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Abstract

A description of the dynamical response of uniformly trapped Bose—Einstein condensates (BECs) to
oscillating external gravitational fields is developed, with the inclusion of damping. Two different
effects that can lead to the creation of phonons in the BEC are identified; direct driving and parametric
driving. Additionally, the oscillating gravitational field couples phonon modes, which can lead to the
transition of excitations between modes. The special case of the gravitational field of a small, oscillating
sphere located closely to the BEC is considered. It is shown that measurement of the effects may be
possible for oscillating source masses down to the milligram scale, with a signal to noise ratio of the
order of 10. To this end, noise terms and variations of experimental parameters are discussed and
generic experimental parameters are given for specific atom species. The results of this article suggest
the utility of BECs as sensors for the gravitational field of very small oscillating objects which may help
pave the way towards gravity experiments with masses in the quantum regime.

1. Introduction

Bose—Einstein condensate (BECs) are very small and extremely cold systems of a large number of atoms. These
properties are famously exploited for high precision measurements of forces using atom interferometry [ 1-6].
Another method that utilizes BECs as sensors for forces is to measure the forces’ effect on the collective
oscillations of the atoms in the BEC. One specific example is the measurement of the thermal Casimir—Polder
force [7], which was theoretically proposed in [8]. Further theoretical proposals to use collective oscillations in
BECs and, in particular, their phonon modes for sensing purposes include, for example, gravitational wave
detectors [9—11], sensors for the effect of spacetime curvature on entanglement [12] (for a review see [13]) and
magnetic field and rotation sensors employing solitons formed by optical lattices [14].

In this article, we investigate the effect of an oscillating gravitational field on the phonon modes ofa BECin a
uniform trapping potential for the particular case of the gravitational near field of a small, oscillating gold or
tungsten source mass. In particular, we show that the effect may be detectable for source masses down to the
milligram scale considering state of the art experimental parameters. The abilities of experimentalists to cool and
control BECs of large numbers of atoms are advancing quickly and BECs may become sensors for very weak,
oscillating gravitational fields in the future. The particular situation of a small source mass could be used to
measure the gravitational field of a macroscopic quantum system in a spatial superposition state. The
preparation of such a state is proposed in [15] and a proof of principle experiment for the measurement of the
gravitational field of a small, oscillating mass was proposed in [16], which is based on a macroscopic test mass
instead of a BEC. Furthermore, the experimental situation considered in this article may be useful to approach
the experimental realization of the proposal to use the phonon modes of a BEC to detect gravitational waves
presented in [9] and the proposal to measure gravitationally induced Josephson tunneling presented in [17].
While a relativistic framework is used in [9, 17], we consider only the effect of a Newtonian potential in this
article. However, in [ 18], it was shown that the effect of a gravitational wave on the detector proposed in [9] can
be completely described in the Newtonian limit. Additionally, a Newtonian potential can be derived from a

©2018 The Author(s). Published by IOP Publishing Ltd on behalf of Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/aad272
https://orcid.org/0000-0003-3452-6222
https://orcid.org/0000-0003-3452-6222
mailto:dennis.raetzel@univie.ac.at
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aad272&domain=pdf&date_stamp=2018-07-24
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aad272&domain=pdf&date_stamp=2018-07-24
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0

I0OP Publishing NewJ. Phys. 20 (2018) 073044 D Riitzel etal

BEC Q

Figure 1. The BEC s placed in front of a small massive sphere that oscillates at a lever with frequency §2/27. The gravitational field of
the sphere induces oscillations of the density of the BEC.

spacetime metric using the proper detector frame [19] in a similar way to the investigations in [20] for an optical
resonator in curved spacetime. Furthermore, the equations describing the BEC in this article can be derived
from the non-relativistic limit of the relativistic equations used for the derivations of the results in [9, 17].
Therefore, the results presented in this article can be used to describe the measurement of gravitational effects
with BECs in a general relativistic context using the techniques employed in [20].

Besides the above mentioned ambitious benefits of an experimental realization of the situation presented in
this article, such a realization would be the first investigation of the interaction of an oscillating gravitational field
with the phonon modes of a BEC, which may be considered an achievement by itself.

We start our considerations by discussing our approximate description of the gravitational potential seen by
the BECin section 2. In section 3, we introduce our first description of the BEC in terms of the order parameter
and we introduce the basic equations for perturbations of the order parameter which represent the phonon
modes. Then, we introduce dissipation in the phonon modes in section 4, and we connect the amplitude of the
perturbation of the order parameter to the number of created phonons in section 5. In section 6, we investigate
the effect of resonant driving by the gravitational near field of the source mass on the BEC. In section 7, the
quantum field theoretical description of phonons is introduced and we derive the amplitudes for particle
creation due to the oscillating sphere. In section 8, we derive expressions for experimental parameters required
to achieve a given signal to noise ratio. Furthermore, we give a list of generic experimental parameters that may
allow a detection of the phonons created by the gravitational acceleration and the gravity gradient, respectively,
due to an oscillating massive sphere of mass M for the two cases of M = 200 gand M = 0.2 g. In section 9, we
conclude and discuss the possibility to use phonons in a BEC to detect oscillating gravitational fields and the
influence of seismic and Newtonian noise on the noise background.

2. The gravitational field of an oscillating sphere

We assume that the BEC is of length L in the oscillation direction of the sphere (see figure 1) and the trap
potential is a uniform box, as was realized in experiments such as the one described in [21]. Furthermore, we
assume that the BEC is much smaller than the source mass, so that we can restrict our considerations to one
spatial dimension. Let us denote the distance from the center of the trap potential in the direction of the massive
sphere as x and let R(¢) be the distance between the center of the trap potential and the center of the sphere. For
small L, the Newtonian potential of the moving sphere can be approximated, for all positions x inside the trap
potential, as

P(t, x) = Po(t) — a(t)x — Qﬁ(t)x?z, (1)

where @y(t) = —MG/R(t), a(t) = MG/R(t)* and &(t) = 2MG/R(t)’ are, respectively, the value of the
gravitational potential at the center of the box trap potential, the gravitational acceleration due to the sphere
evaluated at the center of the trap potential’ and its first derivative in the x-direction, the gravity gradient. By
comparing the second and third term in equation (1) in the range of the BEC, we find that the second term is
always larger than the third term by a factor 2R (¢) /L. Therefore, &(t) becomes significant only for distances
from the center of the sphere that are a few orders larger than the extension of the BEC trapping potential. When
we investigate the perturbations of the BEC induced by the Newtonian potential (1), we will find that the gravity
gradient leads to a very different signature than the acceleration. This is because the second term in equation (1)
is linear in x, while the third term is quadratic in x.

Let us assume that the source mass moves sinusoidally about a fixed position so that
R(t) = Ry + g sin(2t + ). [f we assume that Ry >> O, we can expand a(t) and &(¢) in 6. In the following,
we will assume that 0r/R, is small enough to stop the expansion after the linear order in 6R. We find

Note that the source mass is placed in the positive x-direction from the BEC, which leads to an acceleration in the positive x-direction.
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In an experiment it may be possible to move the mass such that the acceleration or the gravity gradient become
exactly sinusoidally time-dependent. Hence, the assumption of small values of 6z /R, is a restriction that may be
lifted by a different ansatz and more detailed calculations.

For L = 200 pm and 6z = 2 mm, a minimal distance between the end of the box potential and the surface
of the source mass R,,;, = 1 mm and a 200 g tungsten or gold sphere, we have
Ry =74 Ryin + L/2 + 6 ~ 17 mm, where r &~ 14 mm is the radius of the sphere. We find that the
amplitudes of the terms proportional to sin(2f + ) in (2) are
_ 6MGéy

2MG6
= —3R ~2x108ms?2 and &g := T ~2 X 1076572, 3)
Ry Ry

ag ¢

In the next section, we will introduce the description of the BEC and show how to derive the effect of the
oscillating terms in the gravitational potential.

3. BEC mean field perturbations

One way to describe a BEC and the perturbations induced by an external potential is in terms of the order
parameter 1 governed by the GP equation and perturbations governed by the Bogoliubov—DeGennes (BDG)
equations derived from the GP equation. A second option is a microscopic description in terms of the atom field
which is split into the condensate fraction and a phonon field. The condensate fraction is again described by the
GP equation. The phonon field evolution can be given by an interaction Hamiltonian and a mode
decomposition with modes governed by the BDG equations. In sections 3—5, we follow the first option. The
second option is followed in section 7. Both approaches are only valid for BECs at low temperature. In particular,
weneed kg T < p, where 1 is the chemical potential of the condensate, T'its temperature (see section 8 for
explicit values of these parameters) and k the Boltzmann constant. For kg T < 1, only a small part of the atoms
is not in the ground state and its back action on the order parameter can be neglected for the purposes of this
article”. In this article, we include effects of finite temperature by using an effective description in terms of
dissipation in the time evolution of phonons in section 4. Furthermore, we consider effects of evaporating atoms
in section 8.

Since the gravitational potential (1) only depends on x, we only consider modulations of the order parameter
in the x-direction and use an effectively one-dimensional description. Then, the GP equation is given as [23]

72 72
1100 = [——3i +V+ —/\W)IZ]% 4)
2m 2m

where m is the mass of the BEC atoms, A = 87 a,.,c describes the interaction between the atoms, d,., is the
scatteringlengthand V' = V., + m® is the external potential consisting of the trap potential V., and the
Newtonian potential (1). To gain some intuition for the meaning of ¢, we can use the Madelung representation
ofthe order parameter ¢ = ./p e'’, where p can be identified as the atom number density of the condensate and
ph0,0/m gives the probability current in the x-direction (see equation (5.10) of [23]), which can be interpreted
as the spatial flow of atoms, while 0,0 is proportional to the chemical potential i of the condensate in the case of a
stationary solution.

The effect of the gravitational potential of the source mass can be expected to be small. Therefore, it will lead
to small perturbations of the atomic cloud. The equations that govern these perturbations can be derived from
the GP equation [23, 24]. To thisend, weset ¢ = /p, eifotido(1 4 1), where we assume that JPo eifoisa
solution of the GP equation (4) for the case where the gravitational potential vanishes and the density is
stationary 0,0y = 0. The complex function 67 is a space and time-dependent perturbation that corresponds to
phonons and ¢, is a spatially constant, time-dependent function that captures the perturbation of the ground
state energy. We rewrite the GP equation (4) for the unperturbed solution _/p, e'% as the pair of coupled partial
differential equations

* The effect of the thermal cloud of atoms can be taken into account by a generalized GP equation using the Popov approximation. For more
details, see for example [22] and section 13 of [23]. In particular, the back action of the thermal cloud leads to a stationary deformation of the
order parameter, which would result in a perturbation of the number of created phonons. Since the number of atoms in the thermal cloud is
very small in comparison to the number of atoms in the condensate fraction, the effect will be only a small change of the number of created
phonons which we will neglect.
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/ \% 7 %
o /Py + gdpo + %(962 + Apo) JPo — —2m \/IO_ON =0
2py"00 + Jpets =0, (5)

where the prime and the dot denote the derivative in the x-direction and the time derivative, respectively.
We consider a uniform box potential with infinite potential walls, which implies the boundary condition
[P, = 0atthe potential walls. We assume that the length of the condensate L is much larger then its healing

length{ =1 / \//\_po . Then, the density of the BEC can be assumed to be constant everywhere except for a small
region close to the potential walls [21, 23, 25]. We can assume that p, is constant over the whole length of the
uniform trap by additionally restricting our considerations to perturbations 61 with wavelength much larger
than the healing length. In particular, this means that we do not consider quasi-particles that behave like free
particles.

