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In an interesting recent study [Allen et al., J. Appl. Phys. 118, 074302 (2015)] (see also their

Erratum [Allen et al., J. Appl. Phys. 118, 159902 (2015)]), Allen and co-workers measured the

mean square amplitudes of graphene lattice vibrations between 100 and 1300 K and used a simpli-

fied theoretical approximation for the acoustic phonon modes to evaluate the maximum phonon

wavelengths supported by the lattice. By fitting their data using the smallest wave-vector as the fit-

ting parameter, they found this to be significantly smaller than the physical size of the graphene

crystallites. VC 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4941385]

In addition to amending the simplified analysis of Allen

et al.,1,2 in this comment, we suggest that using an accurate

model of the density of states (DOS) for the out-of-plane

modes in graphene, for example, as calculated by Tewary

and Yang (Fig. 1 in Ref. 3; reproduced as our Fig. 1(a)),

could help shed light on this discrepancy. The complete

treatment of this problem, including the evaluation of the

phonon DOS through calculating the eigenvalues of the dy-

namical matrix at a large number of points in the Brillouin

zone, is beyond the scope of this comment. Instead, we limit

here our treatment to available literature data in order to

gauge the direction and magnitude of this correction for the

out-of-plane acoustic ZA mode.

We have evaluated the ZA contribution by simply inte-

grating the out-of-plane phonon DOS to the highest ZA

energy, since in graphene this is equal to the lowest ZO

energy. This energy is approximately 85 meV,4 correspond-

ing to xmax¼ 1.29� 1014 s�1 (Fig. 1(a)). This way we can

make a direct comparison to the model used by Allen et al,
which is by definition only valid for the acoustic modes.

Note that the xmax is not the same as the “Debye frequency”

xmZ for out-of-plane phonons, as defined by Tewary and

Yang,3 because the optical mode ZO is not included here.

(Note that in the model by Allen et al., the integral is carried

out until xmZ, but only one phonon mode is assumed.)

The mean square displacement can be calculated as a

thermal average of the squared modulus of the second quan-

tization displacement operator5

hû2i ¼ hû � û�iT ¼
�h

2m

ð
1

x
coth

1

2
�hx=kBT

� �
g xð Þdx; (1)

where g(x) is the phonon DOS (in the current case, the DOS

for the out-of-plane acoustic phonons). (This seems to be

missing in the derivation of Allen et al. given in their supple-

mentary information. The “density of states r” mentioned

there is only the normalization term for the DOS; see further.)

In principle, a DOS calculated with any approximation

can be used here. For example, following Allen et al., we

can use the dispersion x(k)� ak2, where a¼ 6.2� 10�7 m2/s

is obtained6 through fitting the ZA dispersion near C. From

this, it is straightforward to derive an approximate 2D den-

sity of states as a function of frequency as

g kð Þ dk ¼ 4p
k2

D
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2p
dk )
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where kD¼ 1.65� 10�10 m�1 is the wave vector correspond-

ing to the highest out-of-plane phonon frequency xmZ in gra-

phene, and the prefactors ensure the correct normalization of

g (Fig. 1(a)). As described above, since the treatment is lim-

ited to ZA, instead of xmZ, we use xmax in the following.

Inserting this into (2) and the resulting density into (1) leads

to the mean-square displacement

hû2iZA ¼
3�h

4mx3=2
max

ðxmax

xmin

1ffiffiffiffi
x
p coth

1

2
�hx=kBT

� �
dx: (3)

Using the identity 1
2

coth(x/2)¼ 1
2
þ 1/(exp(x) � 1), we

see that this corresponds to, but differs from, the model of

Allen et al. (Equation (7) in Ref. 1) due to the density of

states term in (1). Fitting their data (Fig. 7 in Ref. 1) using

(3), we obtain a minimum frequency of 8.3� 1011 s�1.

Inverting the approximate quadratic dispersion relation, we

can express the wavelength as a function of the frequency as

x kð Þ � ak2 ¼ a
4p2

k2
) k � 2p

ffiffiffiffi
a
x

r
: (4)

This gives kmin¼ 5.4� 10�9 m, which is close to 2.5� 10�9 m,

the value originally obtained by Allen et al.
However, we can equally well insert into (1) the better-

motivated out-of-plane phonon DOS published by Tewary

and Yang3 (Fig. 1(a)), which yields xmin¼ 5.9� 108 s�1. If

we assume that the dispersion relation is still valid (as it

should be for low frequencies in the case of acoustic pho-

nons), this corresponds to a wavelength of kmin¼ 6.4� 10�8

m, which is about 25 times larger than that obtained by Allen
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et al., while the fit to the data remains equally good (Fig.

1(b)). While still small, this suggests that this surprising find-

ing by Allen et al. may be partly due to the limitations within

the used approximations.

Based on this quick analysis, it appears to us that a more

complete theoretical treatment of the problem, including both

acoustic and optical phonon modes as well as the in-plane and

out-of-plane vibrations, would be worth its own separate study.
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FIG. 1. (a) Out-of-plane phonon den-

sity of states from Tewary and Yang3

and as calculated using the approxi-

mate 2D dispersion (Eq. (2)). (b) The

out-of-plane mean-square displace-

ments measured by Allen et al. (dots)

fitted with Eq. (3), including their orig-

inal fit. Notice that the curves are so

close to each other that they are diffi-

cult to distinguish from this plot.

066101-2 T. Susi and J. Kotakoski J. Appl. Phys. 119, 066101 (2016)

http://dx.doi.org/10.1063/1.4928324
http://dx.doi.org/10.1063/1.4933377
http://dx.doi.org/10.1103/PhysRevB.79.125416
http://dx.doi.org/10.1103/PhysRevB.79.075442
http://dx.doi.org/10.1557/mrs.2012.203

	d1
	d2
	d3
	d4
	l
	n1
	c1
	c2
	c3
	c4
	c5
	c6
	f1

