
            

PAPER • OPEN ACCESS

Beyond superfluidity in non-equilibrium
Bose–Einstein condensates
To cite this article: Florian Pinsker 2017 New J. Phys. 19 113046

 

View the article online for updates and enhancements.

Related content
Landau instability and mobility edges of
the interacting one-dimensional Bose gas
in weak random potentials
Alexander Yu Cherny, Jean-Sébastien
Caux and Joachim Brand

-

Modulation instability of a spin-1
Bose–Einstein condensate with spin–orbit
coupling
Guan-Qiang Li, Guang-De Chen, Ping
Peng et al.

-

Andreev–Bashkin effect in superfluid cold
gases mixtures
Jacopo Nespolo, Grigori E Astrakharchik
and Alessio Recati

-

This content was downloaded from IP address 131.130.89.216 on 07/11/2018 at 08:26

https://doi.org/10.1088/1367-2630/aa9561
http://iopscience.iop.org/article/10.1088/1361-6455/aa9803
http://iopscience.iop.org/article/10.1088/1361-6455/aa9803
http://iopscience.iop.org/article/10.1088/1361-6455/aa9803
http://iopscience.iop.org/article/10.1088/1361-6455/aa92b7
http://iopscience.iop.org/article/10.1088/1361-6455/aa92b7
http://iopscience.iop.org/article/10.1088/1361-6455/aa92b7
http://iopscience.iop.org/article/10.1088/1367-2630/aa93a0
http://iopscience.iop.org/article/10.1088/1367-2630/aa93a0
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/956978264/Middle/IOPP/IOPs-Mid-NJP-pdf/IOPs-Mid-NJP-pdf.jpg/1?


New J. Phys. 19 (2017) 113046 https://doi.org/10.1088/1367-2630/aa9561

PAPER

Beyond superfluidity in non-equilibrium Bose–Einstein condensates

Florian Pinsker
Faculty ofMathematics, University of Vienna,Oskar-Morgenstern-Platz 1, 1090, Vienna

E-mail:florian.pinsker@gmail.com

Keywords:Bose–Einstein condensates, superfluids, quantumgases, Gross–Pitaevskii theory

Abstract
The phenomenon of superfluidity in open Bose–Einstein condensates (BEC) is analysed numerically
and analytically. It is found that a superfluid phase is feasible above the speed of sound, when forces
due to inhomogeneous non-equilibriumprocesses oppose the contributions of homogeneous
processes. Furthermore a regime of accelerating impurities can be observed for particular pumping/
decay strategies. Allfindings are derivedwithin the complexGross–Pitaevskii (GP) theory extended to
include creation and annihilation terms. Utilising this framework the effective force acting on an
impurity as itmoveswith velocity v through the open condensate can be calculated. The result shows
that the drag force is continuously increasing with increasing velocity starting from the state of zero
motion at v=0, a property that can be traced down to the additional homogeneous annihilation/
creation term in the extendedGPmodel. For very large velocities however we observe a reversion of
the drag force.Ourfindings stand in stark contrast to the concept of a topological phase transition to
frictionlessflowbelow a critical velocity as observed for equilibriumBEC analytically (Astrakharchik
and Pitaevskii 2004 Phys. Rev.A 70 013608; Pinsker 2017 PhysicaB 521 36–42), numerically (Winiecki
et al 1999 Phys. Rev. Lett. 82 26) and for trapped atoms experimentally (Desbuquois et al 2012Nat.
Phys. 8 645; Zwierlein et al 2006Nature 442 54–58).

Introduction

What defines superfluidity of amany-body system? The answer can be given in terms of a statement based on
Landau’s theory of superfluidity [1–3]: below a certain critical velocity, due to non-existing energetically
affordable elementary excitations within themany-body quantum system, an impuritymoves dissipationless
through the superfluid state ofmatter. Here the concept of drag force acting on the impurity due to interactions
of the impurity with the fluid as it excites the quantum system turns out to be key asmeasure of dissipation.

Particularly an impurity which ismovingwith velocity v through afluid in its quantummechanical ground
state can cause transitions from thefluid’s ground state to excited states lying on the line e = pv in the energy-
momentum space [3, 4]. However if thewhole energy spectrumof thefluid is above this line, themotion of the
impurity cannot excite the system. This implies the superfluid phasewhere the impuritymoves without
resistance through the ensemble of unexcitedmatter particles. Evenwhen the line e = pv intersects the energy
spectrumof the fluid in its ground state, transition probabilities to these states can be strongly suppressed due to
Boson interactions or due to the nature of the external perturbing potential [4]. For all scenarios the drag force
experienced by the impurity gives us a quantitativemeasure of the state of the fluid and below a critical velocity,
if thefluid cannot be excited, the impurity experiences no drag [5, 6] a phenomenon already envisaged in the
classic papers in the beginning of the 20th century [7–11].