Inside the box potential, it follows from (5) and p:) = 0 that §; = 0. At the boundary p, vanishes, pg
becomes singular and 6 has to vanish for the second equation in (5) to be fulfilled. Since 6 = 0 inside the box
potential, it follows that §; vanishes everywhere. We set V., = 0 for the region between the potential walls and
we obtain the only remaining equation

rap

; m
b= 1 = ——ci, ©)
where 1 is the chemical potential of the BEC and ¢, the speed of sound in the BEC, is defined as
7 h
Cp = —>\ = — 7
0 2m2 pO ﬁmc ( )
Inserting the expansion ¢ = _ /p; el%ti%(1 + &) into equation (4), and using equation (6) and all the
properties of , /p, and 6, discussed above, we obtain the time-dependent BDG equations in first order in the
perturbation &) and its complex conjugate’
: 7 | P 4 /i
0,00 = —2—| 220, + 02 |60 + Z2(1 + 8u) + LoApy (50 + 6), ®)
2m\ p, 7z 2m
/
—10,60* = _r &&C + 0% |6y* + 5—V(1 + 6™ + i)\po(&/J + oY), 9)
2m\ p, %z 2m
where we defined 6V = (m® — ép)and 6y := — /xp,,. Similar to the expansion of ¥, we can give an expansion
of densityand phaseas \/p = \/p, (1 + a)and 6 = 6y + ¢ + ¢. Viatheequation ¢ = \/ﬁeie, we can
identify 61 and its complex conjugate with perturbations of density and phase as @ = (6¢ + §¢*) /2 and
¢ = —i(6y + 61*) /2. From equations (8) and (9), we obtain
/
b+ 20+ + a2y o] =0, (10)
% m¢? 2m\ p,
/
O-é_‘s_VdH_i &¢/+¢/’ =0. €3))
7z 2m\ p,

In section 2, we found that the gravitational potential can be split into a stationary term and oscillating terms
Here, we are only interested in the oscillating terms which lead to oscillating perturbations aand ¢. The
stationary term leads to a stationary perturbation o and ¢, which slightly changes the evolution equations for «
and ¢. This leads to effects of higher order in the gravitational potential. In appendix A, ° and ¢° are derived and
evaluated for appropriate experimental parameters. In the following, they will be neglected and we will consider
6V = (mdé® — ), where 6 = (Pg. + aogx + Bx?/2)sin(Q + ) and &y = MGz /R{.

The first part of the last term in equations (10) and (11) vanishes inside the trap and becomes singular at the
potential walls. Therefore, these terms can be neglected inside the trap and lead to the von Neumann boundary
conditions @/ = 0 = ¢’ at the potential walls. We take the boundary conditions into account by using a mode
decomposition

¢=>g,1¢p,(x) and a=> f1H)¢,x), (12)

n=1 n>1
where @, (x) = cos(k,(x + L/2))and k,, = nm/L. Note that the total number of atoms in the condensate given

by N:=A f_ LL//22 dx p,(1 + «)?isaconstantin first order in the perturbation, where A is the cross sectional
area of the BEC in the y—z-plane.

> Note, if we set ® = 0and consider only points inside the trap, these equations lead to the time-independent BDG equations for
Stp = e/ (ye it — y*elt) that can be found in [24] and other standard books.
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Projecting equations (10) and (11) on the mode ¢,,(x) as (@, @) = L LL/ /22 dx ¢, o, we find for each n1 the

equations
2 L2 oV /2 7
o+ = [ dx S0+ g+ —of, + ki f, = 0, 13
& —L/2 7 ( ) m(zf" 2m f (1)
p 2 plr2 oV /2
_Z dx — — Zk2g =0, 14
=t [, e ks, (14)

As mentioned above, we only consider perturbations with wavelengths much larger than the healing length,
which can be expressed as k,{ < 1. Therefore, the last term in equation (13) is much smaller that the second to
last term and can be neglected. Then, by multiplying equation (13) by 6V, we obtain that §Vf, = —m(%Vg, //i
in first order in the potential perturbation. Taking this into account, taking the first time derivative of

equation (13) and using equation (14) to replace ﬂ, we obtain for each n

2 L2 mGsv . 6V 2 L2 sV
- dx : [—;—zgl + m—czgz]som g, =7 LL/Z dx = (15)
where we approximated (1 — (%) g ~ g because we assumed k;¢ < 1,and where we defined w,, = cok,,. This
is a set of coupled, driven harmonic oscillators, which for vanishing driving, evolve with frequency w,,. Let us
assume that the frequency of the external driving €2 is of the same order as w,, such that |§V| ~ w,|6V]. Then, we
obtain that the absolute value of the first term in the integral in equation (15) is proportional to

mw,w (2 216Vg| = kyki(2m) |6V, while the second term is proportional to (1¢?)~'6Vg,. In this article, we
will only consider situations in which just one mode I contributes to the evolution of the mode # via the coupling
term in the integral in equation (15)°. Then, since k,{ < 1 and k¢ < 1, the second term in the integral in
equation (15) will dominate significantly and we can neglect the first term. Finally, we find a set of ordinary,
coupled linear differential equations for the amplitudes g, that are driven by the gravitational field

gn + wf,(l + Sn)gn - Dn + Z Tnlg]> (16)
I=n
where
2 L/2 3 2 L/2 2 L/2
= —— dx 0V, Sp=— dx 6Vp? and T = ———— dx 6V, ¢,
AL J-1/2 wim@L J-1/2 " mCL J-1,2

Equation (16) is the evolution equation for a driven harmonic oscillator with three different driving mechanisms;
there is direct driving through D, the driving due to other excited modes through T,;and parametric driving
through S,,. Finally, we have to specify u = — /i, For that purpose, we project equation (10) on the constant
function representing the density distribution of the ground state. It follows that

Sp= —rlipy = m L LL//ZZ dx 6®/L, which is the spatial average of the Newtonian potential. Then, we obtain for
the driving moments, the parametric frequency modulation and the mode coupling coefficients

R D 8o
Dn((l (1" (1+(1)>2)

2L2mS) Bom?L*

cos(Qt + ), S, = ———
n?nt/ ( 2 2t 2
) 202 (12 4+ n?) .

27 22
¢ n4)*m

sin(2t + ¢) and

Tnl

((1 - (—l)lJr")aTQ -1+ (—1)l+")@ n(Qt + ¢) for [=n,

2
(17)

respectively. We see the different signatures of the acceleration and the gravity gradient in the perturbation of the
BEC. Via the direct driving D,,, the gravity gradient couples to the symmetric modes while the acceleration
couples to the anti-symmetric modes in the range of validity of our approximations. Similarly, acceleration
couples modes of different parity and the gravity gradient couples modes of the same parity. Parametric driving
S, affects all modes, but it is only due to the gravity gradient.

To obtain the full evolution of the phonon modes in the BEC, we have to include all significant damping
effects. This is the content of the next section.

4. Damping
A phenomenological way to describe damping on the level of the GP equation was introduced in [26] and
discussed further in [27]. We discuss this approach in appendix B. It is equivalent to adding a damping term ~, ¢,

to the left-hand side of the harmonic oscillator equation (16), which leads to

The inevitable contribution of all modes via thermal excitations is taken into account via the damping term discussed in section 4.
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g, + 7ngn + Wi(l + Sn)gn =D, + Z T;dgl’ (18)
I=n
In the following, we will discuss the two most important mechanisms of damping and their contribution to the
damping constant ,,. There is a great deal of literature about damping of phonon modes in uniform BECs with
periodic boundary conditions. In appendix D, we show that damping of phonon modes in a box potential with
von Neumann boundary conditions can be described approximately using the expressions for dampingina
uniform BEC with periodic boundary conditions. We will only discuss these expressions in the following.

For BECs at temperatures T'such that kT >> hw,,, where kg is the Boltzmann constant, one mechanism of
dampingis Landau damping, in which energy from the perturbations of the mean field is absorbed by the
thermal bath of excitations. Landau damping in BECs was initially discussed in [28—30]. An expression for the
damping constant ,, in a uniform BEC for general temperatures was derived in [31, 32] and it is given as

La H”IC())\W,, foo dx (e* _x ,2( 1 1 )2
La _ 207 e —e 1-— - —, 19
7 2n/s Jo ( ) 2u  2u? (19)
where u = \/ 1 + 4(kgT/)*x?*. For temperatures such that kzT >> i, we obtain the expression
La _ iM, (20)
64 /iy

which delivers values that are in agreement with experiments like [33] (see for example [34] for a discussion). For
temperatures such that kg T < p the Landau damping rate becomes

L _ 30 (ke Dw,

" . (21
40 mpy/i’cy

Note that (20) is linear in the temperature, while (21) is proportional to its fourth power, which means that the
Landau damping can be lowered significantly by lowering the temperature further once the low temperature
regime is reached. For the experimental parameters that we will consider in section 8 we have kg T < v and
Landau damping is described by equation (21).

Another contribution to the damping rate that becomes most significant for low temperatures arises
through Beliaev damping. The microscopic origin of Beliaev damping is the decay of a single phonon into two
phonons of lower energy. The corresponding damping constant is given as [32]

1 2 —1 2
T = 7‘36’0[1 60 [ ax i ot ] (22)
0 ek — 1
where
ik,
R 23)
6407 mp,

is the Beliaev damping constant at zero temperature, and we assumed that the quotient of the atom density of the
BEC and total atom density including the thermal cloud is close to one, which restricts our considerations to
temperatures much smaller than the critical temperature of the BEC [22]. Note that (23) is proportional to the
fifth power of the wave number while the Landau damping constant is linear in the wave number. This means
that Beliaev damping becomes dominant for higher wave numbers. Since Beliaev damping remains even for zero
temperature, we can conclude that the value of the wave number at which Beliaev damping becomes dominant is
lower for lower temperatures.

