14/1— 1= \/1—4m7

C.9)

The singular fixed-order corrections for the 7 spectrum at O(a2T2) consist of the
collinear real radiation corrections in eq. (4.21) for both beam directions,

dé (2,h) .
m(T Q,m, zq, Zb) =2 Q2 dY ?F d7T'Z ( a(T—T/), m, Za)Igg) (wa/, m, Zb)
do'% 2 2
QQ L T L) 8Tk
T dQzdy 6(24) 6(20) 9<T wa(l—24)  wp(1— zb)> T

2
X A~ ~
{ (1= 2q — M224)(1 — 2, — Mi2p)
~2 2 2}

X [(1—za—zb—|—2zazb)(za—|—zb—2zazb) — 222 (1-22)% — 222 (1-22,)% — 42l z2 27

(1= 20) (1= 2) = 2za(1 = 2) = dz(1 — z0)]

1 — 2z, — 12 1— 25 — 12
+ (ln Zo” Ma%a 4y Zb ~ mezb> [(1 — 224 +223)(1 — 22, + 227)

2y
+ 2222 (1 — 223 + 227) + 2miz2 (1 — 224 + 222) + 81 mgz%g} } (C.10)

Depending on the hierarchy between m and 7 and @) some of the contributions in
egs. (C.8) and (C.10) are power-suppressed and therefore only appear via nonsingular
corrections in the factorization formula for the associated parametric regime in section 2.

D Plus distributions

The standard plus distribution for some dimensionless function g(z) is defined as

B(x)g(@)], = lim [0z — H)G(x)]  with  Glx) = /1 “ar gy, (D)
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The special case used in this paper is
0(x)In™
Lo(z) = [(”C)nﬂ . (D.2)
+

The 2-dimensional plus distributions that appear in the TMD beam and soft functions are
defined as

) L (Il
%WMZWﬁ«ﬁw- (D.3)

For the Fourier transform we use the convention

-,

FO) = [ @™ 1) (D.4)
The Fourier transforms of the 2-dimensional distributions required here are

8@ (pr)
'CO (ﬁTv :LL)

L,
—Ly,
L
5
—i (Lg’ + 4C3) ) (D.5)

£1 (ﬁTa :u’)

I 111

£2 (ﬁT7 M)

with L defined in eq. (5.13).
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