Experimentally superfluidity has been unambiguously observed for the condensed state in variousweakly
interacting and dilute effectively Bose gases of atoms ormolecules at ultra-low temperatures in the nanoKelvin
range [12, 13, 14–16] and even in strongly interacting gases of 6Li fermions [13]. On the other hand, theoretically,
the ideal Bose gas, i.e. a quantumgaswithout interactions at all states ofmotion obeys dissipation of energy. Only
for certain cases of interacting quantum systems such as in the BE condensed phase with its intrinsic nonlinearity
due to particle interactions betweenBosons, we observe a phase of superfluidity.Here excitations are suppressed
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when an obstaclemoves through the BE condensed phase by the nonlinear self-interactions which results in
absence of drag [17, 18–20].More recently it has become clear that amean-field analysis leaves out subtle
quantumfluctuations [21–24], which, if taken into account e.g. in a linear response framework [4] or by directly
considering the quantum correction in a quantumBogoliubov analysis [24], give rise to non-classical drag forces
even below the critical velocity due tomeanfield theory.However a rigorous analysis shows that the superfluid
phase persists even on a quantum level [25, 26].

Superfluidity can be tested experimentally and proven in awider sense by considering the dissipationless
flow around impurities [17, 18–20, 27], even in the presence of quantum fluctuations [21, 25, 26]. This has been
done theoretically in the semiclassical Gross–Pitaevskii (GP) framework by themeans of a Bogoliubov analysis
for point-like [5] and subsequently Gaussian [6]weakly-interacting impurities. This analysis confirmed the
existence of a superfluid phase in the leading order contribution—the drag force vanishes below the non-zero
critical velocity that is equal the speed of sound forweakly-interacting obstacles. This holds as well quantum
mechanically [25], while geometric features significantly alter the drag force’smagnitude [6]. The analytical
insightsmade for non-equilibrium systems presented here build on this type of analysis andwill be supported by
numerical integration.

Once a superfluid is put inmotion other aspects associatedwith this state ofmatter emerge. For non-
equilibriumquasi-Bose–Einstein condensates (BEC) such as polariton condensates in their lowest energy state
[28] the low scattering rates fromdefectsmoving at velocities below the speed of sound and the generation of
Cherenkov-typewaves at supersonic velocities have been observed experimentally [29], while reduced drag at
subsonic speeds has been noted in [30, 31]. This reduced drag has been explained by the finite lifetime of
Bogoliubovmodes due to drain present in this open system [30]. In addition it has been realised that elementary
excitations known from equilibrium condensates exist too—dark solitons are feasible in 1d [32, 33] or quantised
vortices in 2d non-equilibrium condensates [34, 35] above a specific critical velocity or even spontaneously due
to purely non-equilibriumdynamics [36]. Themathematical extension of the governing partial differential
equation for open BEC in those scenarios implies intrinsic adaptions of the excitations’mathematical form
[32, 37] (see e.g. [38–44] for rigorous results on equilibrium condensates). However several findings suggest
similar response tomotion or obstacles in relativemotion to the open system [32, 34, 35, 45]. Now in the
semiclassicalmean-field regimemany Bosons in the ground state are described by solutions to theGP equation
(GPE) [1, 46, 47], while non-equilibrium condensates in their simplest form are described by an extendedGPE
with additional complex terms, which correspond to creation and annihilation operators of thesemodes
[29, 45, 48, 49].

One goal of this paper is to point out implications of the non-equilibrium aspect of open systems on the
possibility of leading order superfluidity by testing a quantum state in relativemotion to an obstacle. Here we use
the complexGP framework asmodel of the coherentmany-body system, corresponding tomany particles being
in the same quantum state. Thuswe study the behaviour ofDirac and finite-sized obstacles. Particles can enter
and leave thismacroscopically occupied coherent quantum state towhichwe refer to as the condensate wave
function. So the number of particles in thismacroscopic state is not preserved and the actual condensate wave
function depends on the scattering of particles into this state and the particles’ decay. For example, if no particles
are added to the condensate, the occupation number of particles in thismode eventually goes to zero. On the
other hand, due to pumping particles into the condensate patternsmight emerge [36] and potentially new
properties i.e. truly non-equilibriumphenomenawithout one to one analogy to equilibrium condensates.While
by naively applying the analogy to conserved BE condensed systems a superfluid phase aka absence of drag
would be expected for small velocities below the speed of sound of the fluid due to particle interactions, while
above a critical velocity a drag forcewould arise due to the possibility of emission of elementary excitations
[5, 6, 29, 30]. The continuous flowof particles into the condensate phase and the corresponding balancing drain
may alter the scenario as studied numerically in [30] and thus superfluidity could be suppressed [50, 51]. On the
other hand couldwe scatter particles into the condensate, such that the condensate wave function implies an
effectively vanishing drag force aka superfluidity in awider sense?