The third mechanism of damping that has to be taken into account is damping due to atomic losses [35]; the
atom—atom interactions and thermal fluctuations of the Bose gas lead to the evaporation of atoms from the
condensate. The atom loss leads to damping and fluctuations of the phonon modes. In [35], it was shown that
the numerical value of the corresponding damping rate 4/ is approximately the same as the evaporation rate of
the condensate independently of the mode number. In general, the total damping rate can be written as

Vo= Vi v+ (24)

In the next section, we will discuss the number of phonons that correspond to the amplitude g,,.

5. Average number of phonons in the mean field perturbations

The picture of perturbations of the order parameter ¢/ hides the true nature of the perturbations as phonons.
However, the amplitude g, of the phase perturbation corresponds to a certain number of phonons Nj, . that we
can obtain by deriving the amplitude of the phase perturbation corresponding to a single phonon.

For this purpose, we consider the energy of free fluctuations of the BEC density and phase without driving,
which is given as
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L/2

2
Aflar 61 = 2 A [ dupy2¢2a2 — 66" — aal), 25)
2

2m —-L/

where we used equation (5.76) of [23], the replacement ¥ = _/p, (o + i¢) and the equations of motion (10) and
(11)for 6V = 0and considering the von Neumann boundary conditions to be fulfilled. For the modes defined in
equation (12), we obtain the energy

kN,

AE,
4m

2
(an(f)2 + gn(t)z], (26)
where N = Vp, = ALp, is the number of atoms in the BEC and we neglected the contribution of the third term
in equation (25), since ¢k, < 1. Without driving, equation (10)leadsto f, = —m(?¢, //i. Furthermore, a
solution of the equations of motion (16) without driving willbe g (t) = g, sin(w,t + ¢,) for some phase .
The same result is found for the steady state solutions on resonance later in equation (31). Therefore, using the
linear dispersion w,, = ¢k, we find

7PNy
= —g .

n

A€, (27)

4m
The energy of a single phonon of mode # is given as fiw,, and we obtain the amplitude corresponding to a single
phononas g, oh = (22 / (k,¢N,))"/. Additionally, we find for the average number of phonons in the coherent
state created by the gravitational field of the moving mass

Ny = ”WCNagz'
220"

In section 6, we will derive the amplitude of the dynamical modes of density perturbations induced by the
moving mass and use equation (28) to extract the number of created phonons from the amplitude g, . From
equation (28), we can also find a condition on the maximal number of phonons in a mode for which our
approach of considering §v as a small perturbation is still suitable. We find that g, o < 10~ " leads

to N, . < 1072nm(N, /(2~/2L).

(28)

6. Phonon creation for resonant driving

In sections 3 and 4, we derived the linearized differential equations for the evolution of the BEC under the
gravitational influence of a moving source mass. In this section, we will derive the effect of the sinusoidal driving
by solving equation (18) for particular cases.

6.1. Direct driving
The first case that we want to consider is the case of direct driving, when the initial excitation of all modes can be
considered to be zero. Then, equation (18) reduces to

&+ Mg, + wig, = Esin(Qt + p), (29)
where = ¢ + 7/2and
aq (o70} 202m )
E=10-(-D"Y"— -0+ (-D)"H— . 30
(( (12— ¢ ())2)11271'25 (30)
The steady state solution on resonance for this driven and damped harmonic oscillator is
gst,n,QR’w,,(t) = - sin (wnt =+ Po =+ @), (31)
TnWhn
where py = 7/2 if Qislarger thanw, and ¢y = —m/2 for {2 smaller than w,,. We see that the steady state

amplitude is F,w,,/7,. From the solution (31), we see that there is a phase shift between the driving and the
motion of the BEC of /2 on resonance.

Instead, if we consider times much shorter than the inverse damping rate, the solution is the undamped
solution

n - n

& —o(t) = ziﬂz(sin((lt + ) — (sin pcos (wyt) + i cos @ sin (wy, t))) (32)
" w
which, for resonance becomes

g,(t) = —ZF—”Z(wntcos(wnt + o) — sin(wyt)cos(p)). (33)
w

n




10P Publishing

NewJ. Phys. 20 (2018) 073044 D Riitzel etal

Hence, the amplitude grows linearly in time for t < 7, . Together with equations (33) and (28) gives the
number of coherent phonons created by the oscillating gravitational field of the massive sphere on resonance for
times much shorter than the inverse damping rate of the mode under consideration as

- m2J2 (N, P2 (1 — (f1)n(ag2 )2 1+ (1)”(@59 )2
Nnc -1(f) =~ - + - -\ .
ot () 72 () 2 L 2 2

(34)

From the values for acceleration and gravity gradient in equations (3) and (34), we see that much less phonons
are created due to the oscillating gravity gradient than through the oscillating acceleration when only the direct
driving term D,, is considered.

6.2. Mode coupling
Of course, in general, the solutions (33) and (31) are only reliable if the inter-mode coupling can be neglected.
From the expression for T,,;in (17), we see that the driving term due to a coherent excitation of mode /is of the
same order as the direct driving term D,, if

= =lim,n 7T< (12 - n2)2 J 7 lim,n ( 7TC )

~ i ————  Or M ~ N/ .= N

R N T AT ) / \Vaz
If the inter-mode coupling cannot be neglected, either phonon pairs are created in modes n and [, or phonons in
an excited mode will be shifted into a mode of higher energy. This can be seen by considering g; to oscillate with
frequencywjas g = g sin(w;t + ;). Neglecting parametric driving and direct driving, we find the differential
equation

3 (12 _ n2)4

2n(2 + n?)?

(35)

g, + mg, + wﬁgn = 2Gy, sin(Q2t + @)sin(wit + @), (36)

where

:& _(_ l+n@_ _ l+n@
Gin 2((1 (=D )L 1+ =D

) 2L2(I* + n?)
2

O — o

The right-hand side of equation (36) can be rewritten as
2Gy, sin(Qt + @)sin(wit + @) = Glcos((2 — w)t + ¢ — ) — cos((2 + wpt + ¢ + )] (38)

Therefore, resonant driving of mode nis achieved if 2 = w; + w, or Q = |w, — wj|, which correspond to the
creation of phonon pairs and the shift of phonons between modes, respectively. These processes will appear as
multi-mode squeezing and mode mixing, respectively, in section 7. Assuming initial excitation of mode # as
g,(t) = g, o sin(wyt + ), shorter times than the inverse damping constant and neglecting the back action on
mode I, we find analogously to equation (33) on resonance

g,(t) = g0 sin(wyt + @) — %(unt cos(wyt + @) — sin(wy,t)cos(@y)), (39)
n

where ;= ¢ — ¢, + 7/2forQ = w, + wyand §; = ¢ + ¢, — 7/2for Q = w, — wjand
@ =—¢+ ¢ + /2 forQ = w; — w,. We see that, depending on the phase relation between driving and
initial excitation of the mode /, the amplitude of the oscillation will increase from the start or it will decrease first
and increase later. Hence, for an appropriately chosen phase relation, the mode coupling may be associated with
a damping process. For values of NI™! « 1, such damping processes may be stronger than the direct driving
D,,. In this situation, it may be more efficient when initial phonons are prepared in a certain mode and the
gravitational field is measured through the induced loss of phonons from that mode. This possibility will be
discussed in more detail in sections 7 and 8. We have to keep in mind that we neglected the back action on mode
I, and therefore, equation (39) can only hold for short time scales.

For initially vanishing excitation, g, o = 0, and ¢; = 7/2, we find for the number of created phonons in the
mean field

. C(VIme B@E ) V(1 - (D) (ag 1+ (D (B \
Ricreny' = Nico Ex ) ) (—Q) ;L CEDT (—Q) . o)
i Nl — my 2 L 2 2
where Nico = TN, / (2+/2 L) is the number of initial phonons in mode [ that contribute to the mean field.

6.3. Parametric driving

As the third process of interest in this system, let us investigate the effect of the parametric driving term

S, = S, sin(Qt + (). For a classical system the parametric driving can only lead to an excitation of the system
when the system is already excited. If we neglect all other processes and damping, start from an initial excitation
that oscillates as g, (1) = g, , cos(w,t + ) fort < 0and consider parametric resonance {2 = 2w, the
amplitude after a time ¢is found as
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_ _ S_nwnt _ m®QL3t
) ~ exp|l—| = exXxpl———) 41
gn( ) gn,O p( 4 ) gn,o p(sﬁﬂ3ﬂ3ﬁ€ ( )

where g is the initial amplitude. With equation (28), this leads to the expression for the average number of
created phonons

- nm¢N, m®&q Lt
0Ny ety (1) = A7L —@E,0)? — @00~ nO[e p(4\/5n(327r3ﬁ§) - 1} (42)

where N,,  is the initial number of phonons in mode n that contribute to the variation of the mean field.

In the next section, we will describe the phonons in the BEC as a quantum field and we will investigate the
inter-mode coupling and the parametric driving in detail. We will recover equation (34) as the number of
created coherent phonons, equation (40) from mode mixing and equation (41) from single-mode squeezing of a
coherent initial state.

7. Quantum field description

For a description of the perturbations of the BEC as phonons, we start from a time-dependent external
potential” V/ (x, 1) = Virap (%) + 6Vo(x) + 6V (x, 1), where 6V (x, t) = 6V (x)sin Qt and

8V = m(Po o + agx + &x?/2). The external potential enters the Hamiltonian of the BEC as f A3V " such
that the full Hamiltonian is given by (see [23] for the free Hamiltonian)

= f Px ( v2+v)\y+g f &x VT, (43)

where ¢ = /%\/(2m) and V is the volume of the box potential. We neglect the contribution of the stationary
part 6V, as in section 3, consider the box trap potential Vi, and the expansion”

G, 1) = (B(F) + D, e /i oo (44)

in the Heisenberg picture, where U, = 4 o, Yo = (LA)"2and b = f L2 dx 6V /L is the time-dependent

energy shift of the ground state. Furthermore, we apply the Bogoliubov approx1mat1on, which replaces
dy — /N, I, throughout the interaction process. Then, we obtain the grand canonical interaction Hamiltonian
(see appendix C for the detailed derivation)

My = Ex 5V — 6@ + 0" + [ &x @6V - 6w 45
=y [ dx@v = s+ 35+ [ dxd6v - o (43)
The field operator is expanded as
0= Z(ungne‘i”"’ + vnbjei“’"t), (46)
where [b,,, b;[l] = Oum- The real mode functions fulfill the stationary BDG equations
U 2
Wplly = %([ Ve + Cz)un + = §2 ] (47)
7 2y 1
—WnVy = %[(_v Cz)Vn + <2 ] (48)

fulfill von Neumann boundary conditions at the potential walls (due to the vanishing density py) and are
normalized with respect to the inner product

f d’x (Unlm — VoVi) = Snm- (49)
12
In the following, we restrict our considerations to modes with vanishing transversal wave numbers, i.e. we only
consider the x-direction. With these considerations, we obtain the set of solutions of the BDG equations