Physical scenario
So far the arrangement of pumping and the presence of decay has been considered in terms of analogue
behaviour to equilibriumBEC, e.g. the absence or reduction of scattering from an obstacle as itmoves relativ to
the condensate [52]. Here we particularly will consider an inserted obstacle to be co-movingwith a particular
pumpdistribution or equivalently both the pump and the obstacle are stationary and the surrounding polariton
quantum-fluid is passing by.Wewill study the effect of arranging the pumping distribution properly without
having additionalmomentum,when both aremovingwith the same relative speed to the condensate. This will
allowus to observe inwhat way the obstacle can be affected by the condensate wave function emerging from the
non-equilibriumpumping distribution.
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To elucidate these and superfluid aspects of an open interacting and coherentmany-body system, let us
introduce first the explicit theoretical frameworkwe use asmodel of the condensate and subsequently wewill
derive by deduction key statements.

Condensatewave equation

The free energy of a BEC,which experiences the external potentialV andwhich has a self-interaction strength g,
is given by [1, 45–47, 53, 54]

 ò òf w f f f= + +⎜ ⎟⎛
⎝

⎞
⎠[ ] ( )∣ ˆ ( )∣ ∣ ∣ ∣ ∣ ( )g

Vk k k rd
2

d . 12 4 2

Herewe use the convention  òº = -( ) ˆ ( ) ( ) ·f f fk r re dk ri
d , which denotes the Fourier transformof

ò=
p

( ) ˆ ( )
( )

·f fr k ke dk r1

2
i

d d . The dispersion of the condensate is  w (∣ ∣)k : d and for simplicity can be

assumed to be parabolic w ~(∣ ∣) kk 2 (with =∣ ∣ kk ) corresponding toGP theory or free particles [55]. Naturally
GP theory is considered in 3d, however, reduction to lower dimensions occurs e.g. for strong confinement along
a spatial dimension [54]. In 3d p=g a m4 2 and p= º( )V b m Vrmax 4r

2
0 are respectively the particle–

particle and particle-impurity coupling, where a and b are the corresponding scattering lengths andm is the
effectivemass [5]. For the 2d casewe have p=g a a2 z2d

2 and here  w=a mz z is the oscillator length
with wz being the trapping strength [1, 54]. The condensate wave function y ( )tr, is theminimiser of (1), i.e. the
mode inwhich all particles of the dilute weakly-interacting closed Bose gas condense [1, 54].Mathematically

 y +( )tr, : d 1 and by performing a variation of the energy  y[ ]with respect to *y under the norm/
particle preserving constraint y =  12

2 , we get the Euler–Lagrange equation for theminimiser. The so-called
GPE is

y y y m y¶ = + + -( ) ( ) ( ∣ ∣ ( ) ) ( ) ( )t q t g V t tr r r ri , , , , . 2t
2

w ( )k is the Fourier transformof q, iff the transform exists andwewrite   w º- ( ( ) ( )) ( )( )f q f tk r,1 . The
chemical potential in equation (2), i.e. the energy needed to add another particle, is  y m¶ ¶ =[ ] N [54]. To
account for the open non-equilibriumdynamics of the condensate one generally considers an extension of (2) of
the form

y y y a y y
y m y

¶ = + - G +
+ + -

( ) ( ) ( ) ( ∣ ∣ ) ( )
( ∣ ∣ ( ) ) ( ) ( )

t q t P t t

g V t t

r r r r

r r

i , , i , , i ,

, , , 3

t d
2

2

which is applicable for atom laser systems [49] aswell as for non-equilibriumpolariton condensates [29, 36, 45].
In (3)we consider additional physical parameters: Gd is the homogeneous decay (or pump) rate of condensed
particles,α the nonlinear loss/gain rate, while P approximates the inhomogeneous non-equilibriumprocesses
acting on the condensate fraction [45, 49], which shall have an integrable Fourier transform.We assume that
y y¢( ) ( ) ( )P t P t tr r r, , , , , while we drop the superscript inwhat follows. Nonlinear density dependent

processes can be regarded as adding a constant to the pumpP, when considering afirst order linear waves
analysis. Examples of pump terms of this form are e.g. spatially dependent incoherent scattering of reservoir
particles into the condensate phase [45]. These terms have been used to describe experimental results of
polariton condensates in themean-field regime [56–58] and see [36, 45] for theoretical works on thatmatter.
Due to the generalisation of the guiding equation to include non-equilibriumprocesses the normof thewave
function y =  ( )f t2

2 now varies in time, while without pumping terms it eventually vanishes. Finally we refer
the interested reader to the corresponding analysis for equilibrium systems, i.e. without growth and decay terms
discussed in [6].