Uy, = oy, and v, = By, (50)

inside the box potential, where o, = ((~/2 ¢k,)~' + DV2(LA)Y "2and 3, = —((v2 ¢k, ' — DVY2(LAY1/2,
Furthermore ¢, = cos(k,(x + L/2))and k,, = 7n/L were already defined before in section 3. This leads to
W, = coky fork,¢ < 1. Assuming that §V (x, ) = 6V (x)sin Qt, S = 6fi sin Qt and the rotating wave

7 For other approaches to the description of BECs in time-dependent potentials see for example [36—40].

8 . . A T .
Here we are using the absolute perturbation ¥ in contrast to the description in section 3.
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approximation, the interaction Hamiltonian can be written in the interaction picture as

~ OV

~ o At AA P PN
H,, = ZMOﬂ(bne—l(wn—Q)t — b, el Dty 4 ZMln(blbne_l(W’1+wl_Q)t — by b, eintw—rn)

Ln

n
At At At At
_ Z(Aln(bl bnel(urwn Wt _ bn bre i(wi—wy Q)t) + Bln(bl bne‘(“’f wy— Mt _ bn bre i(wi—wy Q)t)),
I>n

(51)
where the transition amplitudes are given as
i

L/2 _ : L/2 _
My, = —+ [ReA [ a6V b+, M= A [ e @V~ s, (52
2 L —L/2 2 —L/2

; L2 B i L2 B
A= —~A f dx 6V — §)mu, and By = ——A f dx (8V — 8p)vivm, (53)
2 —L/2 2 —L/2
which for 6V = m(®.q + agx + Gx?/2) become

s im3/2 Na¢ ( 1y g _ n@)
Moy, ~ imL /(ﬁmrf (1 (1))L (14 ( 1))2, (54)

L B+
2320l (17 — n?)?n¥¢

My, ~ —A,, ~ —Bj, ~ —1

((1 - (—1)]+")QTQ -1+ (—1)’*”)%) for 1= n,

(55)
®ol?
m—m
1672 3713

since k,¢ < 1. Itis interesting to note that the absolute values of all transition amplitudes are monotonously
decreasing with increasing n and I for fixed n — 1. The maximum of |M,|is reached for n = 1if ag = 0 and for
n = 2ifan = 0. The maximum of |M,,| = |A;,| = |By,|isreachedforn = 1and! = 2ifag = Oandforn = 1
and! = 3ifan = 0. The maximum of |M,,,)| = |A,.,|] = |B.|isreached forn = 1.

In the following, we will only consider processes on resonance; this means that ng, :== LS2/(7¢o) is an integer.
Then, we find for the time evolution

M, ~ —A,, =~ —B,, ~ 1 (56)

~ 6V

R R —1)1 1y, 2 (F) A
Upng res = €XP I:(_l)maﬂn(t)(bniz — by, — Lt D™ fopa) 2

A2
5 5 (bnxz/Z - bnsz/z)

At At - At At oA
— > (=" 1Dy by — bibuy-) + Y (=D"O_ by by, — b, b [, (57)

I<ng/2 I>nq

where
Oln(t) = |M0n|t/fia rn(t) = lennlt/ﬁr rl,n(t) = 2|Mln|t/fi and el,n(t) = 2|Aln|t/ﬁ- (58)

Note that the second term in equation (57) only exists if nq, is even. In the following, we will discuss all the
different terms in equation (57), explain their meaning, investigate their effect on the phonon number and
compare the results to those of section 3.

7.1. Coherent displacement

The first term in the exponent of the time evolution operator in equation (57) would create a coherent state when
the other terms are neglected. This coherent state leads to non-vanishing expectation values of the quadratures
(1A9 + fﬂ) / 2 and —i(f? — 1A9T) /2, which can be identified with | /p, v and ,/p; ¢, respectively. Therefore, the first
term in equation (57) can be identified with the direct driving D,,. Taking only this term into account, the average
number of phonons is given as |, |> = |My,t//|* and we recover the result in equation (34).

7.2.Single-mode squeezing

The second term in the exponent of the time evolution operator in equation (57) corresponds to single-mode
squeezing. When the system is parametrically driven on resonance {2 = 2w, and the other processes are
neglected, we obtain for the time evolution of the ladder operators under the influence of single-mode squeezing
bAn @) = S,j (1,(2)) I;,, S, (1,(t)), where the squeeze operator S,,(1,,(t)) is defined as

$u(€) = exp(—(&h,” — £b)/2) (59)

(seesections 16.1 and 2.7 of [41]). If the system starts in the vacuum, a squeezed state is created with squeezing
parameter r,,(t) and a number of squeezed phonons N, ; = sinh?r,,. This is the dynamical Casimir effect in Bose—
Einstein condensates [42]. If we assume a general initial displaced squeezed state |av,,, £, o) = Dy () Su(§,,0)10),

10
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where D, (a,,) = exp(a, l;,j — afl;,,) is the displacement operator, we find for the average number of phonons

N, = | cosh(r,,)sinh(r,,(t)) + e’ sinh(r, o) cosh(r,,(t))|> + |a* cosh(r,(t)) — a sinh(r, (1)), (60)

where §, ) = 06!, For the particular case where the system starts in a coherent state of mode 1, D (c,)|0)
with parameter a,,, a displaced squeezed state D ((3,,)S,,(¢)|0) is created, where 3, = o, coshr, — o sinh,.

The total number of phonons in the displaced squeezed state is

N, = sinh?(r,(t)) + |Ba> where |B,> = | cosh(r,(t)) — asinh(r,(1))|%. (61)
However, only | 3,|> phonons contribute to the mean field, i.e. to the quadratures a and ¢. For of = —a,,, we
find that | 3,/> = |c,|*e* and we recover equation (41) for parametric driving. For of = «,,, we obtain

|84* = |a,[*e~27, and we find that the squeeze operation pumps phonons out of the mean field. If the system
starts from a squeezed vacuum state with squeezing parameter r,, o and 6,, o = 0, a new squeezed state is created
with an average number of squeezed phonons N, s = sinh?(r,, o + 7,,).

Note that for r,, < 1 and an initial coherent state, we find
6Nn,c = |6n|2 - |an|2 ~ ilanlzzrn = iNn,c,Ozrn (62)

for o) = Fa,. Similarly, for the case of an initial squeezed state and for r,, < 1 and a number of initial phonons
Nyso = sinh?(r, o) > 1,wefind that 6N, s = N, — N, 0 & N, 02r,. Hence, for a highly excited initial state, a
small amplitude M,,,, still can lead to a measurable change in the average number of phonons. Such initial
phonons may be created by applying an external electromagnetic linear or harmonic potential to the BEC
superimposed with the trap potential by the same mechanisms that we consider here for the measurement
process.

7.3. Multi-mode squeezing

Additionally to one mode squeezing, we find multi-mode squeezing with the third term in the exponent of the
time evolution operator in equation (57). In particular, this process can be induced by acceleration and the
gravity gradient, while acceleration only creates phonon pairs in modes with different parity, the gravity gradient
creates phonons in modes with the same parity. For small mode numbers nand land n + leven, the amplitude
M,,;will be of the same order as M,,,,. However, the quotient of the amplitude M,,;/ M,,,, increases with increasing
mode numbers/and nwhenn — [iskept constant. Therefore, to generate phonons with higher frequencies,
multi-mode squeezing will be more efficient than one mode squeezing. In all cases, the resonance condition

Q &~ w, + w;hasto be fulfilled to create phonons. Only taking multi-mode squeezing into account, the
evolution of the creation and annihilation operators can be represented as l;j(t) =Sr (t)Tl;jST (t) using the two-
mode squeeze operator

At At A A
Sr(t) =exp|— Y. (=D"rpu,_1(1)(by by, — bibug—) |- (63)
I<ng/2
Let us assume that the system starts in an initial displaced squeezed state |av,,, &, o) withn < ng. Only taking
multi-mode squeezing into account, we obtain the state St (¢) |, En,()). We have

St (t) bySr(t) = cosh(ty () by + (= 1) sinh(ry o n () By (64)

- ~ . A
St (t)T bnﬂfnST (t) = COSh(rn,ngrn () bngrn + (=1)" Slnh(rn,ngr (1)) bn (65)

and the total average number of phonons in mode n and n, — nbecomes
Nn = Nn,o + (Nn,o + 1)Sinh2(rn,mz*n) and Nn{z*" = (N”’O + 1)Sinh2(r”’“517")’ (66)

respectively, where N, o = N, 0 + N, 0 is the total number of phonons in the initial state, N, s o = sinh?(r,,¢)
and N, .o = |a,|*. Calculating the expectation value of the quadrature

(ans &,0IST (t)%(b,jﬂ_,1 — byg—n) St (t) |, €, ), we obtain the average number of phonons that contribute to
the mean field in mode ng, — nas N,,—,.c = N, ¢ 0 $inh?(7;, ). For t;, o, < 1, we find

Nyy—ne & Nn,cyorj‘ no—n- With the explicit expression for 1, ,,_,, we can compare this result to the driving of
mode # through the mode coupling discussed in section 3. From equation (40), where we replace n by ng — n
and Iby n, we recover Ny, c = I\_fn,c,or,f,nn,n.

7.4. Mode mixing

The last term in the exponent of the time evolution operator in equation (57) leads to mode mixing, which
partially corresponds to the mode coupling process; the second term on the right-hand side of equation (16).
The amplitude is the same as for the two-mode squeezing and the process will be efficient for high mode
numbers nand Iwhen n — lis small. When only the mode mixing is taken into account and only resonant
processes are considered, the time evolution can be described by a beam splitting operation b;(t) = B (t)*bjB (1),

11
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where

B(1) = exp| Y (=12 "0 () (B brny — b, bD) | (67)

I>nq

This operator couples all modes with a distance ng,. This means, that we obtain n, — 1 systems of coupled
modes’. Starting with a displaced squeezed initial state |, §,.0) for asingle-mode nand assuming that
O, ntny(t) < 1, we find that

Ny = (v, &, 0lb) (Db, €,0) = Noyo(1 — 2(05 0 + Onino)s (68)

where N, o = N,s0 + N,.ois the total number of phonons in the initial state.