Impuritywaves

The impuritymovingwith velocity v in the stationaryfluid frame ismodelled by the external potential

= - -
s( ) ( )V t Vr, e tr v

0
1

2 2
2
[6], which has an amplitudeV0 and awidthσ, or simply by aDirac delta function

d= -( ) ( )V t V tr r v,Dirac 0 [5]. These potentialsmodel an inserted atomor a laser beam [1, 45, 59].We suppose
the linearwaves generated by these potentials are of the form y f dy= +0 [5, 6, 60], where f0 represents the
unperturbed part solving the complexGPE (3)without potential and dy ( )tr, denotes a small perturbation due
to the presence of an impurity. By inserting this Ansatz in (3) and dropping terms of order dy2 we get the
Bogoliubov equation for this perturbation,
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*


dy

dy f f
m

dy

a f dy f dy

¶
¶
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q V g

g

g P
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2

0
2

0
eff

wherewe introduce the abbreviation a fG = G + ∣ ∣2d d
eff

0
2. Herewe restrict our consideration to small weakly-

interacting impurities, dyV . Furthermore we utilise the identity dy dy¶ - ¶ = -  -( ) ( )t t tr v v r v
[5, 6, 60] and switch in the framemovingwith the impurity, dy dy dy= - = ¢( ) ( ) ( )t tr r v r, , return to the
notationswithout superscripts and in addition consider equation (4) in k-space. Thus thewavefunction

òdy dy= - re dk
kri satisfies the Bogoliubov equation in k-space given by

*

ò òdy w dy f f

m dy m a dy

= + +

+ - G + -

- -

-

( )

( ) ( ) ( )

V P

n

kv k r re d i e d

i i . 5d

k k
kr kr

k k

i
0

i
0

eff

Wenote the phase factor identity, m = gn with f= ∣ ∣n 0
2 and assume f0 to be real valued for the sake of

simplicity. Integrating the potential term e.g. s( )V Vr, , 0 in 2d yields p s ºs- ( )n V f k2 e k2
0 2d

22 2
. These

algebraic equations are analytically solved,

*
dy

m w m a
mw w a

= -
G + + + + +
G - + + -

( ( )) · ( )
( ) ( ) ( )

( )S n S

n

kv k

kv k

i i i

i 2
, 6d

d
k

2d
eff

2d
eff 2 2 2

wherewemake use of the notation  f= +( ) ( )S f k Pi2d 2d
2

0 . Here thefinite sized impurity is represented by a
form factor s( )f k V, ,2d

2
0 and the growth and decay terms alter the linearwaves by extending the solution to the

imaginary plane. The extended pump P can impose a form factor analogously aswewill discuss later. The
dimensional form factor is determined by the Fourier transformof the impurity (or the pump) and for general
dimensions given by p s= s-( )f n V2 eD k

D 0
D D
2 2

2 2 [6].Moreover for the simple impurityVDelta, the form factor
becomes =f V nDirac 0 . Finally we note that comparable linear waves have been derived in several scenarios
andwe refer to [5, 6, 51, 55, 60] for related results, however none include pumping dynamics.

The energy spectra for the solutions (6) are in general complex-valued and thus a naiv application of
Landau’s critical velocity based on real-valued dispersions [61] cannot be applied, butwe turn to the drag force
as effectivemeasure of friction.

Drag force

After deriving the formof the perturbedwavewe investigate the force the impurity experiences as itmoves
through the non-equilibrium condensate. The definition of the drag force is [5, 21]

ò y= -áY  Yñ = - ∣ ( )∣ ∣ ∣ ( )† V t VF r r, d , 72

when assuming themode of the Bose gas Y† is fully described by the complex order parameter equation (3).We
note that the integrand can be positive or negative depending on the formof the impurity while the density
distribution is always positive. Onemay ask the following question—is there a pumping process so that the
density distribution obeys a form forwhich the force switches sign?Wewill soon find an answer to this question,
butfirst to calculate the formula for the (drag) force we employ the ansatz y f dy= +0 and again neglect the
dy2 terms The result is

*ò òp s f dy dy
p

= - + s-( ) ( )
( )

( )VF k
k

r2 i e
d

2
d . 8D k

D
kr

0 0
iD D

2 2
2 2

Above calculation includes the special case of theDirac delta, when s~V 1 D
0 as s  0, (see [5] for similar

expressions). The remainder in (8) is calculated as explicitly presented in the appendix. So after some complex
algebrawe obtain the effective semiclassical force acting upon the impurity in the non-equilibrium condensate,

*
ò ò

m w m a
mw w a p p

=
G + + + + +
G - + + -

ºs-
⎛
⎝⎜

⎞
⎠⎟

( ( )) · ( )
( ) ( ) ( ) ( ) ( )

( )
c

S n S

n

F kv k

kv k
k

k
f

k
e e

i i i

i 2
i

d

2

d

2
, 9k d

d
D D

D

D
eff

D
eff 2 2 2

D
2

2 2

with s p= ( )c V n2 2D D
D

2
0 . A similar result is obtained as V VDirac by the substitution c V n2D 0 and

f fD Dirac.We note internal consistencywith the equilibrium case as discussed in [6]. Infigure 1we show two
examples of the integrand of equation (9) projected on the velocity vector for explicit parameters indicating, that
a switch of sign of the force acting on the impurity is feasible depending on parameters.