7.5. Quantum Cramér—Rao bound

From our analysis above we see that higher creation rates of phonons are obtained for initially excited states.
From the created phonons the gravitational field amplitudes ag, and &g, can be inferred. Therefore, optimal
precision for the measurement of the gravitational field via the creation of phonons is obtained for excited states,
which we can call probe states. The estimation via the squeezing effect represented by M,,,, and M;,, is sometimes
called a squeezing channel. The estimation via the mode mixing represented by A;, and Bj,, is called a mode
mixing channel. It was shown in [45] that the optimal estimation of a parameter via either of the two channels is
obtained for a probe state where all particles are squeezed particles. Here, optimal means highest precision per
phonon in the probe state. In the following, we will give this optimal precision in terms of the quantum Cramér—
Rao bound, which gives an upper limit for the precision of the estimation of a parameter via an estimation
channel for a specific initial state for all possible measurements. We obtain the limit for the absolute precision for
ameasurement of the driving parameter ¢ € {aq, &} as

Jasm s L (69)
4/ #repr

where # ., is the number of consecutive independent measurements and I, is the quantum Fisher information
for the driving parameter e.

Let us assume that we start with two non-entangled modes each in a squeezed probe state with squeezing
parameters r ; and 7o ,. The quantum Fisher information for the optimal estimation of the driving parameter e
via the two-mode squeezing channel is givenas I, = (2(2N, o + 1)6r(t) /€)?forry, = ry,, where
or(t) = 2|M,,,,|t/7 and N; o = sinh?ry; + sinh?® 1y, is the initial number of squeezed phonons [45]. The
quantum Fisher information for the optimal estimation via the mode mixing channel is
I = 4N, o(Nyo + 2)(2|A,,n|t/ (/26))* [45]. Both expressions correspond to the Heisenberg limit and represent
an upper bound for the achievable sensitivity if the probe state is set up as described above.

In the next section, we will investigate the sensitivity for the estimation of acceleration and gravity gradient
for examples of experimental parameters.

8. Experimental parameters and measurement sensitivity

In this section, we give necessary experimental parameters for the measurement of the gravitational field of an
oscillating mass via phonon creation in a BEC. To provide an example, let us consider rubidium BECs and
ytterbium BECs. For Rb-87, we have an interaction constant of Agp, &~ 1.3 x 1077 m (calculated from the
measured scattering length a;.,.« = A/87 & 984, reported in [46], where g, is the Bohr radius). The mass of a
Rb-87 atomis 1.44 x 10~ kg. The scattering length of Yb-168 can be found in [47] and leads to a interaction
constant of approximately Ay, = 3.35 x 10~ 7. The mass of a Yb-168 atom is 2.79 x 10~ ** kg. In the following,
we will assume that the cross section of the BEC in the y—z-plane is circular.

The experimental time .y, is limited by the half-life of the BEC and the half-life of the phonons. We assume
that the half-life of the phonons, which is proportional to the inverse damping rate, is much larger than the half-
life of the BEC. We find that this assumption is met for the experimental parameters chosen. Therefore, the half-
life is the only limit for t.,, in the following consideration. In section 5.4 of [24] and in [48, 49] it is shown that
dp(t)/dt = —Dp(t)?, where D is the decay constant. This implies a quadratic dependence of the half-life on the
inverse density. More precisely #,, = 3/(2Dp?). For example, in an experiment with rubidium atoms [50], the
corresponding decay constant was found tobe 1.8 x 10~ cm®s ™. In an experiment [51] with ytterbium an
even smaller decay constant of 4 x 107°° cm®s ™" was found. Therefore, we assume that the density is less or

These systems of coupled modes can be seen as quantum Markov chains that are infinite on one side. B(t) gives rise to the time evolution of
an initial state on this Markov chain. The beam splitter operation is a completely positive map [43] and Markov chains can be understood as
completely positive maps between sites of a graph [44]. Here we have a one-dimensional undirected graph with one end.

12



10P Publishing

NewJ. Phys. 20 (2018) 073044 D Riitzel etal

equal to 10" cm ™ in order to achieve a half-life of at least #;,; = 100 s. This allows the assumption that the
number of atoms can be considered to be constant during a single run of the experiment for an interaction time
of tey, = 10's. As we discussed in section 4, the decay of the BEC leads to a damping of the phonons inside the
BEC, with a value for the damping rate ~!°% that approximately matches the value of the BEC decay rate. From
the discussion above, we find that ¥ &~ 1072 s~ is a conservative assumption. For all the experimental
parameters that we will consider in the following, we find that the Landau damping rate fy; is of the order of
10~% s~!and Beliaev damping is significantly smaller. Therefore, the total phonon damping rate is dominated by
the atom loss, we can sety,, = °*, and we obtain 'y;l > fexp. Weassume that

Q > 21 X 5/te, = 2w x 0.5 Hz, which means that at least about 5 cycles of the driving oscillation elapse
during one run of the experiment. To fulfill the condition kz T < p, we consider a temperature of 1 nK.Ina
uniform BEC this leads to a relative depletion'’ of the density of atoms in the ground state of the order of 10~*.
Accordingly, less than 107N, atoms are in thermally excited states. The back action of these atoms on the
condensate leads to a stationary deformation of the order parameter and the number of phonons created due to
the oscillating gravitational field is changed slightly. Hence, thermal depletion is a small effect for the parameters
considered in this article that can be neglected.

8.1. Phonon creation due to direct driving

In the following, we want to find experimental parameters that allow for the detection of gravitational
acceleration by measurement of phonons created via direct driving. To achieve the maximal creation rate, the
mode number 7 has to be as small as possible. Therefore, we consider n = 1 for the creation of phonons by
direct driving due to the oscillating acceleration. From the expression for the frequency w,, = ¢ok, and the
definition of the speed of sound in equation (7), we find

L= /ﬂ (70)
wym 2

The resonance conditionisw; = {2 and we assumed that{) > 27 x 0.5 Hz. This condition is fulfilled if we
choose L = 200 pm, which corresponds tow; = 27 x 1.5 Hz for rubidium andw;, = 27 x 1.2 Hzfor
ytterbium.

For a successful detection, we need the signal to noise ratio Rgyg = 4y, / Aa,;" tobe much larger than one,
where Aa [ is the variance of the fluctuations of the measurement signal. Let us assume that the length L and the
transversal cross section .4 of the BEC can be specified with high precision. We find three main sources of
fluctuations that contribute to Aa ff’t the precision of detection AN, 4 for the number of phonons in a mode,
the fluctuations of the number of thermal phonons in the BEC AN, y, and the fluctuations of the number of
atoms in the BEC AN,. The number of created phonons can be inferred from the number of detected phonons
by subtracting the number of thermal phonons; N, ., = Nj get — Ny th- Inverting equation (34), we find by

Gaussian error propagation

tot

-1/2
1 1
RSNR,n ~ 4/ #rep ——Z(ANr%,th + ANr%,det) + —_ZANf > (71)
4N}, 16N

where # ., is the number of repetitions of the experiment and Noo = I\_fn,w(ﬁ,;l is the average number of
created phonons in mode n. Note that N, enters the right-hand side of equation (34) directly and through ¢
which leads to the factor 1/16 in front of AN? in equation (71). In state of the art experiments [52], the
temperature of the BEC varies by about 20% between two runs. We assume that the temperature is about 1 nK,
which implies that kgT > fiw,,. Hence, the Bose—Einstein statistics tells us that the value for the variance of the
number of thermal phonons is approximately equivalent to the value for the average number of phonons. We
find AN, tn/No.m ~ 1, where N, ¢, = kgT/(/av,) is the average number of thermal phonons in mode . For the
detection error we assume single phonon sensitivity independently of the mode number, i.e. AN, gr = 1. We
will discuss possibilities of a detection process in section 9. Furthermore, we assume that the number of atoms
varies by about 10% between two experiments, which means AN, /N, ~ 0.1. Since each experiment takes about
10 s, we can consider a number of repetitions of #,, = 10*, which corresponds to two days of consecutive
measurements. For example for w; ~ 27 x 1 Hz, we obtain that N, 4, ~ 20. Then, the thermal fluctuations are
the main source of fluctuations, and we find that the creation of a single phonon by the gravitational field would
be sufficient to reach a signal to noise ratio of the order of 10. In the following, we assume Rgg,; = 10, and we
give the experimental parameters necessary to achieve this goal. The necessary number of created phonons for
the detection process N, . can be used to give alower bound for the number of atoms in the BEC by using
equations (70) and (34), which leads to

1% For the depletion, we used the formula (4.50) in [23]: (9, (T) — po(T = 0))/py(T = 0) = —m(ksT)2/(12pcy /%), where po(T) and
po(T = 0) are the density of atoms in the ground state at temperature Tand T = 0, respectively.
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atom species| M | Rmin Or ao Q/2r|| No. |L/¢|d/L|Nier N;m‘l N1
Rb-87 |200 g| 1 mm | 2 mm |2x10"%ms™?|1.5Hz|[9%10°(230(0.12| 0.7 | 1.3 | 14
Yb-168 {200 g| 1 mm | 2 mm [2x10"%ms~2?|1.2Hz|/5%x10°%|370(0.08| 0.9 | 0.16 | 17
Rb-87 0.2 g/0.1 mm|0.2 mm|2x10 % ms™2|1.5Hz||1x10%(230| 1.4 | 0.7 | 180 | 14
Yb-168 [0.2 g|0.1 mm|0.2 mm|2x10""ms™?|1.2Hz|[6x107|[370| 1 | 0.9 | 23 | 17

Figure 2. COHERENT/DIRECT DRIVING: this table shows some generic values for the experimental parameters necessary to detect
phonons in a BEC created by direct driving due to the oscillating gravitational acceleration of amplitude ag, induced by a small
oscillating sphere of mass M with a signal to noise ratio of the order 10. It is assumed that the density of the BECis p = 10'3 cm~3, the
length of the uniform trap potential well is L = 200 ;zm, the temperature of the BECis T' = 1 nK and the measurement precision is of
the order of a single phonon. The interaction time for each experiment is assumed to be f.,, = 10 s. In each case, about 10* repetitions
of the experiment are considered. Under these conditions, the minimal distance R ,;, to the BEC, the oscillation amplitude 6, the
frequency of the driving /27, the number of atoms N, in the BEC, the ratio of length of the BEC and healing length L/ and the ratio
of the length and the diameter d/L of the trap potential are given. Additionally, the table shows the average number of created
phonons, the value for the number of phonons at which the inter-mode coupling becomes significant Ni™! and the average number
of thermal phonons.

_ (”W)ZﬁwnNn,cr

N,
mt?ad

(72)
Equation (72) gives alower bound because w,, is bounded from below and all other parameters in equation (72)
can be fixed a priori: A and m are fixed by choosing an atom species and the time is the experimental time f.,.

The fixed length and the fixed number of atoms can be used to fix the ratio between the transversal diameter
dand the length of the BEC. We obtain

Na
TP,

d
= 2 (73)

The density should be as large as possible in order to keep d small. Therefore, we match the upper bound for the
density given above and set p = 10" cm ™.

In figure 2, a table can be found in which some example values for experimental parameters are listed that
could be used for the detection of the gravitational field of an oscillating gold or tungsten sphere of mass M for
the two cases of M = 200 gand M = 0.2 g. Values for the parameters are given for both a rubidium and an
ytterbium BEC. For a source mass of 200 g, we find that the phonon creation should be observable with state of
the art technology. In the case of ytterbium, the number of phonons for which the mode coupling becomes
significant is smaller than the number of created phonons. This suggests that a regime can be reached in which
mode coupling and parametric driving may supply an alternative detection scheme. We will investigate this
possibility in the next subsection. If we repeat the above calculations for the creation of phonons due to the
oscillating gravity gradient, we find that we would need about 10'? atoms for the detection using the direct
driving process. This is experimentally out of reach at the moment. Mode coupling and parametric driving will
be much more efficient for gradiometry.

8.2. Phonon creation due to squeezing

In section 7, we discussed the creation of coherent phonons in an initial coherent state and the creation of
additional squeezed phonons in an initial squeezed state due to the squeezing processes. The first situation
corresponds to the creation of phonons in the mean field due to the parametric driving of the BEC by the
oscillating gravitational field discussed in section 6. We found that the total average number of phonons that are
created on resonance in the mode 7 by multi-mode squeezing is given as N, ., = 6N, = N, orr,,, , for

Tang—n = 2|My no—ult/ 72 < 1, where N, o was the initial number of phonons (squeezed plus coherent) in mode n
and ng = Q L/(7 ¢p) is an integer since we consider resonant driving.

The amplitude |M,, ,, | can be maximized by choosing Llarge and |n* — (ng — n)?|, n, ng and Cas small
as possible. In contrast to the direct driving, the number of atoms in the BEC does not appear in the number of
created phonons due to squeezing. Since { = 1 / \//\—Po , the healing length can be minimized by choosing for a
density of py = 10> cm >, which we identified as the maximum when an experimental time of at least 10 s is to
be obtained. Note that only gravitational acceleration contributes for ng, odd and only the gravity gradient
contributes for 1, even. We can minimize |n?> — (ng — n)?| by choosingn = (nq + 1)/2ifngis odd and
n = no/2 + lifngiseven. We consider n = 2 and n = 3 for the measurement of the accelerationand n = 3
and ng = 4 for the measurement of the gravity gradient in the following. For the detection of the oscillating
acceleration, we fix the length of the BEC to L = 200 pm. For the detection of the oscillating gravity gradient,
we have to increase the length to obtain more realistic values for the other experimental parameters; we
consider L = 500 pm.
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atom species| M Rumin OR ao Q)27 N[’;‘in r12 [N2cr ]\_/'270 Nz,th
Rb-87 [200g| 1 mm | 2 mm |2x10 % ms™?|4.4Hz||5 x10*| 0.3 | 0.4 | 5 4
Yb-168 |200 g| 1 mm | 2 mm |[2x10 ¥ ms~2|3.7Hz|[ 1x10*| 0.8 | 0.4 | 1 4
Rb-87 0.2 g|0.1 mm|0.2 mm|2x10~° ms™2|4.4Hz|| 7x10° |0.02| 0.4 |700| 4
Yb-168 |0.2 g|0.1 mm|0.2 mm|2x10~% ms~2|3.7 Hz|| 1x10° [0.07| 0.4 | 100 | 4
atom species| M | Rmin Or (G Q/2m || N | ri3 |Nsee| Nso |N3um

Rb-87 (200 g| 1 mm | 2mm | 2x107%s7? |2.4Hz||1x10%]0.008| 0.6 |9 x 103| 4
Yb-168 |200 g| 1 mm | 2 mm | 2x107%s72 | 2Hz [[3x107] 0.02 | 0.7 |1 x 10®
Rb-87 0.2 g|0.1 mm|0.2 mm|1.2x107%s72|2.4Hz||4x10%|0.005| 0.6 |2 x 10*
Yb-168 0.2 g[0.1 mm|0.2 mm|1.2x10"%s72| 2Hz [|8x107| 0.01 | 0.7 |3 x 10®

QU = Ot

Figure 3. TWO-MODE SQUEEZING: these tables show some generic values for the experimental parameters necessary to detect the
phonons in a BEC created by two-mode squeezing due to the oscillating gravitational acceleration of amplitude ag, and the oscillating
gravity gradient of amplitude &g, induced by small oscillating sphere of mass M with a signal to noise ratio of the order of 10. Itis
assumed that the density of the BECis p = 10'> cm~3, the temperature of the BECis T = 1 nK and the measurement precision is of
the order of a single phonon. Furthermore, the length of the uniform trap potential well is L = 200 zm for the consideration of ag,
and L = 500 pm for the consideration of &q. The interaction time for each experiment is assumed to be .y, = 10 s. In each case,
about 10 repetitions of the experiment are considered. Under these conditions, the minimal distance Ry, to the BEC, the oscillation
amplitude &g, the frequency of the driving /27 and the minimal number of atoms N in the BEC are given. Additionally, the
tables show the values for the squeezing parameter r, , and r; 3, the average number of created phonons N, ., and N ,, the necessary
number of initial phonons N,y and N; and the average number of thermal phonons.

Now, we can calculate the number of initial phonons N, o that are necessary to create N, ., phonons on
average in a single experiment, which we need to achieve a signal to noise ratio of the order of 10 after 10*
repetitions of the experiment. We find

- N,
Ny = . (74)

n—nq,n

The relation between the signal to noise ratio and N,, ., can be derived from equation (40) as
1 1 1 i
RsNrn & | #rep N, (AN + ANy ge) + 4—N,12AN”2 + MANI?C,O (75)
which differs from equation (71) by a different proportionality to AN, and the additional contribution of the
fluctuation of the number of initial coherent phonons AN; . o. Let us assume that AN . o is about one per cent of
the total number of initial phonons Nj . o. Then, the thermal fluctuations are again the most significant source of
uncertainty.

Below equation (28), we identified the condition N, . < 10-2n7¢N, /(2+/2 L) in order to keep the phase
perturbation ¢ < 0.1. The same condition applies to squeezed phonons since the variance of the perturbation
must be a perturbation to justify the approximations we used to derive the results presented in this article. By
setting N, o = N, ., we obtain for the minimum number of atoms

242N,

NP = 102
nmw¢

(76)
The results for the above parameters are presented in the table in figure 3.

Additionally to multi-mode squeezing, we can also consider the utility of single-mode squeezing for the
detection of the gravitational field of the oscillating mass. From equation (54), we see that single-mode squeezing
can only be induced by an oscillating gravity gradient. The resulting parameters for single-mode squeezing can
be found in figure 4. We see that single-mode squeezing gives better parameters than multi-mode squeezing for
the measurement of the gravity gradient. This is because, for small r,,, , (t) and 7,, ,,,_ ,(t), the number of created
phonons is directly proportional to ,,, , (f) for single-mode squeezing, while it is proportional to the square of
Tn,ng—n(t) for multi-mode squeezing. For small wave numbers n and nq, 1, ,(¢) and 1, ,,_,(t) are
approximately of the same order.

8.3. Measurement via mode mixing

The remaining channel that can be used for a measurement is mode mixing; phonons in one mode will be
transferred to another mode due to the oscillating gravitational field. Since the mode frequencies are equidistant,
ifthere is a driving frequency §) = w,, — wy,, there isaresonance for w,,,, = wy, + Qand wy,,, = w, + QL.
Therefore, phonons that are transferred to a higher mode from an initially excited mode will not stay in that
mode but will be transferred up the whole cascade of resonant modes. Hence, starting from an excited state in
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atom species| M Rumin Or B Q/2m N;"i“ 1 |Nier ]\71_,0 ]\717th
Rb-87 [200g| 1 mm | 2 mm | 2x107%s™2 |1.2Hz|[4x10°| 0.01 | 1.8 | 80 | 35
Yb-168 (200 g| 1 mm | 2mm | 2x107%s72 | 1Hz ||3x10%[ 0.03 | 2.1 | 30 | 42
Rb-87 0.2 g[0.1 mm|0.2 mm|1.2x107%s72|1.2 Hz|[7%x10°]/0.007| 1.8 | 130 | 35
Yb-168 0.2 g|0.1 mm|0.2 mm|1.2x10"%s7?| 1Hz ||4x10°] 0.02 | 2.1 | 50 | 40

Figure 4. SINGLE-MODE SQUEEZING: this table shows some generic values for the experimental parameters necessary to detect
phonons in a BEC created by single-mode squeezing due to the oscillating gravity gradient of amplitude &g, induced by a small
oscillating sphere of mass M with a signal to noise ratio of the order of 10. It is assumed that the density of the BECis p = 10> cm 2,
the temperature of the BECis T = 1 nK and the measurement precision is of the order of a single phonon. Furthermore, the length of
the uniform trap potential well is L = 500 ysm. The interaction time for the experiments is assumed to be f., = 10 sand about 10*
repetitions of the experiment are considered. Under these conditions, the minimal distance R ;, to the BEC, the oscillation amplitude
8, the frequency of the driving /27 and the minimal number of atoms N™" in the BEC are given. Additionally, the tables show the
values for the squeezing parameter ry, the average number of created phonons N ,, the necessary number of initial phonons Nj g and
the average number of thermal phonons.

one mode, we could measure the decrease of the number of phonons in this mode or the increase of the total
number of phonons in all modes.

From the amplitude in equation (54), we see that we can apply the same arguments as for the multi-mode
squeezing, the only difference being that we consider the two modes nand n — ngq. If we consider n = 3 and
ng = 1for measurement of the gravitational acceleration, we obtain less favorable experimental parameters
than those in the table in figure 3 above. If we consider n = 3, n = 2 for the measurement of the gravity
gradient, we recover the same parameters as in the table in figure 3 with the exception of the driving frequency
which is decreased.

8.4. Quantum Cramér—Rao bound

We can obtain an upper bound for the sensitivity of the measurement of oscillating gravitational fields using
phonons in BECs by considering the quantum Cramér—Rao bound that we introduced in equation (69).
Considering multi-mode squeezing, the experimental parameters given in figure 3 and about 1000 initial
squeezed phonons, we obtain an absolute error bound of the order of 107> m s=2 (L = 200 pm) for the
measurement of acceleration and 1071° s72 (L = 500 pm) for the measurement of the gravity gradient.
Comparing with the table in figure 3, we find that we could, in principle, measure the gravitational field of a
200 mg mass with a relative precision of 10,

9. Conclusions and discussions

The necessary experimental parameters for the measurement of the gravitational field of an oscillating sphere of
mass M = 200 g due to the direct driving of phonon modes in a BEC with a signal to noise ratio of the order of 10
seem to be ambitious but not inaccessible (see the first table in figure 2 for details). State of the art experiments
with ultracold rubidium BECs (at about 1 nK) use a number of atoms of the order of 10°[1, 21, 53, 54] and atom
numbers of the order of 10° are planned for a new generation of experiments [55-57]. In section 8, we argued
that the interaction time for a single experiment of the order of 10s can be achieved by choosing alow atom
density of the order of 10'> cm >, The parameters for the case of M = 0.2 mgare out of range of state of the art
experiments; the number of 108 atoms necessary to achieve detection, with a signal to noise ratio of 10, is not
obtainable. Nevertheless, this parameters may be achievable in the future.