In all cases and independent of dimensionwe observe that the denominator of the drag force in equation (9)
has a pole, if and only if
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mw w a- G - º + -( ) ( ) ( ) ( ) ( )nkv k ki 2 . 10d
eff 2 2 2

This holds true for real-valued (free particle) dispersion relations w ( )k onlywhen G = 0d
eff , a case that

corresponds to a BECwithout homogeneous leakage, decay or constant gain of particles. The corresponding
proofs of leading order existence of the superfluid phase transition forfinite impurities andDelta impurities in
equilibriumBECwere done in [5, 6] respectively, where Sokhotsky’s formula [62]was utilised to solve the
integral with pole, thus implying the topological superfluid phase transition. The absence of a pole gives rise to a
continuous (drag) force and correspondingly to the suppression of true superfluidity when G ¹ 0d

eff as observed
numerically in [50] and analytically for aDirac impurity in [51]. Physically particles leaving the condensed phase
ψ add drag to the superfluid phase.

On the other hand herewe point out that for a vanishing numerator in (9) or integrals thereof we observe a
superfluid phase and an acceleration regimewhen the effective sign of the force projected on the direction of
motion is positive. Infigure 2(a)we numerically show the velocity dependence of the drag force acting on the
Gaussian impurity in 2d for various pumping strengths, given a pumpof the form

= - -
s

⎜ ⎟
⎛
⎝

⎞
⎠( )P P tr vexp0

1

2
2

Pump
2 , with Fourier transform sº ¢ -( )P̃ P kexp D

0 2 Pump
2 2 in the co-moving frame.

For very small velocities the drag is increasing. However, we observe that the absolute drag is decreasing
again for larger velocities as previously noted in equilibrium condensates forfinite sized impurities [6, 59]. Then
at a certain critical velocity the sign of the force acting on the impurity reverses andwe effectively see an
accelerating regime. In contrast localisedDirac impurities in equilibrium systems yield amonotonically
increasing amplitude of the drag force [5].While in non-equilibrium systemswe observe similar behaviour as
presented here for extended impurities. Figure 2(b) shows the explicit (linear) dependence of the force onP for
fixed velocities and thus the critical threshold of superfluidity and the impurity accelerating regime as a function
of the impurities velocity.

Considering a semiclassical picture the local gain of particles into the condensed phase can cause the
impurity to be pushed further by the pumping induced density variation, thus opposing/annihilating the drag
created by potentially exciting the superfluid. In this sense scattering from and into the condensed phase (of

Figure 1. (a) =s c fvD with =∣ ∣v 1 and (b) =∣ ∣v 10 illustrated in polar coordinates. Spacial dimensions are assumed to be 2d. For our
numerical illustrationwe use the parameters n=1, a = 0.05, s = 0.05, s = 0.1Pump ,V=1, G = 0.5d

eff and m = 0.1.

Figure 2. (a)Drag <F 0v and driving force >F 0v projected on v for pumping strengths P=15 (triangles), P=25 (circles) and
P=50 (squares). Spacial dimensions are assumed to be 2d. For our numerical integrationwe use the parameters n=1, a = 0.05,
s = 0.05, s = 0.1Pump ,V=1, G = 0.5d

eff and m = 0.1, then via discretisation of the wave function a global adaptive numerical
method yields our simulation results. In (b) the force Fv is presented for the samenumerical values however as a function ofP for fixed
velocities, v=2 (circles), v=3 (squares) and v=4 (triangles). The intersection of the graphswith the axis at Fv= 0 can be identified
with a superfluid regime. The impurity accelerating regime is above and the drag force regime below that line.
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particles evenwithout amomentum as assumed by themathematical formof the pumping term) act as
additional external forces on the impurity due to their spatial distribution close to the impurity. Those add to the
forces due to exciting the fluid and due to quantumfluctuations. A higher local density of the condensate at the
impurity implies the possibility of larger scattering rates between the impurity and the condensate, which
therefore provide the possibility of effectively accelerating the impurity through scattering. By considering the
simplemathematical scenario of a 1dGaussian impurity potential and a step function density y∣ ∣2 in (7), one can
immediately conclude that adding density behind or in thewake of the impurity as itmoves through the
condensate will cause gain ofmomentumdue to enhanced scattering probabilities in direction ofmotion. The
scattered particles leave the condensate by gaining themomentum and thus induce viamomentum conservation
a gain ofmomentumof the impurity and effectively a force acting upon it.