Besides phonon creation due to direct driving, we investigated phonon creation due to parametric driving
resulting in squeezing and mode mixing. This driving mechanism turns out to be of advantage when the phonon
modes are initially in an excited state. Such initial excitations may be created by adding an oscillating external
electromagnetic linear or harmonic potential to the already existing BEC trap potential. Then, phonons would
be created by the mechanisms that we consider here for the measurement process. For example, this could be the
direct driving or parametric driving from the vacuum, where the latter is equivalent to the dynamical Casimir
effect in Bose—Einstein condensates [42]. See also [58], where parametric amplification of excitations of phonons
modes due to a modulation of the transverse trapping frequency of a BEC is discussed in detail.

We gave necessary experimental parameters for the measurement of the gravitational field of an oscillating
massive sphere using parametric driving in figure 3. Firstly, it is interesting to note that our theoretical
considerations predict that ytterbium would perform much better than rubidium. Secondly, even for a few
initial phonons, the parametric driving mechanism is more efficient than the direct driving as a lot less atoms are
needed in the BEC to achieve a signal to noise ratio of the order of 10. This is particularly useful for the
measurement of the gravitational field of smaller masses; the acceleration due to a sphere of 200 mg can be
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measured with 10° atoms when the initial state contains about 100 coherent phonons. The measurement of the
gravity gradient of small spheres with masses of the order of 200 g or less using direct driving is completely out of
reach. However, it can be achieved with parametric driving with a BEC consisting of about 10° atoms and
10-100 initial phonons. In this article, we assumed that the BEC is always much smaller than the distance
between its center and the center of the source mass. It would be interesting to relax this condition in a future
investigation. On the one hand, decreasing the distance between the source and the BEC beyond that limit may
lead to further improvement in the measurement sensitivity. On the other hand, measurements close to the
surface of small masses may allow for experiments to search for hypothetical fifth forces or to measure Casimir—
Polder forces. Finally, we calculated the quantum Cramér—Rao bound for the measurement precision
considering the same experimental parameters. Hence, there seems to be a lot of potential for improvement by
taking the insights of quantum metrology into account. This potential may become accessible through
measurement schemes other than just the direct counting of created phonons such as, for example, a homodyne
measurement of phonon modes.

In the this article, we assumed that the measurement technique employed reaches single phonon sensitivity.
We are optimistic that single phonon sensitivity can be achieved in the near future if research effort is made in
this direction. In particular, it seems that a precision of tens of phonons is achieved in experiments like the ones
presented in [59, 60]. Single phonon sensitivity may be achievable as experimental procedures evolve. There is a
variety of possibilities to measure phonons in BECs, some of them may, in the future, give a precision high
enough for our purposes. In particular, one can either try to measure the phase or one can try to measure the
density, which are conjugate variables and contain the same information. An interesting approach for measuring
the phase is presented in [61]. Itis denoted as ‘heterodyne detection’ by the authors: after the modes are excited,
the trap potential is switched off and the BEC starts to expand and fall freely. During the expansion the energy
contained in the phonons is transformed into the kinetic energy of atoms. These free particles interfere with the
atoms in the ground state. The interference fringes contain the information about the phonons. Numerical
simulations and an approximate analytical derivation for this process are given in [62].

Another option for a detection scheme would be time of flight measurements, where phonons are mapped to
horizontal atomic momenta and, after a certain time of vertical free fall in the gravitational field of the Earth, the
momenta can be read from the horizontal position of the atoms. A third option for the measurement of phonons
in BECs would be direct light phonon couplings. For example in [63], stroboscopic measurements of phonon
modes were considered for the creation of squeezing and entanglement of phonon modes. In [64, 65] non-
destructive phase-contrast imaging was used to observe the bulk perturbations of a BEC. Finally, a fourth option
for the measurement of phonons would be the coupling to atomic quantum dots submersed in the BEC [66]. It
would be very interesting if experiments could be performed to investigate the sensitivity of different
measurement schemes for phonons. A first step towards an experimental realization of our proposal could be
experiments using one of the above techniques to simply measure the thermal spectrum of phonons in a BEC
with high precision. A second step could be to create phonons in the BEC by Bragg scattering of laser pulses or by
periodic modulations of the trapping potential and try to measure them on top of the thermal spectrum. In alast
step, the interaction with an oscillating source mass can be implemented.

Additional noise sources that we did not discuss in the main part of this article are Newtonian and seismic
noise that give rise to acceleration noise 4, ;... The Newtonian noise also introduces a noise term into the gravity
gradient, which we assume to be negligible since the sources of gravity gradient noise will be far away in
comparison to the extension of the BEC, which means that the gravity gradient noise will be highly suppressed in
comparison to the gravitational acceleration noise' ' . A generic example of the square root of the displacement
spectral density, S1/2, in a modern laboratory environment close to traffic is shown in figure 3.3 of Tobias
Westphal’s PhD Thesis [67] for the case of the physics department of the university of Hannover. The square
root of the displacement spectral density S/ for 1 Hz is of the order 107 m Hz'/2 ">, We can assume that the
laboratory structure is not driven resonantly in this frequency range and that damping can be neglected. Then,
the susceptibility can be approximated as 1/w?, and we find an acceleration spectral density of about
S;X/Z = w22 ~ 10 m s 2 Hz '/2atw = 27 x 1 Hz. After texp = 10sand #,, ~ 10 thisleads to
Apin (W) = S;/ 2 / \tint Frep ~ 108 m s~2. Hence, the Newtonian and seismic noise background has to be
lower by only about one order of magnitude to get below the order of the gravitational acceleration duetoa200 g
source mass. For the case of M = 200 mg, the Newtonian and seismic noise have to suppressed by two orders.
Both situations should be achievable by choosing a quieter environment, e.g. a site underground far from
human induced noise, and a vibration isolation chain [68]. As an example, advanced LIGO is engineered to
achieve noise levels at the mirrors of about 5 x 10~ m Hz~'/2 [69] for frequencies above 10 Hz, which would

11 .. . . . . . .
This is a clear advantage of measurements of the gravity gradient of small objects besides the property that the gravity gradient of a sphere
close to its surface is independent of its radius and only depends on its mass.

12 Actually, there is a dip slightly below 1 Hz, which the experimental parameters may be tuned into to lower the seismic noise background.
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be more than sufficient to make the acceleration noise negligible in comparison to the gravitational acceleration
induced by the source mass. In particular, vibration isolation chains have to be included in any case since the
source and the detector must not be coupled significantly through the devices holding them at their respective
positions.
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Appendix A. The perturbations due the stationary part of the gravitational potential

Let us find solutions of equations (10) and (11) when only the time-independent part of the gravitational
potential is considered. We call these solutions a“ and ¢ and we only consider terms of first order in o, ¢“and
the gravitational potential. Then, we have to set & = 0 in equation (11), and we find that ¢ = 0 inside the
trap and that ¢ has to vanish at the potential walls. Therefore, it follows from ¢ = 0 that ¢ has to vanish
everywhere and ¢° = ¢(#). From equation (10), we find that <" has to vanish at the boundaries. Only one
equation remains for the stationary density perturbation inside the trap

g = e L P pas + M, (A1)
2m m 7
Since the right-hand side of equation (A1) is time-independent, ¢ must be a constant. We define the
perturbation of the chemical potential §u€ := — /i°. Using again the Thomas—Fermi approximation, we neglect
the kinetic energy term in equation (A1) everywhere up to a small region at the boundary of length (. Then, we
obtain

ous 7 m
= —Apyat + —P°, A2
iom YT (A2)
which leads to
at = ! 5 (—=m®° + ), (A3)
2mcy

up to aregion of length ( at the boundaries of the trap potential. Additionally, o has to fulfill the condition

f_ LL//22 dx af = 0since the total number of atoms N ~ A L LL//ZZ dx py(1 + 2ac)is conserved. We obtain the

expression for the perturbation of the chemical potential

L/2 L/2 2
ous =" [ ax e =2 [ dx(cbg +atx + @fx—) — mdf + L2, (A4)
L J-ryp2 L J-r,2 2 24
and finally
af ~ %(—acx + Qﬁ—(LLZ — xz)), (A5)
2¢ 2 \12

up to a small region close to the boundary in which «” cannot be neglected and enables o' = 0 to vanish at the
boundary

Now, we have to check if the equations (10) and (11) are still approximately correct if we replace . /p, by
\/?0 = /P (1 + af). Weassume that the number of atoms in the BEC is of the order 4 x 10°, the length of the
BECis L = 300 pm and its density is p, &~ 10'> cm~>. For a #Rb-BEC we have a self-interaction constant
A & 107 7m. If we assume an average distance R.,;, of 1 mm between the center of the trapping potential and the
center of a 200 g tungsten/gold mass, we find that || has its maximum of the order of 10 ®at x = +L/2. The
perturbation of the time derivative of the phase ¢ = —&y1// canbe compared with 8, = — 1/ /. We find that
$°/0y ~ 1078, Therefore, all terms proportional to o “and ¢ that can appear in equations (10) and (11) are

negligible, and we are justified to treat the effect of the sinusoidally time-dependent terms in ® independently of
a‘and ¢°“.
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Appendix B. Phenomenological treatment of dissipation

The basic idea of the phenomenological treatment of dissipation presented in [26, 27] is that there exists an
equilibrium state 9/, that fulfills the undamped, time-independent GP equation

pbo = Mol 1o = (—742/2m 0F + Ni*lbol>/2m + V), for a given chemical potential j.. Therefore, the
time evolution operator for the damped system out of equilibrium has to vanish identically on this state. This
operator is derived by removing the chemical potential from the differential operator H [|t),[*] and multiplying
the resulting differential operator with the factor (1 4 iA), where A is the damping constant. Then, the resulting
non-unitary differential operator vanishes on the equilibrium state as wanted.