Furthermore note that even a infinitesimal small addition to the superfluid density in thewake of the
impurity implies a infinitesimal acceleration of the impurity or equivalently an addition to the accelerating force.
Interestingly we note that for a locally (inhomogeneously) driven condensate without homogeneous leakage or
pumping, i.e. G = 0d

eff , the impurity can be accelerated by thismechanismwithin a state of classical
superfluidity, i.e. below the speed of sound. For contrasting observations on the equilibrium casewe refer to [6],
where the classical superfluid regime is discussed for extended impurities and furthermorewe note thework
discussing homogeneous pumpingwhere no acceleration has been observed, which is consistent with the results
presented here [63] as key to impurity acceleration is sculpting the density of the condensate wave function via
inhomogeneous pumping processes as discussed here.

We point out that once the obstacle is accelerated by the pump, the pumphas to be co-movingwith the
obstacle tomaintain the acceleration of the obstacle. However in each stationary frame the pump does not
induce additionalmomentumon the obstacle but is co-movingwith the obstacle andmerelymodifies the
density of the superfluid in the corresponding frame, which in turn accelerates the obstacle. In this sense the
observed acceleration is a reversed drag force as discussed in [5].

Now to calculate the continuous force acting upon an impurity analytically, when the various contributions
in the numerator (9) do not cancel out for the explanatory case,P=0, we consider the projection of the drag
force F on the velocity of the obstacle v , whichwe denote Fv. Furthermore inwhat followswe consider the case
a = 0 only. By considering a parabolic kinetic dispersionω and using the symmetry properties of the integrand,
complex algebra and by approximating the integral by an expansion of the integrand to the quadratic order in v
we obtain a simple expression for the integral. In 2d, which is the natural dimension e.g. for polariton
condensates, the result is a drag force acting in opposite direction ofmotion on the obstacle,

ò
p r

r rm
r
p

= -
G

G + +
+

s r¥ -

( ) ( )
( ) ( )F

c

v
v

2

e

2

d

2
. 11v d

d2d

2 eff

0

2 2

2 2 2 2
4

2

Even for small velocities of the impurity the drag force obeys approximately quadratic behaviour in v, i.e. a non-
vanishing drag force, in particular since the integral in (11) is strictly positive. This contrasts the equilibrium
BEC results [5, 6], where a critical velocity equal the speed of sound has been noted belowwhich there is no drag
at all corresponding to the superfluid phase. Logical consistency of the results presented here and those in [5, 6] is
givenwhen G  0d

eff .
Next we solve the integral in (11) for the special case, mG d

eff , which yields the result

p
m

m m m m m s m-
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wherewehaveused the abbreviation m ms¢ º 2 and the notation òg= + + -[ ] ( ) ( ( ) )z z t t tChi log cosh 1 d
z

0
,

where g  0.5772 is Euler’s constant and ò=[ ] ( )z t t tShi sinh d
z

0
. An additional example for a different

parameter regimeof equation (11) is presented in the supplementalmaterial,where againwe confine the
consideration to the quadratic order in velocity approximation.

When neglecting the geometry of the impurity, i.e. V VDelta, and by considering the quadratic order in v
approximation, while again confining our consideration to 2d, we directly obtain the formula for the drag force,
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2 eff
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given mº G - >( )d 0d
eff 2 2 . The drag force is decreasingwith increasing d approaching zerowhen  ¥d ,

hence suggesting an extremal superfluid regime for this special case, while finite d obey a quadratic in v
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dependence of itsmagnitude andwhen d=0we obtain thefinite drag force p= - ( )F c v 48v Dirac
2 . The linear

Schrödinger equation in the scenario of a quantumfluid flowing past an impenetrable cylindrical obstacle of
radiusR, obeys a drag law for high velocity or large object size, i.e. v mR, that approaches the classical
limit as well [17], i.e. r= -F c Rvv

ideal
0

2, where r0 is the density of the fluid and c a dimension dependent
constant. Although the results (11) and (13) show analogue approximatively quadratic behaviour, the drag force
increases less than quadratic for v mR for the ideal Bose gas [17].

Inhomogeneous pumping

Finally we turn to estimate a pumping term in a 2d scenario.We suppose the simplest case d= -( )P P n tr v0

and thuswhen switching in themoving framewe have  = Î( )P P n0 , i.e. a Dirac function pumping spot
movingwith the impurity, while we note that the complementary extreme case, i.e. a homogeneous pumping
spotwould simply adapt Gd in the previous considerations. For the sake of conciseness we consider aDirac delta
impurity and obtain in the quadratic order of v2 an inhomogeneous force

p
mp

m m
=

G
- +

-
⎜ ⎟

⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟

( ) · ( ) ( )F

c

P n v

d d

d

d8

2 1 2 tan
, 14v d

Inhom

Dirac

0
eff 2 2 3 2 1

3 2

using mº G - ¹( )d 0d
eff 2 2 withmore details presented in the appendix.We note that the inhomogeneous

force can be directed along the direction ofmotion and thus is opposing the drag created by the homogeneous
pumping/decay terms for specificμ and Gd

eff , hence showing analytically in particular the possibility of a balance
between homogeneous drag and local driving and thus a non-equilibrium superfluid phase.

Discussion

By utilising Bogoliubov’s perturbation theory applied to the scenario of a (finite sized)Gaussian and aDelta
function impuritymoving through a non-equilibriumBECwehave obtained the formulas for the drag forces
acting opposite the direction ofmotion on the impurities and the opposing driving forces. In generalmovement
with velocities larger than the speed of sound leads to a non-zero drag force due toCherenkov radiation of
phonons as previously noted for theDirac andGaussian impurities in [5, 6] respectively. In stark contrast,
however, we have observed that the drag force is non-vanishing as soon as the impurity is set inmotion due to a
constant non-equilibrium term in the governing equation, which confirms the analysis in [50]. Furthermore it
has been shown that the force depends on thewidth and amplitude of themoving obstacle in the stated analytical
form.We point out that the presented analysis does not include the effective drag due to nonlinear excitations
such as vortices, vortex rings, solitary waves or solitons, which add energy dissipation and thus cause additional
drag to the impurity.When nonlinear excitations are absent ourmathematical analysis clarifies the linear waves
contribution to the (drag) force acting on theweakly-interacting impurity as itmoves at any velocity through the
openBEC.

Now, if a balance between homogeneous and inhomogeneous non-equilibrium contributions is given a
superfluid phase, i.e. a vanishing drag force in the stationary reference frame is feasible even above the speed of
sound as shownnumerically and analytically. Themost significant insight however is that the impurity can be
accelerated by the inhomogeneous terms indicating a regime of the non-equilibrium condensate beyond that of
superfluidity. The physical situation can be understood e.g. by a generalised Lagrangian formalism [37], which
treats the complex non-equilibrium terms as external forces acting on the condensate wave function. By direct
inspection of (7) one observes that for aGaussian shaped impurity adding amplitude behind themoving
impurity will imply an acceleration due to increased likelihood of scattering between the impurity and the
condensate and the possible gain ofmomentum. The non-equilibrium terms, as presented here, can cause drag
aswell as an effective acceleration of the impurity when the pump is co-movingwith the impurity. Finally using a
more subtle approximation of quantumfluids by taking into account quantumfluctuations suggests that there
may be additional dissipation [21] even in closed BEC.However, those fluctuations can—on average—be
balanced or even revresed by inhomogeneously driven forces as shown in this paper.
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AppendixA

A.1. Gaussian pumpnumerics II
Infigure A1we show the numerics due to awiderGaussian pumppotential as presented in themain text.We
numerically show the velocity dependence of the drag force acting on theGaussian impurity in 2d for various
pumping strengths, given a pumpof the form s= ¢ -( )P P n D kexp 20 Pump

2 2 . For slow velocities the drag is
very lowbut persistent for all pumping strengths. Furthermorewe note that the absolute drag is slightly
decreasing again for larger velocities as previously observed in equilibrium condensates forfinite sized
impurities. At a critical velocity we enter the accelerating regime, which thenmonotonically increases with
velocity at a nonlinear rate.

A.2.Delta pumpnumerics
Infigure A2we show the numerics due to a delta pumppotential.We numerically show the velocity dependence
of the drag force acting on theGaussian impurity in 2d for various pumping strengths, given a pump of the form

d= -( )P P n tr v0 . For slow velocities the drag is persistent for all pumping strengthswe note that the
absolute drag is decreasing again for larger velocities as previously observed in equilibrium condensates forfinite
sized impurities. At a critical velocity we enter the accelerating regime.

Figure A1. (a)Drag <F 0v and driving force >F 0v projected on v for pumping strengths P=15 (triangles),P=25 (circles) and
P=50 (squares). Spacial dimensions are assumed to be 2d. For our numerical integrationwe use the parameters n=1, a = 0.05,
s = 0.05, s = 1Pump ,V=1, G = 0.5d

eff and m = 0.1, then via discretisation of thewave function a global adaptive numericalmethod
yields our simulation results. In (b) the force Fv is presented for the same numerical values however as a function ofP forfixed
velocities, v=2 (circles), v=3 (squares) and v=4 (triangles). The intersection of the graphswith the axis at Fv= 0 can be identified
with a superfluid regime. The impurity accelerating regime is above and the drag force regime below that line.