From the GP equation, we obtain the time-independent GP equation when i70, is replaced by pi.. The
equilibrium state is the initial state 1y = /p, el which we introduced in section 3 for V = 0, and we obtain the
chemical potential ;1 = /?\p,/2m. Through the substitutions H = H — jpand ¢) = tpe'*/” where
ut/h = —0,, and the multiplication of 7{ with (1 4 iA) we arrive at the damped equation. Now, we introduce
the external potential V = @ that drives the system and we find the damped, driven equation
1720, = (1 + iN)H[|PP] ¢ + V. For very small A, multiplying  with (1 + iA) is equivalent to multiplying
the time derivative ih0,and Vwith (1 — iA) which gives

i77(1 — MO = HIYP1 Y + (1 — iA) V. (B1)

Following the steps in section 3, we obtain equation (18) in first order in A.

Appendix C. The interaction Hamiltonian

We start from the Hamiltonian for a gas of interacting Bosons in an external potential V., [23]
2
0= f &x \Iﬁ(—f—vz + Vext)\lf n % f &x GG, 1)
m

where ¢ = /2\/(2m) and it is assumed that & and &' vanish at the boundaries of integration. We split the
potential in a time-independent part and a time-dependent perturbation as Vo, = Vjexe + 0 Vi, Such that

~ 2 ~ A A A A A A
jag f Px \Iﬁ(_f_vz n Vom)\l/ n f dx UTsV b + % f Ex UG, (C2)
m

We are working in the Heisenberg picture, where U is time-dependent and the states are constant. We assume
the equal time commutation relation of the field operator and its complex conjugate
W(z, 1), Uz, )] = 6(z — 2)and [V(z, 1), ¥(2/, t)] = 0. The Hamiltonian A governs the evolution of the
field operator via the Heisenberg equation of motion —i/ 0,0 = [A, ).

We define the normalized ground state wave function of the BEC 9 (z) as the solution of the stationary
Gross—Pitaevskii (PT) equation

/? - _ -
(—%Vz + Voext + gNuWo|2)¢0 = o, (C3)

where 11 is the chemical potential and N,, is the number of atoms in the BEC ground state. Furthermore, we
define a variation of the chemical potential 644(f) as the normalized moment

Op(t) = f dPx &: 8Vext®o / f &x QZJSK 1o. Then, 1];0/ = zZJOe’ifot ' ) /7 golves the time-dependent GP equation

52 _ - . -
(—%vz + Voext + p(t) + gz\wov)ng = i70,1),. (C4)

We consider the expansion

Wz, 1) = Wz, e ™7 IO _ () 4 D, e A e (C5)

in the Heisenberg picture, where U, = 4 1)y. Since the equal time commutation relations are the same for U’ as
for U, we find that the time evolution of ¥ is governed by the grand canonical Hamiltonian
A’ == H — (1 + 6p)N via the Heisenberg equation of motion —i/%9,% = [A’, V),
where N (1) = fd3x @/T(Z, 'z, 1).

We assume that the state of the lowest energy mode can be considered as a coherent state |a) with
gy = \/ﬁa =: 1/£ > 1. Then dglay) = aplap)and dj|ag) & aglayg), and we can replace the operator Ty (2)
with the function ¥y(z) = ity (z). Using Uz, 1) = 1 W(2) + D (z, t))e’i‘“//"if(;d’/ ou(t) /% in H,we
can write
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N - /2 N _ _
H' = ffzfd% ¢:(%vz + Voext + %WJOP)%&O

~of 72 -
+e ! [ax| (——vz + Voex + gNa|¢0|2)1/}o +he.
2m
3. At /2 2 v K gz\la 3252 k2 42

[ @ | =TV Vi 20NB D + OV + 570

2m 2

i A Cgata N nign
+a f &x gN (DD + BN + & f Px a2

2

+¢7? f &x o 6Viitho + €71 f Ex (g 8Vertd + 0 6Vl + f Ex D' VoD
— & [ BT — €% [ dx BT — & [ Ex(@eD + 9
— e f Ex@FD + 0Tho) — p f Ex D — o f Ex ' (C6)

In the last three lines, we see the contribution of the time-dependent potential perturbation and — (. + 6)N.
We find that the second term in the second last line and the first term in the third last line cancel. With
equation (C3), the first line in equation (C6) gives the classical energy of the condensate, and with the first term
in the second last line of equation (C6), we find

. N 2 i}
A —po— & - [@x 1t C7)
Again with the stationary GP equation (C3), the second line of equation (C6) becomes

A = Nop [ @x@'o + he, (C8)

which cancels with the last term in the second last line of equation (C6). The third line of equation (C6) gives rise
to the Bogoliubov Hamiltonian. We combine the third line and the second term in the last line of equation (C6)
as

A A 2 - A
A% = HOW] = - f d&(ﬁ*(—ivz + Voext — 1 + 2gNa|w0|2)19 (C9)
2m
N aiy- —yan
+ %(19 208 + w;‘zﬁz)): : (C10)

where :: denotes the normal ordering, which leads to the omission of the constant vacuum energy. Furthermore,
we combine the remaining terms of equation (C6) to the interaction Hamiltonian

N N AEDA kAt N TN
By = il 1= 69N, [ (@00 + 3500 + @52 [ @ 797
+¢7! f Px (Ve — @D + ') + f Px D' (Ve — 1) (C11)

The split /N, 1o (x) + J(x) corresponds to the initial split at ¢, before the interaction with the external potential

is switched on. Therefore, we can assume that the field operator 9 (x) only contains ladder operators of the
modesn > 0and we can write

D) = Y un@)by + vi)b,), (C12)
where [b,, b,jl] = 6um and the mode functions fulfill the stationary BDG equations
72 - -
mnun(x) - (_Z_VZ + VOext - /L + 2g1\7a|7/10|2)14n(x) + gNaiﬂonn(x% (C13)
m
2
— V() = (f—vz + Voext — p1 + 2gNa|{bo|2)vn(x) + gN, B 1 (). (C14)
m

Furthermore, we assume that the solutions u,, and v,, are ortho-normalized as

f & (1 () i (X) — V) V(X)) = i (C15)
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We obtain for the normal ordered free Hamiltonian

A =5 fio,b by

n

Appendix D. Damping in three-dimensional box traps

In this appendix, we show that damping of phonons in a BEC in a uniform box trap does not differ significantly
from phonon damping in a uniform BEC with periodic boundary conditions in the parameter range that we
consider in this article. From equations (37), (39) and (40) of [22], an explicit expression for the damping rate in
aBEC can be given as

W= 41?3 (f) = FPIAGPO(r (wo + wi = wy)) (D1)
ij

+21g2 3 (4 f] + FUBPE (/o (wo — wi — wy) — 1B (/ (wo + wi + wy)), (D2)

ij

where

Ag = dex ¢0[un(uiu?< + vivf + viuf) + vn(uiu;-|< + viv]* + uiv;k)], (D3)
B = fd3x Golun (Vi + viul + uful) + vV + vl + v, (D4)
1?; = fd3x Golun(uivi + viuj + vivp)) + vu(uiv; + viuj + uivy)). (D5)

where ¢, = ,/p, and the indeces are multi-component, i.e. i = (iy, i,, i,) and so on. We are considering
interaction times that are only a factor 5 larger than the inverse frequency of the modes under consideration in
this article. Therefore, the delta function in equation (D1) have to be replaced by a sinc-function as [25]

tex . teX
8(7 (wy £ wi + wj)) = =P smcz(—p(wn + wi £ w)) ) (D6)
27l 2

The width of the sinc-function sinc(fey, (Wo + w; + w;) /2) is still small enough to justify that we can neglect the
third term in equation (D1). Let us assume that the BEC trap has a square cross section of edge length L,. In
analogy to the expressions for the phonon mode functions for a BEC in a box in the x-direction given in
equation (50), we can solve the three-dimensional BDG equations in a box trap using the mode functions

Uy = y cosky (x + L/2)cosk,,(y + Ly /2)cosk, (z + Ly /2) and (D7)
Vi = Bncosky (x + L/2)cosk,, (y + Lu/2)coskn,(z + Ly /2) (D8)

where oy = (460(\/54“}”)71 + I)I/Z(LLtZr)il/z) ﬁn = —(4C0(\/E@Jn)71 - 1)1/2(LLt2r)71/2)
ku, = 1w /Li, kn, = 1,7 [Lig, ky, = n,w/Land w, = co(knzx + kfy + knzz)lm.We are interested in the
particular case where 1, = 0 = n,. Then, we find for the remaining moments in equation (D3)

M,

Aj =AjMj and Bj=B (DY)

n
ij
where

Mjj = G+ 8i007,0Oiyj, + 6i,085,0) Oimjn, + S, + 6 —ion.) (D10)
and A} and B can be approximated as

2,2 oy 3522
Ai? N P8 (wy + wi — wj) + 45 T wlw]wn) oL
2T ALLG pog®/* (fiwiwjw, )2

2,2 . . 3522,
57 ~ — 0,8 (wn—w,—wj)—i—lﬁww,ijn
ij ~=

(D12)
2T LL G pog® * (Jwiwjw,)'/?

The sinc-functions in equation (D 1) only deliver significant contributions in combination with M;/ when the
momentum relation agrees with the energy relation in the argument of the sinc-function. In other words

A’;l = Al?((six,jx + 6ix,06jx’0)(6iy’jy + 6"Y’06j)"0)6]’17"2’”2 and (D13)
Bff = Bf (8, + 61,001,0)(8i,j, + 6i,007,0) it . (D14)

For n, of the order of 1, the relation i, + j, = n,in combination with i, = j,ori, = j, willlead to a value for
w, — w; — wjmuch larger than the width of the sinc-function. Therefore, we can write
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Bi;l = 4317 (5ix,oéjx,O‘Siy,O‘Sjy,O(SiZJrjz,nz' (Dls)

Let us compare these results with the corresponding expressions for the uniform BEC with periodic boundary
conditions. We use the normalized mode functions

% exp ik, x exp ik, y expik,,z and (D16)

V8
B

vy = —= expik, x exp ik, y expik,,z, (D17)

NG

where k,, = 2n,7 /Ly, kn, = 2n,m /Ly, ky, = 2n,7 /L and o, and 3, are defined through k., k,, and k;,_ as
above. For n, = 0 = n,, we obtain

u, =

1 -
|A17| = ﬁAg(ij’ix6]'},,,')/6]'2,1'2’”2, (DIS)
1 5 -
|Bjj| = fBi?fij,o&ix,o&jy,oéiy,o and |B§| = 0. (D19)

We find that the Landau damping rate for phonons in a BEC in a box potential is of the same order as the Landau
damping rate in a uniform BEC with periodic boundary conditions. For the Beliaev damping, we find an increase
of about one order. Since Beliaev damping is strongly suppressed for our parameter range, we conclude that we
can use the expressions for the damping constants derived for periodic boundary conditions to describe the BEC
in abox potential.
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