Figure A2. (a)Drag <F 0v and driving force >F 0v projected on v for pumping strengths P=5 (squares),P=20 (triangles) and
P=45 (circles) . Numerical parameters are n=1, a = 0.05, s = 0.05, s = 0.1Pump ,V=1 G = 0.5d

eff and m = 0.1. In (b) the force
Fv is presented for the samenumerical values however as a function of P for fixed velocities, v=2 (circles), v=3 (squares) and v=4
(triangles). The axis at Fv= 0 can be identifiedwith a superfluid regime.
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A.3. Calculating the drag forcewithout constant gain/loss
In the following calculations we assume the nonlinear loss rate to vanish a = 0 for the sake of simple
presentation. To calculate the drag forcewe rely on the following calculation. For the sake of simplicity we just
consider the case in 2d herewhile presenting the formulas for the general dimensions in themain text. Using the
definition of the drag force, equation (8) in themain text, and by switching intomomentum space we get,
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by neglecting dy2 termsHerewe have defined F0 in the last step. To determine the remainder in (15) for dy, we
use the following calculation:
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Further we calculate the 2d drag force forP=0 by considering polar coordinates
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Nextwe assume a parabolic dispersion and use internal symmetries to simplify the integral, i.e.

ò ò

ò ò

ò ò

ò ò

q
q m q

q
p

q

q q m q

q
p

q

q q m

q
q

q
p

q

q q m q

q
p

- + G + + -

=
- - G + G + + -

=
G + - + G + +

´
-

G

= -
G

G + - + G + + -

s

s

s

s

¥

-

-

¥

-

-

¥

-

-

¥

-

-

( ) ( )

( ) ( ) ( )

( ) ( ( ) ( ) )

· ( )
( )

( ) ( ( ) ( ) ) ( )
( )

f k kv

kv k k

k k

f k v

kv kv k k

k

f k v

kv kv k k

kv
k

f k v

kv kv k k

k

i cos e

i cos 2 1 cos

d d cos

2

i cos e

cos i2 cos 2

1

1 cos

d d cos

2

i cos e

2 cos cos 2

1

1 cos
i2 cos

d d cos

2

2 cos e

2 cos cos 2

1

1 cos

d d cos

2
. 18

k

d

k

d d

k

d d

d

d
k

d d

0 1

1
2d

2

2 2 4 2 2

0 1

1
2d

4

2 eff eff 2 2 4 2 2

0 1

1
2d

4

eff 2 2 eff 2 2 4 2

2

eff
2

0 1

1 eff
2d

5 2 2

eff 2 2 eff 2 2 4 2 2 2

2 2

2 2

2 2

2 2

Finally we expand the integrand in v to the quadratic order. The result is given by
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wherewe use the abbreviation q º xcos . Integration of -x x12 2 gives p 2 and for kwe substitute r=k2
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as presented in themain text.
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A.4. Further example for drag force
Nowwe rescale the above expression by r rs¢ = 2 for the sake of clarity,
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A.5. Inhomogeneous dynamics
Nextwe turn to the additional pumping terms andwe assume d= -( )P n P tr v0 , while considering again a
Gaussian impurity. So by using equation (8) from themain text we obtain the drag force up to the quadratic
order
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As in the previous sectionwe obtain the transformed expressionwhen assuming d= -( )P n P tr v0 assuming
m*P0 to be small and projecting the force on v and using symmetric limits. The result is
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Furthermore by applying a Taylor expansion in v on the integrand and by considering aDirac impurity we
obtain the additional contribution due to the inhomogeneous terms
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Appendix B.Helpful considerations of the integrand

B.1. Positive and negative sign of the integrand
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e f k P n f k P

f k P nf k P

kv k

kv k

i i i i i i

. 33

d

d

2d
2

0
eff

2d
2

0

2d
2 eff

0 2d
2

0

Therefore the numerator of the real part projected on v is

 

 

f m w a m f

mw w a

m w f m a f

- G - + + - -

G - + + -

- + + - G - + G

(( ( ) ( )( ( )) ( ) ( ))

· (( ) ( ) ( ) ( ) )
[ ( )( ( )) ( ) ( ) ( )] ) ( )

f k P nf k P

n

f k P f k n P

kv k

kv k

kv k kv kv

2

2 . 34

d

d

d d

2d
2 eff

0 2d
2

0

eff 2 2 2 2

2d
2

0
eff

2d
2

0
eff

Integration between symmetric limits reduces the numerator effectively to



 

f m w a

m f m a f

- G - + + -

- + - G - + G

( ( ) · (( ) ( ) ( ) )
[ ( )( ) ( ) ( ) ( )] )( ) ( )

P k n

f k k P f k n P

kv

kv

2

2 35

d

d d

0
eff 2 2 2 2 2

2d
2 2

0
eff

2d
2

0
eff 2

with w =( ) kk 2.We note the terms of positive and negative sign, while the denominator is positive.
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B.2. Simplification of the integrand
Wenote that (30) simplifieswhen a = 0 andwe can simplywrite


 

ò
m w m

mw w p
=

G + + + +
G - + +

s-
⎛
⎝⎜

⎞
⎠⎟

( ( )) ( ( ))
( ) ( ) ( )

( )
c

S m SF kv k

kv k
k

k
e e

i i2

i 2
i

d

2
. 36k d

d
D

D

D
eff

D
eff 2 2

D
2

2 2
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